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Abstract: This paper is concerned with the existence of semi parallel vector field in a Finsler space. Semi paralleled vector field in a 

Riemannian manifold was studied by C.M. Fulton and M. Hashiguchi, while semi parallel vector field and normalized semi parallel 

vector field in a Finsler space were defined and studied by Singh and Prasad. In this chapter while studying the existence of semi 

parallel vector field and normalized semi parallel vector field analogous to the study of the existence of concurrent vector field, it has 

also been shown that the definition given by Singh and Prasad, of semi parallel vector field and normalized semi parallel vector field. In 

a Finsler space in its present form is untenable. We have given a modified definition of semi-parallel vector field and normalized semi-

parallel vector field in a Finsler space and studied some of their properties vis-a-vis other will know as Finsler space such as C2-like, 

P2-like, C-reducible, R-reducible, P-reducible and S3-like etc. 
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1. Introduction 
 

Semi-parallel vector field in a Riemannian manifold was 

studied by Fulton [1] and Hashiguchi [2] while Semi-parallel 

vector field and normalized semi-parallel vector field in a 

Finsler space were defined and studied by Singh and Prasad 

[12].  In this paper while studying the existence of semi-

parallel vector field and normalized semi-parallel vector 

field analogous to the study of the existence of concurrent 

vector field [9], it has been shown that the definition given 

by Singh and Prasad [12], of semi-parallel vector fields and 

normalized semi-parallel vector fields in a Finsler space in 

its present form is untenable.  We have given a modified 

definition of semi-parallel vector field and normalized semi-

parallel vector field in a Finsler space and studied some of 

their properties vis-a-vis other well known Finsler spaces 

such as C2-like [8], P2-like [6], C-reducible [7], P-reducible 

[10] and S3-like [6] etc. 

 

Let Fn be an n-dimensional Finsler space with metric 

function L(x, y), metric tensor gij (x, y), angular metric tensor 

hij and torsion tensor Cijk.  The h- and v-covariant derivatives 

of a vector field Xi are defined as Rund [11]. 

(a) ,FXXNXX i
rj

ri
r

r
j

i
jj

i +−=  

(b) 
i
rj

ri
jj

i CXXX += , 

(1.1) 

where j
r
oj

r
j ,FN =  and j  respectively denote 

partial differentiation with respect to xj and yj, such that an 

index o means contraction by y. 

 

The semi-parallel and normalized semi-parallel vector fields 

in a Finsler space were defined by Singh and Prasad [12] as 

follows: 

 

Definition 1.1 - A non-zero vector field Vj (x), in a Finsler 

space is said to be semi-parallel if there exist scalars 

0)x( =  and )x(  satisfying the conditions  

(a) 0VC j
jhk =    

(b) )VV(V k
jj

kk
j  += , 

(1.2) 

where jhkC  is the (h)hv- torsion tensor. 

Definition 1.2 - A non-zero unit vector field )x(X j
, in a 

Finsler space is said to be normalized semi-parallel if there 

exist scalars 0)x(   satisfying the conditions  

(a) ,0XC j
jhk =    

(b) )XX(X k
jj

kk
j −=   

(1.3) 

 

2. Existence of Semi-Parallel Vector Fields 
 

To study the existence of semi-parallel vector fields, we 

shall consider some special cases: 

 

Case I. Two-dimensional Finsler spaces F2:  Any vector 

field in F2 is expressed as 

 sinmcoslV jjj +                                      (2.1) 

 

Where Vj makes an angle  with lj.  Assume that in F2 there 

exists a non-zero vector field V j(x) satisfying V jCjhk= 0, 

which implies, V jCj = 0.  This from equation (2.1) gives 

sinC , i.e., either C=0, implying the given space is a 

Riemannian space or Sin 0= , implying 
jj lV = , 

which is a contradiction.  From Definition 1.1, we can 

observe that )x(V j
 is a semi-parallel vector field 

satisfying V jCjhk= 0, therefore we have: 

 

Theorem 2.1: In a two-dimensional non-Riemannian Finsler 

space F2, a semi-parallel vector field satisfying Definition 1, 

does not exist. 
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Furthermore, if we take h-covariant derivative of Cj=C mj in 

a Finsler space of two-dimensions and use mj|k= 0, we get 

jkkj mCC = .  Differentiating 0CV j
j =  and 

using Definition 1.1, we get 

0mCVC)VV( jk
j

jk
jj

k =++  , which 

easily leads to 0CC k = .  As  is a non-zero scalar by 

choice, therefore we shall have either C=0 or Cj=0, which is 

true only if the space reduces to a Riemannian space.  Hence 

we have : 

 

Theorem 2.2:  If 
jV  is a semi-parallel vector field in F2, 

satisfying Definition 1.1, the Finsler space reduces to a 

Riemannian space. 

