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Abstract: This paper is concerned with the existence of semi parallel vector field in a Finsler space. Semi paralleled vector field in a
Riemannian manifold was studied by C.M. Fulton and M. Hashiguchi, while semi parallel vector field and normalized semi parallel
vector field in a Finsler space were defined and studied by Singh and Prasad. In this chapter while studying the existence of semi
parallel vector field and normalized semi parallel vector field analogous to the study of the existence of concurrent vector field, it has
also been shown that the definition given by Singh and Prasad, of semi parallel vector field and normalized semi parallel vector field. In
a Finsler space in its present form is untenable. We have given a modified definition of semi-parallel vector field and normalized semi-
parallel vector field in a Finsler space and studied some of their properties vis-a-vis other will know as Finsler space such as C2-like,

P2-like, C-reducible, R-reducible, P-reducible and S3-like etc.
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1. Introduction

Semi-parallel vector field in a Riemannian manifold was
studied by Fulton [1] and Hashiguchi [2] while Semi-parallel
vector field and normalized semi-parallel vector field in a
Finsler space were defined and studied by Singh and Prasad
[12]. In this paper while studying the existence of semi-
parallel vector field and normalized semi-parallel vector
field analogous to the study of the existence of concurrent
vector field [9], it has been shown that the definition given
by Singh and Prasad [12], of semi-parallel vector fields and
normalized semi-parallel vector fields in a Finsler space in
its present form is untenable. We have given a modified
definition of semi-parallel vector field and normalized semi-
parallel vector field in a Finsler space and studied some of
their properties vis-a-vis other well known Finsler spaces
such as C2-like [8], P2-like [6], C-reducible [7], P-reducible
[10] and S3-like [6] etc.

Let F, be an n-dimensional Finsler space with metric
function L(x, y), metric tensor gy (x, ¥), angular metric tensor
hj; and torsion tensor Cyj. The h- and v-covariant derivatives
of a vector field X; are defined as Rund [11].

i . _ i r i r i
i i r i
(b) X'| j —AjX + X CU-,
(1.1)
O;- R 0 j and A j respectively denote
partial differentiation with respect to ¥ and )/, such that an
index o means contraction by y.

where IV Jr =

The semi-parallel and normalized semi-parallel vector fields
in a Finsler space were defined by Singh and Prasad [12] as
follows:

Definition 1.1 - A non-zero vector field 77 (x), in a Finsler
space is said to be semi-parallel if there exist scalars

/1(x) =0 and E(X) satisfying the conditions

(b) Vj\k = /1(5,{ + ngVk),
(1.2)
where C jhk is the (h)hv- torsion tensor.

Definition 1.2 - A non-zero unit vector field X J ( X ) ,ina

Finsler space is said to be normalized semi-parallel if there
exist scalars ,0( X ) #0 satisfying the conditions

) X'k = p(3] - X' X,
(1.3)

2. Existence of Semi-Parallel Vector Fields

To study the existence of semi-parallel vector fields, we
shall consider some special cases:

Case I. Two-dimensional Finsler spaces F2: Any vector
field in F, is expressed as

VIl cos @ +m’ sin 0 @2.1)

Where V7 makes an angle 6 with /. Assume that in F, there
exists a non-zero vector field V /(x) satisfying V /Cy= 0,
which implies, ¥ /C; = 0. This from equation (2.1) gives

Csin 9, i.e., either C=0, implying the given space is a
Riemannian space or Sin 0= 0, implying V/ = lJ,
which is a contradiction. From Definition 1.1, we can

observe that V7 ( X ) is a semi-parallel vector field

satisfying V/Cj= 0, therefore we have:

Theorem 2.1: In a two-dimensional non-Riemannian Finsler
space F», a semi-parallel vector field satisfying Definition 1,
does not exist.
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Furthermore, if we take h-covariant derivative of C;=C m; in
a Finsler space of two-dimensions and use mj= 0, we get

Cj‘k = C\kmj- Differentiating V' Cj =0 and
using

MEL +eVIV)C; +VICym; =0, which

Definition 1.1, we get

easily leads to C Ckﬂ = (0. As Ais a non-zero scalar by

choice, therefore we shall have either C=0 or Cj=0, which is
true only if the space reduces to a Riemannian space. Hence
we have :

Theorem 2.2: If V7 isa semi-parallel vector field in F»,
satisfying Definition 1.1, the Finsler space reduces to a
Riemannian space.

Case II. Three-dimensional Finsler space F3: Any vector

field V7 in a three-dimensional Finsler space F; is
expressed as

V7’ =1/ cos@ +m’ cos o+ n’ cos 74 (2.2)

where cos 0, cos ¢ and cos y are direction cosines of this
vector.

