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Abstract: Let S be a semigroup and let F(S) denote the family of fuzzy subsets of S. In this paper we introduce a unified framework
for fuzzy semigroup subsets generated simultaneously by inverse-image constructions and soft set—based parameterization. More
precisely, given a parameter set E, a family of semigroup homomorphisms {@.:S — T} ecg, and fuzzy subsets {ito: T, — [0, 1]}ocE, we
define a generalized inverse soft fuzzy subset pu:S — [0,1] via suitable inverse-image and aggregation operators, and we isolate
conditions under which pinduces unified inverse soft fuzzy ideals, bi-ideals, quasi-ideals and interior ideals of S. The new framework
accommodates classical fuzzy ideals and fuzzy bi-ideals in semigroups, fuzzy soft semigroups and fuzzy soft ideals, as well as int-soft
semigroups, int-soft generalized bi-ideals, union-soft ideals and inverse int-fuzzy soft bi-ideals, as particular instances. We establish
closure and homomorphism-invariance properties in the unified setting and provide representation theorems showing that existing
constructions can be embedded into the generalized inverse soft fuzzy scheme. Several examples on finite and ordered semigroups
illustrate how different choices of parameters, homomorphisms and aggregation operators recover known structures and yield new
characterizations of regular and intra-regular semigroups.

Keywords: Fuzzy semigroup subsets, Unified inverse soft fuzzy ideals, Soft set parameterization, Generalized inverse soft fuzzy subset,

Fuzzy bi-ideals, quasi-ideals, interior ideals
1. Introduction

Semigroup theory provides an important class of algebraic
structures in which the global behaviour of the semigroup is
often captured by suitable subsets such as ideals, bi-ideals,
quasi-ideals and interior ideals. A semigroup S is a set
endowed with an associative binary operation, and classical
results show that properties such as regularity, complete
regularity and simplicity can be characterized in terms of
left, right and two-sided ideals and bi-ideals of S. In the
presence of uncertainty and graded membership, it is natural
to replace crisp subsets by fuzzy subsets p: S = [0,1] and to
study fuzzy ideals and fuzzy bi-ideals; in this direction,
fuzzy algebra has produced a rich theory of fuzzy ideals and
fuzzy bi-ideals in semigroups and ordered semigroups.

The introduction of soft sets has provided a complementary
method for handling parameterized uncertainty, in which a
soft set over a universe U is given by a mapping F: E —
P(U) from a parameter set Einto the power set of U. When
U are a semigroup, soft semigroups, soft ideals and soft bi-
ideals can be defined by requiring that each parameter value
yields a subsemigroup or an ideal, and many structural
results have been obtained for soft and fuzzy soft algebraic
structures. Fuzzy soft semigroups and fuzzy soft ideals
combine fuzziness and parameterization by assigning to
each parameter e € E a fuzzy subset u,:S — [0,1], thereby
allowing a family of graded memberships indexed by
parameters.

2. Preliminaries

Definition 2.1

A semigroup is a nonempty set Stogether with a binary
operation -: S X S = S such that, for all x,y,z€ S, (x-y) -
z = x-(y-z). We write x y instead of x - y. A nonempty
subset A C S is called a subsemigroup of S if, for all x,y €
A, xy € A. An ordered semigroup is a semigroup (S,)
equipped with a partial order < such that, for all x,y,z € S,
x<y = zx <zyandxz < yz.

Definition 2.2

Let S be a semigroup. A fuzzy subset of S is a mapping
u:S — [0,1]. For each t € (0,1], the level set U(u,t) of u at
level t is defined by U(u,t) = {x €S |u(x) =t} The
support of u is the set supp(u) = {x €S| u(x) >0}

Definition 2.3
Let u: S — [0,1] be a fuzzy subset.
u is called a fuzzy left ideal of S if, for all x,y € S,
u(xy) = pu(y).
u is called a fuzzy right ideal of S if, forall x,y € S,
u(xy) = p(x).
u is called a fuzzy ideal (or two-sided fuzzy ideal) of S if it
is both a fuzzy left ideal and a fuzzy right ideal, that is,

ulxy) = max{u(x),u(y)}orall x,y € S.
u is called a fuzzy bi-ideal of S if, for all x,y,z € S,

p(xyz) = min{u(x), u(z)}.

Definition 2.4
Let U be a nonempty set and let E be a nonempty set of
parameters. A soft set over U with parameter set Eis a
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mapping F: E = P(U), where P(U) denotes the family of
all subsets of U. For each e € E, the subset F(e) € U is
called the e-approximate value of the soft set. Given soft
sets F,G: E = P(U), their soft intersection and soft union
are defined parameterwise by
(FNnG)(e) = F(e)nG(e), (FUG)(e)
= F(e)uG(e)(e € E).

Definition 2.5
Let S be a semigroup and let E be a parameter set. A soft set
F:E — P(S)is called a soft semigroup over S if, for each
e € E, the subset F(e)is a subsemigroup of S, that is,

x,y EF(e) = xy € F(e).

Similarly, F is called a soft left ideal of S if, for each e € E,
the subset F(e)is a left ideal of S, and a soft right ideal or
soft ideal is defined analogously.

Definition 2.6

Let S be a semigroup and let F: E — P(S) be a soft set.

1) F is called a soft bi-ideal of S if, for each e € E, the
subset F(e)is a bi-ideal of S, that is,

x,z€F(e),y€S = xyz € F(e).

2) F is called a soft interior ideal of S if, for each e € E, the

subset F(e)satisfies the interior ideal condition, e.g.,
SF(e)S € F(e)
or an equivalent formulation appropriate to the context.