Case II.  Three-dimensional Finsler space F3:  Any vector 

field 
jV  in a three-dimensional Finsler space F3 is 

expressed as 

 cosncosmcoslV jjjj ++=          (2.2) 

where cos , cos  and cos  are direction cosines of this 

vector. 

 

As from Definition 1.1, 0CV jhk
j = , equation (2.2) 

gives cos =0, i.e.,  cosncoslV jjj += . 

Since we know that [10] in F3. 

)nnnnmmnmmnmm(CmmmCC kjrjrkrkjkjr2kjr)1(rjk −++−=
 

),nnmnnmnnm(C jrkrkjkjr)3( +++                                                       (2.3) 

 

Therefore, we can have kjjkkj hnCmCC += . 

Differentiating  

0CV j
j = , we get )hCnmC(V kjjk

j +  

0C)VV( jk
jj

k =++  ,  

which implies 0)ChnVC(C kkj
j =+  .  

Further multiplication by 
ky  gives 0hnVC 0j

j2 = , 

which implies: 

1) Either C = 0 i.e., the space is Riemannian, or 

2) 0nV j
j =  i.e. 0cos = , which means 

coslV jj = , a contradiction, or 

3) 0h0 = . 

 

To analyze the third condition, we need to take 

0PV jkh
j = , where 0jkhjkh CP = , Rastogi and 

Kawaguchi [10].  This on simplification leads to 

)mmnn(C)[nV(L hkhk0)2(j
j − , 

0)]nmnm(C khhk0)3( =++ , which on 

multiplication by hkmm  and hknn  respectively gives 

0C)nV( 0)2(j
j =  and 0C)nV( 0)3(j

j = .  As 

0)2(C  and 0)3(C  are not zero, we get 

0)nV( j
j = , which is nothing but the second 

condition.  Hence we have: 

 

Theorem 2.3:  In a three-dimensional non-Riemannian 

Finsler space F3, semi-parallel vector field satisfying 

Definition 1.1, does not exist. 

 

In a C-reducible Finsler space Fn, Matsumoto [7], jkhC  is 

expressed as  

)1n/()hChChC(C jkhhjkkhjjkh +++= (2.4) 

If 
jV  is a semi-parallel vector field, multiplying (2.4) by 

jV  and using Definition 1.1, we get on simplification 

0lV)lClC(VCVC j
j

hkkhhkkh =+−+ (2.5) 

which gives kj
j

k llVV = .  Differentiating this result 

with the help of equation (1.1) a and applying Definition 1.1, 

we get 0h jk = .  Hence we have: 

 

Theorem 2.4:  A C-reducible Finsler space of n-dimensions 

Fn, with a semi-parallel vector field Vj reduces to a 

Riemannian space. 

 

Remark: Theorems of this section are also true for 

normalized semi-parallel vector field. 

 

3. Some Curvature Properties 
 

If we differentiate 0CV rjk
r = , by Cartan's covariant 

derivative it gives  

jkmmrjk
r CCV −=    (3.1) 

which implies 

0PV rjk
r =             (3.2) 

Using Ricci-identities [11] 

,RXRXXX km
h

h
r

km
r

h
h

km
r

mk
r −=− (3.3) 

for a semi-parallel vector field, we obtain  

},VV)V({RV km
r

m
2

m|
r
k)m,k(km

r
h

h  +−=  

(3.4) 

where )m,k(  means change of index k and m and 

subtraction. 
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From equation (3.4), on contraction in r and m, we get 

)VV(V)V)(n1(RV mkkm
m

k
2

khk
h  −+−−=  

(3.5) 

Similarly from the Ricci-identities [11] 

,PXAXPXXX km
h

h
j

km
h

h
j

km
j

h
h

km
j

mk
j −−=−  

(3.6) 

we can obtain on simplification 

0PVV,APV km
j

h
khj

kmkm
j

h
h ==   

(3.7) 

Using T-tensor defined independently by Matsumoto [8] and 

Kawaguchi [4] 

,ClClClClCLT hijkhikjhjkiijkhkhijhijk ++++=  

(3.8) 

we can easily obtain 0TVV hijk
hi = , which implies 

Matsumoto [8] 

 

Theorem 3.1:  An n-dimensional Finsler space Fn, admitting 

a semi-parallel vector field is a Riemannian space. 

