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Abstract: The main aim of the current paper is to propose an efficient numerical technique for solving two-dimensional
space-multi-time fractional Bloch—Torrey equations. The current research work is a generalization of [6]. The temporal direction is
based on the Caputo fractional derivative with multi-order fractional derivative and the spatial directions are based on the
Riemann-Liouville fractional derivative. Thus, to achieve a numerical technique, the time variable is discretized using a finite

. . 2- , . . . .
difference scheme with convergence OrderO(T a). Also, the space variable is discretized using the finite element method.

Furthermore, for the time-discrete and the full-discrete schemes error estimate has been presented to show the unconditional stability
and convergence of the developed numerical method. Finally, four test problems have been illustrated to verify the efficiency and
simplicity of the proposed technique on irregular computational domains.
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1. Introduction

The fractional PDEs play important and basic role in
modeling and simulating of natural and practical phenomena
[14]. In the meantime, the fractional equations based on the
space fractional type are important and have more difficulty
for simulating and analysis. the finite element method is
applied in several fractional equations for example
fractional diffusion-wave equation [13,28], time-fractional
fourth-order partial differential equation [31], nonlinear
time fractional fourth-order reaction—diffusion problem[32],
fractional FitzHugh-Nagumo monodomain model [8], time-
space fractional telegraph equation[63], space-time
fractional diffusion equations [7,22,23], two-dimensional
space-fractional advection—dispersion equations [29,62],
space-fractional Boussinesq equation [64], space and time
fractional Fokker—Planck equation[16], space-fractional
parabolic equation[25] and Rayleigh—Stokes problem with
fractional  derivatives[12]. Also, anew Crank—Nicolson
finite element method is developed in [60]for solving the
time-fractional subdiffusion equation. Author of [56]
developed efficient algorithms based on the Legendre-tau
approximation for one- and two-dimensional fractional
Rayleigh—Stokes problems for a generalized second-grade
fluid. A Legendre spectral tau method is revisited in [57]to
handle the multi-term time-fractional diffusion equations
(MTT-FDEs) also an error estimate and rigorous
convergence analysis are carried out using some critical
theorems.

The space fractional equations have been solved using many
numerical solutions such as finite difference technique for
space-fractional sine-Gordon equations [33], Jacobi
collocation approach for space-time variable-order fractional
Schrédinger equations [4], an efficient operational
formulation of spectral tau method for multi-term time—
space fractional partial differential equations [5], general
Pade approximation method [17], Fourier spectral method
for fractional-in-space Cahn-Hilliard equation [45], the
point interpolation method for Riesz space fractional

advection—dispersion equations [55], third-order difference
schemes for space fractional PDEs [50], Gaussian-sum
(GauSum) solver for space fractional nonlinear
Schrodinger/Gross—Pitaevskii  equations  [3], time-split
Gauss—Seidel projection approach for the space fractional
Landau-Lifshitz equations [48], finite volume method for
space-fractional diffusion equations [24], finite element
technique for nonlinear space fractional diffusion
equations on complex domains [47], Fourier spectral
method for space fractional reaction—diffusion equations
[37], a Petrov—Galerkin (PG) spectral method for
fractional IVP [58], discontinuous spectral element
methods for time- and space-fractional advection
equations [59], anew operational matrix for fractional-
order differential equations [38], fourth-order finite
difference schemes for time-space fractional sub-
diffusion equations [36], a fast second-order accurate
method for space-fractional diffusion equation [21], a
fourth-order compact ADI scheme space for fractional
Schrodinger equation [61], finite element method for time-
space fractional Bloch-Torrey equations [6], high-order
approximation to Caputo derivatives [26], a high order
finite difference scheme for a two dimensional fractional
Klein—Gordon equation subject to Neumann boundary
conditions [43] compact finite difference schemes for the
modified anomalous fractional sub-diffusion equation and
fractional diffusion-wave equation [44], anew difference
scheme for the time fractional diffusion equation based on
the Caputo fractional derivative [1], solutions of the
Dirichlet and Robin boundary value problems for the multi-
term variable-distributed order diffusion equation with error
estimate [2], the dual reciprocity boundary elements method
for solving fractional PDEs [15], etc.