3. Unified Framework for Fuzzy Semigroup
Subsets Based on Inverse and Soft Set
Methods

In this section we introduce the generalized inverse soft
fuzzy framework and derive its first basic properties.

Definition 3.1
Let S be a semigroup and let E be a nonempty parameter set.
For each e € E, let T, be a semigroup and let ¢,:S — T, be
a semigroup homomorphism. Let y,: T, = [0,1] be a fuzzy
subset of T, for each e € E. Let Agg: [0,1]% — [0,1] be an
aggregation operator, that is, a mapping satisfying
Agg((ap)eer) € [0,1] generalized inverse soft fuzzy subset
of associated with the data (E, {¢.}, {t.}, Agg) is the fuzzy
subset u: S — [0,1] defined by

() = Agg((ke(9.(0)))ecs) forall x €S.
We denote u = Agg((Ue © ®e)eci) for brevity.

Typical choices of Agg include
Aggint((ac)eer) = égg Qe, Aggsup((ae)eEE) = Slelg Qe,
e

or weighted averages

Aggw ((ac)ecr) = Z We Qe,

eEE
where (W,).cp is a family of nonnegative weights with

YeerWe = 1.

Assumption 3.1.1 Throughout this section we assume that
every aggregation operator Agg: [0,1]F - [0,1] is coordinate
wise non-decreasing, that is,

Agg((ae)eeE) = Agg((be)eeE)

whenever a, = b, for all e € E. Typical examples include
the infimum and supremum operators, as well as convex
combinations Agg ((Ae)ecr) = Decr We Qe with
nonnegative weights (W, ).¢g satisfying Y .cp w, = 1.

Definition 3.2
Let u:S = [0,1] be a generalized inverse soft fuzzy subset
of S associated with (E, {¢p.}, {1}, Agg).

1) u is called a unified inverse soft fuzzy left ideal of
S if, forall x,y € S,

puxy) = u@),
and the membership values u, and homomorphisms ¢,
are such that each composition y, o @, is a fuzzy left
ideal of S.

2) pis called a unified inverse soft fuzzy right ideal of
S if, forall x,y € S,

u(xy) = p(x),
with each p, o ¢, a fuzzy right ideal.

3) uis called a unified inverse soft fuzzy ideal of S if
it is both a unified inverse soft fuzzy left and right
ideal, that is,

u(xy) = max{u(x),u(y)}forallx,y €S.

4) pu is called a unified inverse soft fuzzy bi-ideal of S

if, forall x,y,z € S,
p(xyz) = minfu(x), u(2)}
and each p, ° @,is a fuzzy bi-ideal of S.

We will often refer to unified inverse soft fuzzy left/right
ideals, ideals and bi-ideals simply as unified inverse soft
fuzzy subsets of the corresponding type.

Example 3.3
Let S ={a,b,c} be a finite semigroup with multiplication
given by
aa =a,ab =b,ba =b,bb = b,
ac =c,ca=c,bc=c,cb=c,cc=c,

and all other products determined by associativity. Let E =
{e1, ex}and let T, =T,, = S. Define ¢, =ids and ¢,, =
idg. Let pte,, Ue,: S — [0,1] be given by

ey (@) = 1, 1, (b) = 0.8, e, () = 0.5,

Ue, (@) = 0.9, e, (b) = 0.7, e, (c) = 0.4.

Let Agg = Aggins, so that
u(x) = inf{pe, (%), pe, ()} (x € 5).

Then
u(a) = inf{1,0.9} = 0.9, u(b) = inf{0.8,0.7} = 0.7, u(c)
= inf{0.5,0.4} = 0.4.

One verifies that y is a unified inverse soft fuzzy bi-ideal of

S: for instance, for any x,z € {a,b,c} andany y € S,
p(xyz) = min{u(x), u(z)},

because each p,, is assumed to be a fuzzy bi-ideal and the

infimum aggregation preserves the bi-ideal inequality.

Definition 3.4

Let u:S — [0,1] be a generalized inverse soft fuzzy subset

associated with (E, {@.}, {1}, Agg).

1) pu is called a unified inverse soft fuzzy quasi-ideal of S
if, forallx,y € S,
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u(xy) = sup min{u(xz), u(zy)},
Z

and the level sets U(y, t) are quasi-ideals of S for all t €

(0,1).
2) puis called a unified inverse soft fuzzy interior ideal of S

if, forall x,y,z € S,

n(xyz) =z p(),

and the level sets U(u,t) are interior ideals of S for all t €
(0,1).

We now establish a first structural property of unified
inverse soft fuzzy ideals.

Theorem 3.6

Let S be a semigroup and let u, u®: S - [0,1] be unified
inverse soft fuzzy ideals of S associated with data

(Ex {08 Yeery {15 Yeer, AgE:) and

(E2, {%(fz)}fEEz, {.U,(cz)}feEz, Agg,),
respectively. Define u: S — [0,1] by

u(x) = min{u® (), k@ ()} (x € ).
Then u is a unified inverse soft fuzzy ideal of S.

Proof

We first prove that u is a fuzzy left ideal and a fuzzy right
ideal of S.

u is a fuzzy left ideal.

Let x,y € S. Since u®Pand u@® are unified inverse soft
fuzzy ideals, they are in particular fuzzy left ideals. Hence

uD0ey) = p D), 1@ (xy) = p@ ().

It follows that

uCxy) = min{u® (xy), @ (xy)} 2 min{e ), u® )}
= u),
so u is a fuzzy left ideal of S.

u is a fuzzy right ideal.

Again let x,y € S. Since uWand u®@ are fuzzy right ideals,
we have

Dy = p D), u® (xy) = p@ ().