 

4. Modified Definition of Semi-Parallel Vector 

Fields in a Finsler Space 
 

Definition 4.1:  A non-zero vector field )x(V j
, in a 

Finsler space is said to be semi-parallel if there exist non-

zero scalars )y,x(),x(   and )x(  satisfying the 

conditions  

(a) jkrjk
r hAV =   

(b) )VV(V k
jj

kk
j  +=  

(4.1) 

such that rjkrjk CLA = . 

 

Remark:  If we assume that   in Definition 4.1 is a 

function of x alone, equation (4.1)(a), implies that the vector 

Vh is an h-vector defined and studied by Izumi [3], while 

studying conformal transformations of Finsler spaces. 

 

Definition 4.2:  A non-zero unit vector field Xj (x), in a 

Finsler space is said to be normalized semi-parallel if there 

exist non-zero scalars )x(  and )y,x(  satisfying 

the conditions 

(a) jkrjk
r hAX =   

(b) )XX(X k
jj

k
j

k
−=   

(4.2) 

In a two-dimensional Finsler space rjkA  is expressed as 

[11] 

kjrrjk mmmLCA =        (4.3) 

therefore equation (4.3) with the help of (2.1) and Definition 

4.1, easily gives  

 

Theorem 4.1:  In a two-dimensional Finsler space F2, 

admitting a semi-parallel vector field satisfying Definition 

4.1, α=LC sin . 

 

Applying Definition 4.1 to equation (2.2), and using 

equation (2.3), we get LC cos  = 2α.  Hence we have: 

 

Theorem 4.2:  In a three-dimensional Finsler space F3, 

admitting a semi parallel vector field satisfying Definition 

4.1, LC cos  = 2α. 

 

Using  2cosLCAV r
r == , on applying 

Cartan's covariant differentiation and contraction, we get on 

simplification  

000 )(coscosVcosh  += .(4.4) 

Hence we have : 

 

Theorem 4.3:  In a three-dimensional Finsler space F3, 

admitting a semi-parallel vector field satisfying Definition 

4.1, angles  and  are related by (4.4). 

 

Remark:  If in Definition 4.1, =-1 and =0, a semi-parallel 

vector field reduces to a concurrent vector field Rastogi and 

Dwivedi [9]. 

 

Assuming 0V j

k
= , equation (4.1)(b) gives 0V j

j
=  

if and only if /nVV k
k −= , but this in turn implies 

0)1n(V j =− , i.e., either V=0 or n=1.  Since V is 

non-zero, therefore we have: 

 

Theorem 4.4:  In an n-dimensional Finsler space Fn(n>2), 

admitting a semi-parallel vector field V satisfying Definition 

4.1, 
j

k
V  can not vanish. 

 

5. Some More Curvature Properties 
 

With the help of equation (3.3) and Definition 4.1, we can 

obtain  

)RyyR(LRV m
khm

jj
kh

1j
khr

r −− −   

},VVVV)VV({ kh
j

k
j

hk
jj

kh)h,k(  +++=  

(5.1) 

which leads to 

)RyR(LRV m
0km

j
kj

1
rk

r −− −  (5.2) 

}.)(V{V)V)(1n( jk)kj(
j

kk  +−−=  

 

Hence we have: 

 

Theorem 5.1:  In an n-dimensional Finsler space Fn 

admitting a semi-parallel vector field satisfying Definition 

4.1, 
j
khrR and rkR  satisfy (5.1) and (5.2) respectively. 
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Remark:  If we take normalized semi-parallel vector field 

jX , equations (5.1) and (5.2) respectively reduce to 

 