As from Definition 1.1, viC jhk = 0, equation (2.2)

gives cos ¢=0, ie, V7’ =1/ cosO@+n’ cosy .

Since we know that [10] in F3.

Cj =Cymm;my - Cy(mmn, + mymn, + mym.n; —n,n;n; )

+Cs)(mnny + mmyn, +mn.n;),

Therefore, we can have Cj\k = C‘kmj +C njhk.

Differentiating

+A(5] +eVIV)C; =0,
C(CV'n;h, +AC)=0.

Further multiplication by yk gives CQVJ n jhO =0,

which implies

which implies:
1) Either C =0 i.e., the space is Riemannian, or

2) VJTLJ- =0 e COS vy =0, which means

V’/ =1’ cos 0, a contradiction, or
3 hy,=0.

To analyze the third condition, we need to take

VJPth = 0, where ijh = Cﬂch\o’ Rastogi and

Kawaguchi [10]. This on simplification leads to
J

L(v nj)[c(z)\o(nknh -m.m, ),

+C(3)\0 (myn, +myn, )] =0, which on

multiplication by 1,1, and ;. 1, respectively gives
J — J —
C

and C(3 )\O are not zero, we get

(2)o
( V'n j ) =0, which is nothing but the second

condition. Hence we have:

Theorem 2.3: In a three-dimensional non-Riemannian
Finsler space F3;, semi-parallel vector field satisfying
Definition 1.1, does not exist.

2.3)

In a C-reducible Finsler space F,, Matsumoto [7], C jkh is
expressed as
if V7 isa semi-parallel vector field, multiplying (2.4) by

V7 and using Definition 1.1, we get on simplification

which gives Vk =V/1 j lk' Differentiating this result
with the help of equation (1.1) a and applying Definition 1.1,
we get th = (. Hence we have:

Theorem 2.4: A C-reducible Finsler space of n-dimensions
Fn, with a semi-parallel vector field 77 reduces to a
Riemannian space.

Remark: Theorems of this section are also true for
normalized semi-parallel vector field.

3. Some Curvature Properties

If we differentiate VrCU-k =0, by Cartan's covariant
derivative it gives
V'Clim ==AChm 6.1
which implies
VrPrjk =0 (3.2)
Using Ricci-identities [11]
X lkm = Xl = X" Ry kom — X" |, R"km, 3.3)
for a semi-parallel vector field, we obtain
V"R, o = Gpiom) {01 (A — A€V, ) + eV AV},
3.4
where & (k,m) means change of index k& and m and

subtraction.
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From equation (3.4), on contraction in » and m, we get

V"R = (1-n)( Ay = X2 Vie) + eV (A, Vi = 4V,
(3.5)

Similarly from the Ricci-identities [11]

X =X e = X" B = X0 A"k = X, Pk,

m|k
(3.6)
we can obtain on simplification
VAP km =1 AL, VVEP I =0
h km = e ? h km =
3.7

Using T-tensor defined independently by Matsumoto [8] and
Kawaguchi [4]

T = LChij‘k +0,Cij + LChje +1,Crige + L Cry,

(3.8)
we can easily obtain VthThiﬂc = (0, which implies
Matsumoto [8]

Theorem 3.1: An n-dimensional Finsler space F,, admitting
a semi-parallel vector field is a Riemannian space.

4. Modified Definition of Semi-Parallel Vector
Fields in a Finsler Space

Definition 4.1: A non-zero vector field V7 ( X ), in a
Finsler space is said to be semi-parallel if there exist non-
zero scalars /1()6), OC()C, y) and S(X) satisfying the

conditions

@ V'’ A

&) Vi =A(5] +eVIV,)

=ahy

4.1)
such that Ar]k =L CUk .

Remark: If we assume that [| in Definition 4.1 is a
function of x alone, equation (4.1)(a), implies that the vector
Vi is an h-vector defined and studied by Izumi [3], while
studying conformal transformations of Finsler spaces.

Definition 4.2: A non-zero unit vector field ¥ (x), in a
Finsler space is said to be normalized semi-parallel if there

exist non-zero scalars ,0( X ) and & ( X,y ) satisfying

the conditions
(b) XJ"k = p(6] - XX, )
4.2)

In a two-dimensional Finsler space AUk is expressed as

[11]

Ay =LCm.mm; 43
therefore equation (4.3) with the help of (2.1) and Definition
4.1, easily gives

Theorem 4.1: In a two-dimensional Finsler space Fa,
admitting a semi-parallel vector field satisfying Definition
4.1, o=LC sin 0.