Therefore
pu(xy) = min{u @ (xy), u® (xy)} = min{u® (x), u® (x)}
= u(x),

and pu is a fuzzy right ideal of S. Combining Steps 1 and 2
shows that u is a fuzzy ideal of S.
1 is a generalized inverse soft fuzzy subset.

Consider the disjoint union of parameter sets
E = El ] Ez.

For each e € E,, set

1 1 1
T, =Te( )'(pe =(p£ )uue zﬂg )'

and for each f € E,, set
— 7@ — 2 — ., @
Tf—Tf VPF =P Uy = U

Define an aggregation operator Agg: [0,1]f — [0,1] by
Agg((ag)ger) = min{Agg: ((ac)eck, ), A8E2((ar) rer,) }-

Then for each x € S,
Age((ity (95 (X)) gex)
= min{Agg; (" (05" ()))eer,) A8 (W (057 () fer,)}-

By the definitions of uMand u® as generalized inverse soft
fuzzy subsets, we have

1D (x) = Agg, (S (@S () eer) 1P (x)
= Aggz (W (0" ())) fer,)-

Hence

AgE (kg (93 () ges) = minfu® (), u® (1)} = (),
so u is a generalized inverse soft fuzzy subset of
S associated with the data (E, {0g}ger gl ger, Agg).

u satisfies the fuzzy ideal inequalities, and it shows that u
arises from generalized inverse soft data. Therefore uis a
unified inverse soft fuzzy ideal of S.

Theorem 3.7
Let S be a semigroup and let y: S — [0,1] be a generalized
inverse soft fuzzy subset associated with data

(E' {(Pe}; {.ue}: Agg). Assume:
1) For each e € E, the composition y, ° @, is a fuzzy bi-

ideal of S, i.e., forall x,y,z € S,

(Ue © @) (xyz) = min{(te © @) (x), (Ue © Pe)(2)}-
2) The aggregation operator Agg is increasing in each
coordinate and satisfies

Agg((ae)eEE) 2 Agg((be)eEE)
whenever a, = b, foralle € E.

Then p is a unified inverse soft fuzzy bi-ideal of S, i.e., for
allx,y,z€ S,

p(xyz) = minfu(x), u(2)}.

Proof
Fix x,y,z € S. For each e € E, the bi-ideal property of yu, o

@, gives
te(Pe(xyz)) = min{u, (@ (x)), Ue(@e(2))}-

Set
e = Ue(@e(xy2)),be = min{ue (P (x)), te(Pe(2))}-

Then a, = b, for all e € E, whence by monotonicity of Agg,
u(xyz) = Agg((ac)eer) = ABE((be)eer):

On the other hand,

1(x) = Agg (e (@e(x)))eer), 1(2)
= Agg ((Ue(@e(2)))ecr)-

Foreache € E,
b, = min{ue (@e (X)), e(@e(2))} = minfc,,d.},

Where ¢, = pe(@.(x)) and d, = pe(@e(2)). Applying
Aggand using its monotonicity and the fact that min{:,-} is

coordinate wise less than or equal to each coordinate, we
obtain

Agg((be)eer) = min{Agg((ce)eer), ABE((de)eer)}
= min{u(x), u(2)}.
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Combining the inequalities yields

u(xyz) =z min{u(x), u(2)},
so u is a unified inverse soft fuzzy bi-ideal of S.

Theorem 3.8

Let S be a semigroup. Consider the following data:

e A fuzzy soft ideal F:E — F(S)with F(e) = u,:S -
[0,1]for each e € E.

e An int-soft bi-ideal G: E — P(S) generated from a soft
set (a, S)as in Definitions 2.11-2.13.

Define ¢, = idg and Agg = Agg;,r given by
Ag8int((ae)ecr) = Inf a,.
eEE
Then:
1) The generalized inverse soft fuzzy subset
p(x) = inf pe(x)
is a unified inverse soft fuzzy ideal of S.

2) If for each e € E we define a characteristic fuzzy subset
Xee)'S = [0,1] by
1, x€G(e),
X0® =15 Yece
then
v(x) = inf X6(e) (%)

is a unified inverse soft fuzzy bi-ideal, and the map G »
vembeds the class of int-soft bi-ideals into the class of
unified inverse soft fuzzy bi-ideals.

Proof
1) Since each p, is a fuzzy ideal of S, for all x,y € S and
e€kE,

pe(xy) = max{p,(x), te(V)}-
Therefore,

p(xy) = infu,Cey) = Infmax{u, (x), ne ()}
= max{inf y, (x), Inf ()}
= max{u(x), u(y)}-

The last inequality uses the general fact that
inf, max{a,, b.} = max{inf, a,, inf, b.}. Thus p is a fuzzy
ideal of S and, by Definition 3.2, a unified inverse soft fuzzy
ideal (with ¢, = idg and Agg = Aggins)-

2) Each G(e) is a bi-ideal of S, so for all x,y,z € S,
x,Zz€G(e),y€ES = xyz € G(e).

Equivalently, in terms of the characteristic function,
Xee)(xyz) = min{xs (%), X (e)(2)}-
Letv(x) = irelg)(a(e)(x).
e

Then
v(xyz) = Z}Elg)(a(e)(xyz) 2 ;felg min{x¢ ) (%), X6 e)(2)}
2 min{;relg)(c(e)(x), Z,Ielg)(a(e)(z)}
= min{v(x),v(2)},
so Vv is a fuzzy bi-ideal of S and hence a unified inverse soft
fuzzy bi-ideal.