}XX)XX({)RyyR(LRX k
j

hk
jj

kh)h,k(
m
khm

jj
kh

1j
khr

r −−=−− −            (5.3) 

and 

).X)(1n(}X{X)RyR(LRX kkkj)kj(
jm

0km
j
kj

1
rk

r  −−−=−− −

     (5.4) 

 

Differentiating equation kmjkm
j hAV = , we 

obtain on simplification 

.0)}V(hAV{ ppkmpjkm
j

)m,p( =−−   

(5.5) 

 

From equation (5.5), we can easily obtain 

 

Theorem 5.2:  In an n-dimensional Finsler space Fn 

admitting a semi-parallel vector field Vr, the necessary 

sufficient condition for the symmetry of pjkm
jAV  in m 

and p is that pp V = . 

 

If we assume ppV  = , from equation 

)1n(AV j
j −= , we can obtain 

hhj
j AAV −= , which by virtue of (3.3) leads to 

)}.V(A{RARA(V h
2

hk)k,h(
p
hkpr

m
hkrm

r  −=−  

(5.6) 

In a special cases where  is proportional to  , we can 

observe that h
1

h
1  −− = , therefore equation (5.6) 

reduces to  

0)RARA(V p
hkpr

m
hkrm

r =−  (5.7) 

Hence we have: 

 

Theorem 5.3:  In an n-dimensional Finsler space Fn 

admitting a semi-parallel vector field Vr, the necessary and 

sufficient condition for the curvature tensor 
m
hkrR  to 

satisfy equation (5.7) is that scalar  is proportional to   and 

pp V = . 

Since we know that the curvature tensor is 
r
jkhS expressed 

as [8] 

},AA{S r
mj

m
hk)k,j(

r
jkh =         (5.8) 

therefore multiplying (5.8) by 
hV  and applying Definition 

4.1 a semi-parallel vector field, we get  

0SV r
jkh

h = (5.9) 

Differentiating (5.9) with respect to 
my  by Cartan's 

covariant derivative and applying Definition 4.1, we get 

,SSV r
jkm

r
mjkh

h −= 0SV r

0jkh

h = . 

(5.10) 

Hence, we have: 

 

Theorem 5.4:  In an n-dimensional Finsler space Fn 

admitting a semi-parallel vector field Vr, curvature tensor 

r
jkhS  satisfies (5.9) and (5.10). 

 

Since we know that Rund [11] 

,SPP r

0jkh

r
kjh

r
jkh −=− (5.11) 

 

therefore from (5.10) we can obtain 

.0)PP(V r
kjh

r
jkh

h =− (5.12) 

 

Hence, we have: 

Theorem 5.5:  In an n-dimensional Finsler space Fn 

admitting a semi-parallel vector field Vr, curvature tensor 

r
jkhP satisfies (5.12). 

 

Since we know that [8], 
h
kmr

r
mk

h
km

h SVVV =−  

)ll( h
km

h
mk  −+ , therefore using (5.9), we can 

observe that )ll(VV h
km

h
mkmk

h
km

h  −=− , 

which on substituting 
h
mm

h hV =  and simplification 

leads to  L0 = .  Hence, we have 

 

Theorem 5.6:  In an n-dimensional Finsler space Fn 

admitting a semi-parallel vector field Vr, scalar α satisfies 

 L0 = . 

Since we know that [8] 

j
kmh

h
k

j
m

j PVVV mk =− , 

km
h

h
j

km
h

h
j PVAV −− , therefore substituting 

from Definition 4.1, we obtain 

 

j
mk

j
km

j
kmkm

jj
mk

j
kmh

h hPA)hV2hV(PV  −++−=

, 

which by virtue of equation (5.12) gives 
0)}V(h{ kkm

j
)k,m( =− .(5.13) 
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Hence we have: 

 

Theorem 5.7:  An n-dimensional Finsler space Fn admitting 

a semi-parallel vector field 
rV , satisfies (5.13). 

Remark:  If we contract equation (5.13) for j and m, it 

reduces to 00 V = . 