Applying Definition 4.1 to equation (2.2), and using
equation (2.3), we get LC cos ¢ =20. Hence we have:

Theorem 4.2: In a three-dimensional Finsler space Fs,
admitting a semi parallel vector field satisfying Definition
4.1, LC cos ¢ = 2q.

Using VrAr =LC COS¢ =2a, on applying

Cartan's covariant differentiation and contraction, we get on
simplification

h,cosy = AV, cos¢+(cos¢) 0-(44)

Hence we have :

Theorem 4.3: In a three-dimensional Finsler space Fs,
admitting a semi-parallel vector field satisfying Definition
4.1, angles ¢ and v are related by (4.4).

Remark: If in Definition 4.1, A=-1 and &=0, a semi-parallel
vector field reduces to a concurrent vector field Rastogi and
Dwivedi [9].

Assuming V‘Jk =0, equation (4.1)(b) gives V‘JJ. =0
if and only if Vka =—n/ &, but this in turn implies
VJ (TL — 1) =0 , 1.e., either V=0 or n=1. Since V is

non-zero, therefore we have:

Theorem 4.4: In an n-dimensional Finsler space Fy(n>2),
admitting a semi-parallel vector field V satisfying Definition

4.1, V‘Jk can not vanish.

5. Some More Curvature Properties

With the help of equation (3.3) and Definition 4.1, we can
obtain

. y . .

V'R, - L a(Rl, -y'y,R")

=S et (6] +eVIV, )+ gv‘{lvk + /Wjﬂth 2,
(5.1)

which leads to

V'Ry — L' a(R]; -y, Riy) 52
=(n—1)(eAVi = 4 ) + VI {Vie(2), ;-

Hence we have:

Theorem 5.1: In an n-dimensional Finsler space F,
admitting a semi-parallel vector field satisfying Definition

4.1, Rrjkh and Rrk satisfy (5.1) and (5.2) respectively.

Volume 15 Issue 10, October 2026
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal
www.ijsr.net

Paper |D: SR26803105954

DOI: https://dx.doi.org/10.21275/SR26803105954 2087


http://www.ijsr.net/

International Journal of Science and Research (IJSR)
ISSN: 2319-7064
Impact Factor 2025: 7.089

Remark: If we take normalized semi-parallel vector field

X/ , equations (5.1) and (5.2) respectively reduce to

XrRrjkh - L‘la(R,{h - yjymRIrcr;z) = g(k,h){P\h (5% - Xij) - X\{le}

and

X"Ryy. = L' a(R; = YRy ) = XI55 X ;. }

(5.4)
Differentiating  equation VA jkm = (24 hkm , Wwe
obtain on simplification
S(p,m) {VJAka‘p - hkm(a‘p —Aesa Vp )} =0.
(5.5)

From equation (5.5), we can easily obtain

Theorem 5.2: In an n-dimensional Finsler space F”
admitting a semi-parallel vector field }”, the necessary

. . J .
sufficient condition for the symmetry of VA Jem|p inm

and p is that a‘p ZﬂEan.

If we assume A& Vp = Ol‘ P from equation

VjAj:(n—I)a, we can

obtain
VJAj‘h = —ﬂAh , which by virtue of (3.3) leads to

pRPIL]k = G(h,k){Ak(/Hh - fgvh )

(5.6)
In a special cases where A is proportional to [/, we can

Vr (Aman;lk - Ar

-1 -1 .
observe that A ﬂw n=o a‘ h » therefore equation (5.6)
reduces to
r m
4 (AmRr hk — Ar

Hence we have:

»Rik) =0 .7

Theorem 5.3: In an n-dimensional Finsler space F,
admitting a semi-parallel vector field /7, the necessary and

. .. m
sufficient condition for the curvature tensor Rr ni to

satisfy equation (5.7) is that scalar A is proportional to [ and
A, = AeaV,.

Since we know that the curvature tensor is Sh Sk expressed
as [8]

S ik =St ArkAmi b (59)

(5.3)

therefore multiplying (5.8) by Vh

and applying Definition
in a—sgﬁ{i@éﬁ;&ld s@p@()r field, we get

VhShrjk =059

Differentiating (5.9) with respect to ym by Cartan's
covariant derivative and applying Definition 4.1, we get
hqr _ r har _

(5.10)
Hence, we have:

Theorem 5.4: In an n-dimensional Finsler space F,
admitting a semi-parallel vector field V7, curvature tensor

r .
Sh Jjk satisfies (5.9) and (5.10).