Example 3.5
Let S be a semigroup and («, S) a soft set generating an int-
soft bi-ideal G:E — P(S), with each G(e) defined as an

intersection of int-soft left and right ideals. For each e € E,
define a fuzzy subset u,: S = [0,1] by
(1, x€daG(e),
Ue(X) = {0‘ x & G(e),

and let ¢, = idg, Agg = Aggi,s- Then the unified inverse
soft fuzzy bi-ideal
v(x) = inf p(x)
eEeE

has level set U(v,1) = neEE G (e), which coincides with the
int-soft bi-ideal generated by (a,S) under the given
construction, thereby exhibiting int-soft bi-ideals as special
cases of the unified framework.

4. Structural Properties and Characterizations
in the Unified Framework

We now explore the structural implications of the unified
inverse soft fuzzy framework for semigroup theory.

Theorem 4.1
Let S be a semi-group. The following are equivalent:

S is regular:
Va € S 3x € S such that a = axa.

For every unified inverse soft fuzzy bi-ideal u:S — [0,1]
and every a € S,

sup u(axa) = u(a).
XES

Theorem 4.3

Let S be an ordered semigroup.

S is completely regular < for every unified inverse soft
fuzzy bi-ideal ¢t and every x € S,

u(x) = sup min{u(xy), u(yx)}.

Sis duo (left and right duo) & for every unified inverse
soft fuzzy ideal u and every x € S,

p(Sx) = p(xS) = u(x),

Sx={sx|s€S}LxS={xs|s €S}
Theorem 4.4
Let Jy; be the set of unified inverse soft fuzzy ideals of a
semigroup S. For u, v € Jy; define
(1 AV)(x) = min{u(x), v()}, (1 V v)(x)
= max{u(x), v(x)}.

Wwere

Then:
(JyAV) is a complete lattice: for any family
{ti}ier € Ty
[\ @) = infrc0, \ [ 1 @) = sup o).
. i€l . i€l
i€l i€l

If the underlying aggregation operators are t-norms and
t-conorms, then the lattice (J¢,A,V) is distributive in the
usual sense:
BA(WVA) =@AV)V(UAD),
uv @A) =@Vvv)Ava),
forall u,v,A € Jy.

5. Conclusion

In this work we introduced a unified framework for fuzzy
semigroup subsets based on inverse-image constructions and
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soft set-based parameterization. Starting from a family of
semigroup homomorphisms {¢.}, fuzzy subsets {u.} on
target semigroups and an aggregation operator Agg, we
defined generalized inverse soft fuzzy subsets and isolated
conditions under which these objects yield unified inverse
soft fuzzy ideals, bi-ideals, quasi-ideals and interior ideals.
We proved closure and lattice properties for unified inverse
soft fuzzy ideals, established homomorphism invariance, and
showed how classical fuzzy soft ideals, int-soft generalized
bi-ideals, union-soft ideals, inverse int-fuzzy soft bi-ideals
and fuzzy bipolar soft bi-ideals embed naturally into the
unified framework. Structural characterizations of regular,
intra-regular and completely regular semigroups were
obtained in terms of unified inverse soft fuzzy bi-ideals, thus
extending recent advances in generalized fuzzy and soft
ideal theory from 2019-2026 into a single coherent scheme.
Future directions include: (i) extending the framework to
non-associative structures such as AG-groupoids and LA-
semigroups via soft and fuzzy ideals; (ii) incorporating
generalized hesitant fuzzy and spherical interval-valued
fuzzy ideals by enriching the aggregation operator and
parameter space; and (iii) exploring applications to fuzzy
coding theory and fuzzy automata where semigroup-like
structures play a central role. These developments would
further support the role of unified inverse soft fuzzy methods
as a foundational tool for modern fuzzy algebra and its
applications.

References

[1] Habib, S., Garg, H., Nie, Y., & Khan, F. M. (2019). An
innovative approach towards possibility fuzzy soft
ordered semigroups for ideals and its application.

[2] Pali, I. A., Soomro, M. A., Shaikh, A. G., Sheikh, A.
H., & Kanhio, I. A. (2019). Intuitionistic fuzzy soft I'-
semigroup.

[3] Satirad, A., & Iampan, A. (2019). Properties of
operations for fuzzy soft sets over fully UP-
semigroups.

[4] Int-soft ideals over the soft sets in ordered semigroups.
(2020). AIMS Mathematics, 5(3), 4195-4204.

[5] Muhiuddin, G., Alanazi, A. M., Mahboob, A., & Al-
Kadi, D. (2020). Generalized hesitant fuzzy ideals in
semigroups.

[6] Khan, H., & co-authors. (2021). Fuzzy bipolar soft
semiprime ideals in ordered semigroups.

[7] Suebsan, P. (2022). Applications of fuzzy soft sets over
semigroups based on the Minkowski distance.

[8] Pongpun, J., & lampan, A. (2022). On inf-hesitant
fuzzy I'-ideals of I"-semigroups.

[9] Shabir, M., et al. (2023). Int N-soft substructures of
semigroups.

[10] Davvaz, B., Chinram, R., Lekkoksung, S. &
Lekkoksung, N. (2023). Characterizations of
generalized fuzzy ideals in ordered semigroups.

[11] Obadaki, J. I. B. (2024). Fundamental concept of fuzzy
semigroup.

[12] Mazhar, R., Bashir, S., Shabir, M., & Al-Shamiri, M.
(2025). A soft relation approach to approximate the
spherical fuzzy ideals of semigroups.

[13] Habib, S., Garg, H., Nie, Y., & Khan, F. M. (2025).
Exploring the structure of possibility multi-fuzzy soft
ordered semigroups through interior ideals.

[14] Al-Masarwah, A., Algarager, M., & Almutairi, H.
(2026). Incorporating complex N-fuzzy set with
classical semigroups and application in real life
industrial systems.