 

 

 

 

 

6. Some Special Cases 
 

Case I. C2-like Finsler Space:  In a C2-like Finsler space 

[8], jkhC  is expressed as 

.CCCCC hkj
2

jkh
−=                (6.1) 

 

Applying Definition 4.1 and using equation (3.3) in (6.1) we 

obtain after a lengthy calculation for a semi-parallel vector 

field 
rV  

}V)1n(C{[)RCRC(V kkh)k,h(
r
khrj

r
jkhr

j  −+=+ }].C)1n{(V kkh  +−−  

(6.2) 

 

For a normalized semi-parallel vector field equation (6.2) reduces to 

]CV}V)1n(C{[)RCRC(X kh
2

kkh)k,h(
r
khrj

r
jkhr

j  +−−=+                (6.3) 

 

Hence, we have: 

 

Theorem 6.1:  An n-dimensional C2-like Finsler space Fn 

admitting a normalized semi-parallel vector field X r, 

satisfies (6.3). 

 

Case II: P2-like Finslr Spaces:  In a P2-like Finsler space 

curvature tensor Phrjk is expressed as [6] 

hjkrrjkhhrjk CPCPP −= (6.4) 

 

From equation (6.4), we can obtain 

,hP)V(CL)1n(PV jkr00rjkhrjk
h  −−−=  

(6.5) 

which for kj
h

jj llVVV −= , implies 

jr00rjhrjk
kh VP)V(hL)1n(PVV −−−=   

(6.6) 

 

Further from (6.4) we can get 

).VPVP()PP(VV jrrjhjrkhrjk
kh −=−   (6.7) 

 

Since we can easily find 

),VPVP(VVP jrrj
kh

jrhk −=   (6.8) 

 

Therefore from (6.7) and (6.8), we can easily obtain 

following curvature identity 

0VV)PPP( kh
jhrkrjhkhrjk =++      (6.9) 

 

Hence, we have: 

Theorem 6.2:  An n-dimensional P2-like Finsler space Fn 

admitting a semi-parallel vector field 
rX , satisfies the 

curvature identity (6.9). 

 

Case III. C-reducible Finsler space:  In a C-reducible 

Finsler space nF [7], with the help of equation (2.3), we 

obtain  

,h2VCVC hkhkkh =+ (6.10) 

Which in F3 gives 0VC k = .  Since 0C  , 

therefore 0Vk = , i.e., 0hhk = .  Since   is not 

zero, we must have 0hhk = , i.e., the given space is 

Riemannian.  Hence, we have: 

 

Theorem 6.3:  A three-dimensional C-reducible Finsler 

space F3, admitting a semi-parallel vector field reduces to a 

Riemannian space. 

 

Multiplying equation (6.10) by ChCk, we get 

0)2n( =−  , which gives 

 

Theorem 6.4:  An n-dinensional C-reducible Finsler space 

Fn, admitting a semi-parallel vector field does not exist. 

 

Case IV.  P-reducible Finsler space:  In a P-reducible 

Finsler space rjkn P,F  is expressed as [10] 

)hAhAhA()1n(P rj0kkr0jjk0r
1

rjk +++= −  

(6.11) 

 

From equation (6.11), we can obtain by virtue of Definition 

4.1,  

k0jj0k00jk VAVA)V(hL)1n(2 +=−+ 

,  

which on multiplication by g jk leads to  

.V)1n(n 0
1

0  −−= (6.12) 

Hence, we have: 

 

Theorem 6.5:  An n-dimensional P-reducible Finsler space 

Fn, admitting a semi-parallel vector field satisfies (6.12). 

 

Remark:  In case of a three-dimensional P-reducible Finsler 

space F3, admitting a semi-parallel vector field, 
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,VCC 00 =  00 V)2/3(  =  and 

0
2

0
j

j hC/C2nV = .   

Hence, we have: 

 

Theorem 6.6:  In a three- dimensional P-reducible Finsler 

space F3, admitting a semi-parallel vector field, scalar   is 

proportional to 
2/3C . 

 

Case V. P-reducible Finsler space of R-K type:  It is 

known that in a P-reducible Finsler space F3 of R-K type 

[10], )nhCmC(L4A r0)3(r0)3(0r += , which 

for a semi-parallel vector field gives 

0)3(
2

0r
r )CC(LC8AV −=  . Direct calculation gives 

0
1

0r
r CLC4AV −=  , therefore on comparison we 

get  

0)3(
1

0 )CC(C2C −=   (6.13) 

which for 0C 0)3( = , i.e., rjkhP  is symmetric in k and 

h, gives 

 

Theorem 6.7:  In a P-reducible Finsler space F3, admitting a 

semi-parallel vector field, with second curvature tensor 

rjkhP  symmetric in k and h, 0C 0 = . 