Since we know that Rund [11]

r r _ r
n ik~ Bnig = ™Sk s 1D

therefore from (5.10) we can obtain

Hence, we have:
Theorem 5.5: In an n-dimensional Finsler space F,
admitting a semi-parallel vector field V7, curvature tensor

r .
Ph Jjk satisfies (5.12).

h

Since we know that [8], Vh‘m‘k —Vh‘k‘m = V’Sr km

+a(lk5,},ll - lm5£), therefore using (5.9), we can

observe that Vh‘m‘k —Vh‘k‘m =a(Lor —1.67).
. o h h L .
which on substituting 74 ‘mz ahm and simplification

leads to 0(‘0 =La«a. Hence, we have

Theorem 5.6: In an n-dimensional Finsler space F,
admitting a semi-parallel vector field /7, scalar a satisfies

a‘o =La.

Since we know that [8]
J _VvJ _yhpJ

V\k‘m V\m‘k—VPhkm’

j h j h o
- VJ‘hA km — VJ‘hP km, therefore substituting

from Definition 4.1, we obtain

V"B, = Aea(Vih), — 2V Ik, )+ AAL, + aP], — ok},

which by virtue of equation (5.12) gives

S'(m,k){hjm(ﬂé‘avk - a‘k)} =0 (5.13)
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Hence we have:

Theorem 5.7: An n-dimensional Finsler space F, admitting

a semi-parallel vector field 744 , satisfies (5.13).
Remark: If we contract equation (5.13) for j and m, it

reduces to | =/180[V0.

vi(c,

6. Some Special Cases

Case 1. C2-like Finsler Space:
[8], C Jjkh is expressed as

=C7C,C,C,.

In a C2-like Finsler space

C in (6.1)

Applying Definition 4.1 and using equation (3.3) in (6.1) we
obtain after a lengthy calculation for a semi-parallel vector

field V"

h+C Ry, )= g(hk)[ﬂﬂh{CkJr(n 1)eAV, . }=AV, {(n— Z)ag‘kJr/IgC }.

For a normalized semi-parallel vector field equation (6.2) reduces to

Xj(CrRJrkh + Cj\rRth} = G(h,k)[ﬂ\h {C, —(n—1)pV) }+ PZVth]

Hence, we have:

Theorem 6.1: An n-dimensional C2-like Finsler space F,
admitting a normalized semi-parallel vector field X 7,
satisfies (6.3).

Case I1: P2-like Finslr Spaces: In a P2-like Finsler space
curvature tensor Py is expressed as [6]

From equation (6.4), we can obtain

V"B, =(n-1)L Chclg —AeaVy)-aP, hy,
(6.5)

which for * Vj = Vj — Vhljlk , implies

V"B =(n~-1)Lah,(a, - AsaV,)-aP, «V,
(6.6)

Further from (6.4) we can get
V'V (P — Pyx) =a(P; ¥V, =P, *V;). (6.7)

Since we can easily find

Py V'V =a(P;*V, - P, V), c3)

Therefore from (6.7) and (6.8), we can easily obtain
following curvature identity

(Poc + P + Py V'VE =0 (69)

Hence, we have:
Theorem 6.2: An n-dimensional P2-like Finsler space F,

admitting a semi-parallel vector field X r’ satisfies the
curvature identity (6.9).

Case III. C-reducible Finsler space: In a C-reducible

Finsler space Fn [7], with the help of equation (2.3), we

obtain

(6.2)
(6.3)
Which in F; gives C * Vk =0. Since C#0,

therefore * V. = 0, ie., ahhk = 0. Since [ is not

zero, we must have hhk =0, ie., the given space is

Riemannian. Hence, we have:

Theorem 6.3: A three-dimensional C-reducible Finsler
space F3, admitting a semi-parallel vector field reduces to a
Riemannian space.

Multiplying  equation  (6.10) by C'Ct, we get

(n - 2)05 = O,Whichgives

Theorem 6.4: An n-dinensional C-reducible Finsler space
Fn, admitting a semi-parallel vector field does not exist.

Case IV. P-reducible Finsler space: In a P-reducible

Finsler space F P ik is expressed as [10]
By =(n+1)" (Ayohje + Ajohu + Agohy;)
6.11)

From equation (6.11), we can obtain by virtue of Definition
4.1,

2n+ D)Lhg (e, - AcaVy) = Ay %V, + Ay ¥V

jo ¥
which on multiplication by g/* leads to
-1
a,=n(n-1)" AecaV,. .12
Hence, we have:

Theorem 6.5: An n-dimensional P-reducible Finsler space
Fy, admitting a semi-parallel vector field satisfies (6.12).