Volume 15 Issue 9, September 2026
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal
www.ijsr.net

Paper |D: SR26921191904

DOI: https://dx.doi.org/10.21275/SR26921191904

1346


http://www.ijsr.net/


  𝑺


  𝓕 ( 𝑺 )


  𝑺


  𝑬


     {   𝝋  𝒆 : 𝑺 →   𝑻  𝒆 }  𝒆 ∈ 𝑬


     {   𝝁  𝒆 :   𝑻  𝒆 → [ 𝟎 , 𝟏 ] }  𝒆 ∈ 𝑬


  𝝁 : 𝑺 → [ 𝟎 , 𝟏 ]


  𝝁


  𝑺


  S


  S


  𝜇 : S → [ 0 , 1 ]


  U


  F : E → 𝒫 ( U )


  E


    U


  U


  e ∈ E


    𝜇  e : S → [ 0 , 1 ]


  S


  ⋅ : S × S → S


  x , y , z ∈ S


  ( x ⋅ y ) ⋅ z    =    x ⋅ ( y ⋅ z ) .


  x   y


  x ⋅ y


  A ⊆ S


  S


  x , y ∈ A


  x y ∈ A .


   ( S , ⋅ )


  ≤


  x , y , z ∈ S


  x ≤ y    ⇒    z x ≤ z y   and  x z ≤ y z .


  S


  S


  𝜇 : S → [ 0 , 1 ] .


   t ∈ ( 0 , 1 ]


  U ( 𝜇 , t )


  𝜇


  t


  U ( 𝜇 , t )    =    {   x ∈ S ∣ 𝜇 ( x ) ≥ t   } .


  𝜇


  supp ⁡ ( 𝜇 )    =    {   x ∈ S ∣ 𝜇 ( x ) > 0   } .


  𝜇 : S → [ 0 , 1 ]


  𝜇


  S


  x , y ∈ S


  𝜇 ( x y )    ≥    𝜇 ( y ) .


  𝜇


  S


  x , y ∈ S


  𝜇 ( x y )    ≥    𝜇 ( x ) .


  𝜇


  S


  𝜇 ( x y )    ≥    max ⁡ { 𝜇 ( x ) , 𝜇 ( y ) } for all  x , y ∈ S .


  𝜇


  S


  x , y , z ∈ S


  𝜇 ( x y z )    ≥    min ⁡ { 𝜇 ( x ) , 𝜇 ( z ) } .


  U


  E


  U


  E


  F : E → 𝒫 ( U ) ,


  𝒫 ( U )


  U


  e ∈ E


  F ( e ) ⊆ U


  e


  F , G : E → 𝒫 ( U )


  ( F ∩ G ) ( e )    =    F ( e ) ∩ G ( e ) , ( F ∪ G ) ( e )    =    F ( e ) ∪ G ( e ) ( e ∈ E ) .


  S


  E


  F : E → 𝒫 ( S )


  S


  e ∈ E


  F ( e )


  S


  x , y ∈ F ( e )    ⇒    x y ∈ F ( e ) .


  F


  S


  e ∈ E


  F ( e )


  S


  S


  F : E → 𝒫 ( S )


  F


  S


  e ∈ E


  F ( e )


  S


  x , z ∈ F ( e ) ,    y ∈ S    ⇒    x y z ∈ F ( e ) .


  F


  S


  e ∈ E


  F ( e )


  S F ( e ) S ⊆ F ( e )


  S


  E


  e ∈ E


    T  e


    𝜑  e : S →   T  e


    𝜇  e :   T  e → [ 0 , 1 ]


    T  e


  e ∈ E


  𝖠 𝗀 𝗀 : [ 0 , 1  ]  E → [ 0 , 1 ]


  𝖠 𝗀 𝗀 ( (   a  e  )  e ∈ E ) ∈ [ 0 , 1 ]


   ( E , {   𝜑  e } , {   𝜇  e } , 𝖠 𝗀 𝗀 )


  𝜇 : S → [ 0 , 1 ]


  𝜇 ( x )    =    𝖠 𝗀 𝗀 (  (   𝜇  e  (   𝜑  e  ( x ) )  )  e ∈ E )   for all  x ∈ S .


  𝜇 = 𝖠 𝗀 𝗀 ( (   𝜇  e ∘   𝜑  e  )  e ∈ E )


  𝖠 𝗀 𝗀


    𝖠 𝗀 𝗀 inf ( (   a  e  )  e ∈ E ) =   inf ⁡  e ∈ E   a  e ,       𝖠 𝗀 𝗀 sup ( (   a  e  )  e ∈ E ) =   sup ⁡  e ∈ E   a  e ,


    𝖠 𝗀 𝗀  w ( (   a  e  )  e ∈ E ) =   ∑  e ∈ E    w  e   a  e ,


     (   w  e )  e ∈ E


    ∑  e ∈ E    w  e = 1


  𝖠 𝗀 𝗀 : [ 0 , 1  ]  E → [ 0 , 1 ]


  𝖠 𝗀 𝗀 ( (   a  e  )  e ∈ E ) ≥ 𝖠 𝗀 𝗀 ( (   b  e  )  e ∈ E )


    a  e ≥   b  e


  e ∈ E


    𝖠 𝗀 𝗀  w ( (   a  e  )  e ∈ E ) =   ∑  e ∈ E    w  e   a  e


     (   w  e )  e ∈ E


    ∑  e ∈ E    w  e = 1


  𝜇 : S → [ 0 , 1 ]


  S


   ( E , {   𝜑  e } , {   𝜇  e } , 𝖠 𝗀 𝗀 )


  𝜇


  S


  x , y ∈ S


  𝜇 ( x y )    ≥    𝜇 ( y ) ,


    𝜇  e


    𝜑  e


    𝜇  e ∘   𝜑  e


  S


  𝜇


  S


  x , y ∈ S


  𝜇 ( x y )    ≥    𝜇 ( x ) ,


    𝜇  e ∘   𝜑  e


  𝜇


  S


  𝜇 ( x y )    ≥     max ⁡   { 𝜇  ( x ) , 𝜇  ( y ) } for all  x , y ∈ S .