 

Case VI.  S3-like Finsler space:  In a three-dimensional 

space F3, v-curvature tensor is expressed as [6] 

),hhhh)(CCCC2(LS r
jhk

r
krj)3()1()3(

2
)2(

22r
hjk −−+=

(6.14) 

which on application of equation (5.9) gives  

 

Theorem 6.8:  In a three-dimensional Finsler space F3 

admitting a semi-parallel vector field 

0CCCC2 )3()1()3(
2

)2(
2 =−+ . 

 

In an S3-like Finsler space Fn, v-curvature tensor is given by 

),hhhh(SS r
jhk

r
krj

r
jkh −=          (6.15) 

which on application of (5.9) gives on simplification S=0, 

i.e. 0S r
jkh = .   

 

Hence, we have: 

 

Theorem 6.9:  In an n-dimensional S3-like Finsler space Fn, 

a semi-parallel vector field does not exist. 

 

Case VII. h-isotropic Finsler space:  In an n-dimensional 

h-isotropic Finsler space Fn curvature tensor R 
r
khjR  is 

expressed as [5] 

)gg(RR r
kjh

r
hjk

r
khj  −=          (6.16) 

 

Using equation (6.16) in (5.4), we obtain  

)X()XL1(R k
k

1
0

a  −+= −−
    (6.17) 

Since in general )XL1( 0
1−+  is non-zero, therefore 

we get 

 

Theorem 6.10:  In an h-isotropic Finsler space Fn admitting 

a normalized semi-parallel vector field, the necessary and 

sufficient condition for the curvature scalar R to vanish is 

given by  =k
k X . 

Case VIII. Ch-recurrent Finsler space:  It is known that in 

a Ch-recurrent Finsler space Fn, torsion tensor jkhC  

satisfies [5] 

,KCC mhjkmhjk =     (6.18) 

Where Km is a function of x and y. 

 

Also it is known that in a Ch-recurrent Finsler space [5], 

hjklmmhjkl SK2S = , which by virtue of equations 

(5.9) and (5.10) gives 0S r
jkm = , i.e., either 0=  

or 
r
jkmS  vanishes.  Since  is non-zero, therefore 

0S r
jkm = .  Hence we have: 

 

Theorem 6.11:  A Ch-recurrent non-Riemannian Finsler 

space nF , admitting a semi-parallel vector field Vr shall 

have vanishing v-curvature tensor. 

 

Substituting 

0S r
jkm = , in (5.11), we get 

r
kjm

r
kjm PP = .   

 

Hence, we have: 

 

Corollary 6.1:  A Ch-recurrent non-Riemannian Finsler 

space Fn admitting a semi-parallel vector field Vr shall have 

a curvature tensor 
r
kjmP , which is symmetric in j and k and 

also km
j

mk
j VV = . 

Substituting 0S r
jkm =  and 0R h

mrj =  in the 

Bianchi-identities [5] 

,0S}PSCPP{ h

kmlj

r
kl

h
mrjkl

rh
rmjm

h
klj)m,l( =+−−  

and 

,0RSR}CRPPP{ r
ml

h
krjl

h
kmj

r
kl

h
rmjkl

rh
rmj

h

mklj)m,l( =++++

 

respectively, we get 
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Corollary 6.2:  A Ch-recurrent non-Riemannian Finsler 

space nF  admitting a semi-parallel vector field Vr satisfies 

Bianchi-identities 

0}PPP{,0}CPP{ r
lk

h
mrj

h

mlkj)m,l(
r
kl

h
rmjm

h
klj)m,l( =+=−   

 

Case IX:  h-isotropic and Ch-recurrent Finsler space:  It 

is known [5] that in an n-dimensional Finsler space Fn, 

which is h-isotropic and Ch-recurrent 

0R,KK ijklijji == .  Using 0Rijkl = , in 

(5.4), we get 

 
Hence we have: 

Theorem 6.12:  In an n-dimensional Ch-recurrent, h-

isotropic Finsler space Fn, admitting a normalized semi-

parallel vector field Xr, scalar  satisfies equation (6.19) 
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