Remark: In case of a three-dimensional P-reducible Finsler
space F;, admitting a semi-parallel vector field,
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and

Co =CAeVy, o = (3/2)AsaV,
Vin! =2C,a/C?h
Hence, we have:

Theorem 6.6: In a three- dimensional P-reducible Finsler
space F3, admitting a semi-parallel vector field, scalar [ is

proportional to C 3/2 .

Case V. P-reducible Finsler space of R-K type: It is
known that in a P-reducible Finsler space F3 of R-K type

[10. A, =4L(C;),m, +Cshon,). Which
for a semi- parallel vector field gives
V' A o = —8alLC (C C(s) )‘0 Direct calculation gives

\Vad Ar‘ 0= 4 alLC™ JC‘ 0’ therefore on comparison we
get

Cp=2C"1(C Cy3)))p 613

which for C(3)‘0 0,ie, P rjkh is symmetric in k and

h, gives

Theorem 6.7: In a P-reducible Finsler space F3, admitting a
semi-parallel vector field, with second curvature tensor
Prjkh symmetric in k and /4, C‘ 0= 0.

Case VI. S3-like Finsler space: In a three-dimensional
space F3, v-curvature tensor is expressed as [6]

2 2
th =L?(2C%12)+ C?3) - C(J)C(3))(hrjhr hhkh ),
(6.14)
which on application of equation (5.9) gives

Theorem 6.8: In a three-dimensional Finsler space F3
admitting a semi-parallel vector field

2C%12) +C%3) = C;,Cp3) =0-

In an S3-like Finsler space F,, v-curvature tensor is given by
r

nie =S(hhe —hyhl),  615)

which on application of (5.9) gives on simplification S=0,

ie. S5 =0.

Hence, we have:

Theorem 6.9: In an n-dimensional S3-like Finsler space F,
a semi-parallel vector field does not exist.

Case VII. h-isotropic Finsler space: In an n-dimensional
h-isotropic Finsler space F, curvature tensor R R j?ch is
expressed as [5]

h h
+P" P+ R

jmr

S, m){ jlk|m

respectively, we get

th =R(g %6 — 9p0%) (6.16)

Using equation (6.16) in (5.4), we obtain
R=(1+L"%aX,)’ (P\k Xk~ p) 617

. . -1 .
Since in general ( I1+L aX 0 ) is non-zero, therefore
we get
Theorem 6.10: In an h-isotropic Finsler space F, admitting

a normalized semi-parallel vector field, the necessary and
sufficient condition for the curvature scalar R to vanish is

given by ,O‘k Xk =pP.
Case VIIL CP-recurrent Finsler space: It is known that in
a CP-recurrent Finsler space F, torsion tensor C Jjkh
satisfies [5]

Cricim = CricKm»  (6.18)

Where K, is a function of x and y.

Also it is known that in a CP-recurrent Finsler space [5],
=2K mSthl, which by virtue of equations

= 0, i.e., either A=0

Shjkz\m
(5.9) and (5.10) gives A Smrjk
or S g

m jk therefore

vanishes.  Since A is non-zero,

r

m jk = (0. Hence we have:

Theorem 6.11: A CM-recurrent non-Riemannian Finsler

space F . admitting a semi-parallel vector field V" shall

have vanishing v-curvature tensor.

Substituting

roo_ . r.=P"T
Smjk =0, in (5.11), we get Pmkj = Pmkj'

Hence, we have:

Corollary 6.1: A CP-recurrent non-Riemannian Finsler
space F, admitting a semi-parallel vector field V' shall have

r Lo S
a curvature tensor Pm kj» which is symmetric in j and k and

J _/J
also V ‘k‘m =V ‘mk‘

h _ .
Substituting ST =0 and R jmr =0 in the
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Corollary 6.2: A C"-recurrent non-Riemannian Finsler
space Fn admitting a semi-parallel vector field V" satisfies
Bianchi-identities

Sim) {Pjhkl‘ m= Pjhnnczzz} =0, S1m) {Pj};k‘m + Pjhmrpl;} =0

Case IX: h-isotropic and C"-recurrent Finsler space: It
is known [5] that in an n-dimensional Finsler space F,,
which is h-isotropic and Ch-recurrent

(5.4), we get _

(n—=2)py, + X, {X o +p(n—-1)}=0.(619)
Hence we have:

Theorem 6.12: In an n-dimensional CPM-recurrent, h-
isotropic Finsler space F,, admitting a normalized semi-
parallel vector field X', scalar p satisfies equation (6.19)

Jli?
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