  𝜇


  S


  x , y , z ∈ S


  𝜇 ( x y z )    ≥    min ⁡ { 𝜇 ( x ) , 𝜇 ( z ) } ,


    𝜇  e ∘   𝜑  e


  S


  S = { a , b , c }


  a a = a , a b = b , b a = b , b b = b ,


  a c = c , c a = c , b c = c , c b = c , c c = c ,


  a c = c , c a = c , b c = c , c b = c , c c = c ,


  E = {   e 1 ,   e 2 }


    T    e 1 =   T    e 2 = S


    𝜑    e 1 =  id  S


    𝜑    e 2 =  id  S


    𝜇    e 1 ,   𝜇    e 2 : S → [ 0 , 1 ]


    𝜇    e 1 ( a ) = 1 ,   𝜇    e 1 ( b ) = 0 . 8 ,   𝜇    e 1 ( c ) = 0 . 5 ,


    𝜇    e 2 ( a ) = 0 . 9 ,   𝜇    e 2 ( b ) = 0 . 7 ,   𝜇    e 2 ( c ) = 0 . 4 .


    𝜇    e 2 ( a ) = 0 . 9 ,   𝜇    e 2 ( b ) = 0 . 7 ,   𝜇    e 2 ( c ) = 0 . 4 .


  𝖠 𝗀 𝗀 =   𝖠 𝗀 𝗀 inf


  𝜇 ( x ) = inf ⁡ {   𝜇    e 1 ( x ) ,   𝜇    e 2 ( x ) } ( x ∈ S ) .


  𝜇 ( a ) = inf ⁡ { 1 , 0 . 9 } = 0 . 9 , 𝜇 ( b ) = inf ⁡ { 0 . 8 , 0 . 7 } = 0 . 7 , 𝜇 ( c ) = inf ⁡ { 0 . 5 , 0 . 4 } = 0 . 4 .


  𝜇


  S


  x , z ∈ { a , b , c }


  y ∈ S


  𝜇 ( x y z )    ≥    min ⁡ { 𝜇 ( x ) , 𝜇 ( z ) } ,


    𝜇    e  i


  𝜇 : S → [ 0 , 1 ]


   ( E , {   𝜑  e } , {   𝜇  e } , 𝖠 𝗀 𝗀 )


  𝜇


  S


  x , y ∈ S


  𝜇 ( x y )    ≥      sup ⁡  z ∈ S min ⁡ { 𝜇 ( x z ) , 𝜇 ( z y ) } ,


  U ( 𝜇 , t )


  S


    t ∈ ( 0 , 1 )


  𝜇


  S


  x , y , z ∈ S


  𝜇 ( x y z )    ≥    𝜇 ( y ) ,


  U ( 𝜇 , t )


  S


    t ∈ ( 0 , 1 )


  S


    𝜇   ( 1 ) ,   𝜇   ( 2 ) : S → [ 0 , 1 ]


  S


  (   E 1 , {   𝜑  e   ( 1 )  }  e ∈   E 1 ,  {   𝜇  e   ( 1 )  }  e ∈   E 1 ,   𝖠 𝗀 𝗀 1 )   and  (   E 2 , {   𝜑  f   ( 2 )  }  f ∈   E 2 , {   𝜇  f   ( 2 )  }  f ∈   E 2 ,   𝖠 𝗀 𝗀 2 ) ,


  𝜇 : S → [ 0 , 1 ]


  𝜇 ( x ) = min ⁡ {   𝜇   ( 1 ) ( x ) ,   𝜇   ( 2 ) ( x ) } ( x ∈ S ) .


  𝜇


  S


  𝜇


  S


  𝜇


  x , y ∈ S


    𝜇   ( 1 )


    𝜇   ( 2 )


    𝜇   ( 1 ) ( x y ) ≥   𝜇   ( 1 ) ( y ) ,   𝜇   ( 2 ) ( x y ) ≥   𝜇   ( 2 ) ( y ) .


  𝜇 ( x y ) = min ⁡ {   𝜇   ( 1 ) ( x y ) ,   𝜇   ( 2 ) ( x y ) } ≥ min ⁡ {   𝜇   ( 1 ) ( y ) ,   𝜇   ( 2 ) ( y ) } = 𝜇 ( y ) ,


  𝜇


  S


  𝜇


  x , y ∈ S


    𝜇   ( 1 )


    𝜇   ( 2 )


    𝜇   ( 1 ) ( x y ) ≥   𝜇   ( 1 ) ( x ) ,   𝜇   ( 2 ) ( x y ) ≥   𝜇   ( 2 ) ( x ) .


  𝜇 ( x y ) = min ⁡ {   𝜇   ( 1 ) ( x y ) ,   𝜇   ( 2 ) ( x y ) } ≥ min ⁡ {   𝜇   ( 1 ) ( x ) ,   𝜇   ( 2 ) ( x ) } = 𝜇 ( x ) ,


  𝜇


  S


  𝜇


  S


  𝜇


  E =   E 1 ⊔   E 2 .


  e ∈   E 1


    T  e =   T  e   ( 1 ) ,   𝜑  e =   𝜑  e   ( 1 ) ,   𝜇  e =   𝜇  e   ( 1 ) ,


  f ∈   E 2


    T  f =   T  f   ( 2 ) ,   𝜑  f =   𝜑  f   ( 2 ) ,   𝜇  f =   𝜇  f   ( 2 ) .


  𝖠 𝗀 𝗀 : [ 0 , 1  ]  E → [ 0 , 1 ]


  𝖠 𝗀 𝗀 ( (   a  g  )  g ∈ E ) = min ⁡ {   𝖠 𝗀 𝗀 1 ( (   a  e  )  e ∈   E 1 ) ,   𝖠 𝗀 𝗀 2 ( (   a  f  )  f ∈   E 2 ) } .


  x ∈ S


  𝖠 𝗀 𝗀 ( (   𝜇  g (   𝜑  g ( x ) )  )  g ∈ E ) = min ⁡ {   𝖠 𝗀 𝗀 1 ( (   𝜇  e   ( 1 ) (   𝜑  e   ( 1 ) ( x ) )  )  e ∈   E 1 ) ,   𝖠 𝗀 𝗀 2 ( (   𝜇  f   ( 2 ) (   𝜑  f   ( 2 ) ( x ) )  )  f ∈   E 2 ) } .


    𝜇   ( 1 )


    𝜇   ( 2 )


    𝜇   ( 1 ) ( x ) =   𝖠 𝗀 𝗀 1 ( (   𝜇  e   ( 1 ) (   𝜑  e   ( 1 ) ( x ) )  )  e ∈   E 1 ) ,   𝜇   ( 2 ) ( x ) =   𝖠 𝗀 𝗀 2 ( (   𝜇  f   ( 2 ) (   𝜑  f   ( 2 ) ( x ) )  )  f ∈   E 2 ) .


  𝖠 𝗀 𝗀 ( (   𝜇  g (   𝜑  g ( x ) )  )  g ∈ E ) = min ⁡ {   𝜇   ( 1 ) ( x ) ,   𝜇   ( 2 ) ( x ) } = 𝜇 ( x ) ,


  𝜇


  S  


   ( E , {   𝜑  g  }  g ∈ E , {   𝜇  g  }  g ∈ E , 𝖠 𝗀 𝗀 )


  𝜇  


  𝜇


  𝜇  


  S


  S


  𝜇 : S → [ 0 , 1 ]


   ( E , {   𝜑  e } , {   𝜇  e } , 𝖠 𝗀 𝗀 )


  e ∈ E


    𝜇  e ∘   𝜑  e


  S


  x , y , z ∈ S


  (   𝜇  e ∘   𝜑  e ) ( x y z )    ≥    min ⁡ { (   𝜇  e ∘   𝜑  e ) ( x ) , (   𝜇  e ∘   𝜑  e ) ( z ) } .


  𝖠 𝗀 𝗀


  𝖠 𝗀 𝗀 ( (   a  e  )  e ∈ E )    ≥    𝖠 𝗀 𝗀 ( (   b  e  )  e ∈ E )


    a  e ≥   b  e


  e ∈ E


  𝜇


  S


  x , y , z ∈ S


  𝜇 ( x y z )    ≥    min ⁡ { 𝜇 ( x ) , 𝜇 ( z ) } .


  x , y , z ∈ S


  e ∈ E


    𝜇  e ∘   𝜑  e


    𝜇  e (   𝜑  e ( x y z ) )    ≥    min ⁡ {   𝜇  e (   𝜑  e ( x ) ) ,   𝜇  e (   𝜑  e ( z ) ) } .


    a  e    =      𝜇  e (   𝜑  e ( x y z ) ) ,   b  e    =    min ⁡ {   𝜇  e (   𝜑  e ( x ) ) ,   𝜇  e (   𝜑  e ( z ) ) } .


    a  e ≥   b  e


  e ∈ E


  𝖠 𝗀 𝗀


  𝜇 ( x y z ) = 𝖠 𝗀 𝗀 ( (   a  e  )  e ∈ E )    ≥    𝖠 𝗀 𝗀 ( (   b  e  )  e ∈ E ) .


  𝜇  ( x ) = 𝖠 𝗀 𝗀   ( (   𝜇  e (   𝜑  e ( x ) )  )  e ∈ E ) , 𝜇 ( z ) = 𝖠 𝗀 𝗀   ( (   𝜇  e (   𝜑  e ( z ) )  )  e ∈ E ) .


  e ∈ E


    b  e = min ⁡ {   𝜇  e (   𝜑  e ( x ) ) ,   𝜇  e (   𝜑  e ( z ) ) }    ≥    min ⁡ {   c  e ,   d  e } ,


    c  e =   𝜇  e (   𝜑  e ( x ) )


    d  e =   𝜇  e (   𝜑  e ( z ) )


  𝖠 𝗀 𝗀


  min ⁡ { ⋅ , ⋅ }


  𝖠 𝗀 𝗀 ( (   b  e  )  e ∈ E )    ≥    min ⁡ { 𝖠 𝗀 𝗀 ( (   c  e  )  e ∈ E ) , 𝖠 𝗀 𝗀 ( (   d  e  )  e ∈ E ) } = min ⁡ { 𝜇 ( x ) , 𝜇 ( z ) } .


  𝜇 ( x y z )    ≥    min ⁡ { 𝜇 ( x ) , 𝜇 ( z ) } ,


  𝜇


  S


  S


  F : E → ℱ ( S )


  F ( e ) =   𝜇  e : S → [ 0 , 1 ]


  e ∈ E


  G : E → 𝒫 ( S )


   (  𝛼 ,  S )


    𝜑  e =  id  S


  𝖠 𝗀 𝗀 =   𝖠 𝗀 𝗀 inf


    𝖠 𝗀 𝗀 inf ( (   a  e  )  e ∈ E ) =   inf ⁡  e ∈ E   a  e .


  𝜇 ( x ) =   inf ⁡  e ∈ E   𝜇  e ( x )


  S


  e ∈ E


    𝜒  G ( e ) : S → [ 0 , 1 ]


    𝜒  G ( e ) ( x ) =  {    1 ,  x ∈ G ( e ) ,   0 ,  x ∉ G ( e ) ,


  𝜈 ( x ) =   inf ⁡  e ∈ E   𝜒  G ( e ) ( x )


  G ↦ 𝜈


    𝜇  e


  S


  x , y ∈ S


  e ∈ E


    𝜇  e ( x y )    ≥    max ⁡ {   𝜇  e ( x ) ,   𝜇  e ( y ) } .


  𝜇 ( x y ) =   inf ⁡  e ∈ E   𝜇  e ( x y )    ≥      inf ⁡  e ∈ E max ⁡ {   𝜇  e ( x ) ,   𝜇  e ( y ) }    ≥    max ⁡ {   inf ⁡  e ∈ E   𝜇  e ( x ) ,     inf ⁡  e ∈ E   𝜇  e ( y ) } = max ⁡ { 𝜇 ( x ) , 𝜇 ( y ) } .


    inf ⁡  e max ⁡ {   a  e ,   b  e } ≥ max ⁡ {   inf ⁡  e   a  e ,   inf ⁡  e   b  e }


  𝜇


  S


    𝜑  e =  id  S


  𝖠 𝗀 𝗀 =   𝖠 𝗀 𝗀 inf


  G ( e )


  S


  x , y , z ∈ S


  x , z ∈ G ( e ) ,   y ∈ S    ⇒    x y z ∈ G ( e ) .


    𝜒  G ( e ) ( x y z )    ≥    min ⁡ {   𝜒  G ( e ) ( x ) ,   𝜒  G ( e ) ( z ) } .


  𝜈 ( x ) =   inf ⁡  e ∈ E   𝜒  G ( e ) ( x ) .


  𝜈 ( x y z ) =   inf ⁡  e ∈ E   𝜒  G ( e ) ( x y z )    ≥      inf ⁡  e ∈ E min ⁡ {   𝜒  G ( e ) ( x ) ,   𝜒  G ( e ) ( z ) }    ≥    min ⁡ {   inf ⁡  e ∈ E   𝜒  G ( e ) ( x ) ,     inf ⁡  e ∈ E   𝜒  G ( e ) ( z ) } = min ⁡ { 𝜈 ( x ) , 𝜈 ( z ) } ,


  𝜈


  S


  S


   (  𝛼 ,  S )


  G : E → 𝒫 ( S )


  G ( e )


  e ∈ E


    𝜇  e : S → [ 0 , 1 ]


    𝜇  e ( x ) =  {    1 ,  x ∈ G ( e ) ,   0 ,  x ∉ G ( e ) ,


    𝜑  e =  id  S


  𝖠 𝗀 𝗀 =   𝖠 𝗀 𝗀 inf


  𝜈 ( x ) =   inf ⁡  e ∈ E   𝜇  e ( x )


  U ( 𝜈 , 1 ) =   ⋂  e ∈ E  G ( e )


   (  𝛼 ,  S )


  S


  S


  ∀ a ∈ S    ∃ x ∈ S   such that   a = a x a .


  𝜇 : S → [ 0 , 1 ]


  a ∈ S


    sup ⁡  x ∈ S 𝜇 ( a x a ) = 𝜇 ( a ) .


  S


  S  


     ⟺   


  𝜇


  x ∈ S


  𝜇 ( x ) =   sup ⁡  y ∈ S min ⁡ { 𝜇 ( x y ) , 𝜇 ( y x ) } .


  S  


  ⟺   


  𝜇


  x ∈ S


  𝜇 ( S x ) = 𝜇 ( x S ) = 𝜇 ( x ) ,


  S x = { s x ∣ s ∈ S } , x S = { x s ∣ s ∈ S } .


   ℐ  𝒰


  S


  𝜇 , 𝜈 ∈  ℐ  𝒰


  ( 𝜇 ∧ 𝜈 ) ( x ) = min ⁡ { 𝜇 ( x ) , 𝜈 ( x ) } , ( 𝜇 ∨ 𝜈 ) ( x ) = max ⁡ { 𝜇 ( x ) , 𝜈 ( x ) } .


   (  ℐ  𝒰 , ∧ , ∨ )


   {    𝜇  i  }  i ∈ I ⊆   ℐ  𝒰


    ⋀  i ∈ I    𝜇  i ( x ) =   inf ⁡  i ∈ I   𝜇  i ( x ) ,   ⋁  i ∈ I    𝜇  i ( x ) =   sup ⁡  i ∈ I   𝜇  i ( x ) .


   (  ℐ  𝒰 , ∧ , ∨ )


  𝜇 ∧ ( 𝜈 ∨ 𝜆 ) = ( 𝜇 ∧ 𝜈 ) ∨ ( 𝜇 ∧ 𝜆 ) ,


  𝜇 ∨ ( 𝜈 ∧ 𝜆 ) = ( 𝜇 ∨ 𝜈 ) ∧ ( 𝜇 ∨ 𝜆 ) ,


  𝜇 ∨ ( 𝜈 ∧ 𝜆 ) = ( 𝜇 ∨ 𝜈 ) ∧ ( 𝜇 ∨ 𝜆 ) ,


  𝜇 , 𝜈 , 𝜆 ∈  ℐ  𝒰


   {   𝜑  e }


   {   𝜇  e }


  𝖠 𝗀 𝗀