The main aim of [18]is to develop two high-order
approximate formulas for solving the Riesz fractional
derivative. Authors of [49] considered a fractional partial
differential equation with Riesz space fractional derivatives
(FPDE-RSFD) on a finite domain and they solved it by using
namely, the  L1/L2-approximation  method, the
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standard/shifted Grunwald method, and the matrix transform
method (MTM). A Crank-Nicolson method has been
applied in [9] to a fractional diffusion equation which has
the Riesz fractional derivative, to obtain a method which
will be unconditionally stable and convergent. Authors of
[30] proposed a second-order backward difference formula
(BDF2) for solving time approximation of Riesz space-
fractional diffusion equations. The main purpose of [34]is to
develop a consistent and stable numerical method of second-
order convergence. Authors of [19] developed a class of
high-order numerical algorithms for Riesz derivatives
through constructing new generating functions. The main
aim of [46]is to propose two higher order numerical methods
for solving fractional differential equations, the first
approach is based on a direct discretisation of the fractional
differential operator and the second approach is based on
discretisation of the integral form of the fractional
differential equation. Also see [27, 51-54].Authors of [6]
considered the two-dimensional space-time fractional
Bloch—Torrey equations as follows.

2y a%y
38 StAxye)(xye e =0
-11 Y :I.i '

We consider a generalization of the above model. In the
current paper, we consider the following two-dimensional
space/multi-time fractional Bloch—Torrey equations.

P (D, Ju(x v,t)= L

[0 S S I'_',-'|.T| . '|.
+ flxy.t). (xpt)eC =0 (1.1)
Where
P, (DOU(X, Y, 1) = CD"‘+ZdJOD‘“
O<a,<..<o<a<l, 1<2,B<2And

dog =1

theCaputo fractional derivative of order oj with respect tot .
We consider this equation with the initial condition

m, mel] are constants. Also,g Df’j is

u(x.0=p(xy).  (12)
and boundary condition
u(xy,t)=g(xyt), (x,y)eoQ. (1.3)

The main aim of the current paper is to present an efficient
numerical procedure for solving two-dimensional space-
multi-time fractional Bloch-Torrey equations. The
considered model is a generalized version of the studied
model in [6]. For the mentioned model, a finite
difference/finite element technique is proposed as its
unconditional stability and convergence have been proved.

2. Some preliminaries of fractional calculus

In this paper, we will use the Caputo fractional derivative as
follows.

LAt E

—(n-l<a<n nel |
(2.1}

1 J-f (t)dr
Tin-a)(t-r)"

With T denoting the gamma function. Also.

eulx.t) 1 J"‘E”[-U] ds

Lae(0,1) (22)
& T(l-a)’ '

és  (t-5)

The Riesz fractional derivative with respect to spatial
direction is [10, 35].

6‘”:‘{[1 vt) -l . _
|E, ¥ D ”fs[.'r_, ¥.1)
& | ?ccrs[ﬂh _
+ %D;-‘:.,:;[.'r._ V.t) | (2.3)
&% u(x, y.t) —1 , .-
[ 1F | {ED;” ulx, .1}
aly| 2cos( A ) :
—‘? e oa(x .t (2.4)

In which [10, 35]
Inwhich [10, 35]

BL2E o 1 &
-::-.,J-,D, a’{|.1t=:|=r:._1_‘r:| aﬁ:lm

@y

RL 15 e a . o
Dy’ e %21 PSP I|s x)  uls,vt)ds.(26)

J' (x—5) uls.y.flds (2.3}
LR

1-28

T

T iyl 1-1g

RLA1E o,
J.Dr,l_,ral.u:ra—]_lj TF

And
O, (y)=min{x: (x.8)e ),
O,(v)=max{x: (x.&)e ()
T x)=min{y: (6.y)e L & = x}.
Y (x)=max{y: (y)e Q. 6=x.

Definition 2.1 ([10, 35]). Given & > Othen the following
semi-norms can be defined.

8 =1},
&=y

1
i 1 1T

—1 RLylg H 18, |
|1P1""'_-'*‘2:'_| ! "D ‘ﬂx-&-.-'- nETE e )
(2:9)

1

(V&L s D 1 )2
P A o
[2.10]

And norms

/(r) (”V”iZ(RZ) + |V|ig(R2)); :

M [ 222

Also, Jf(Rz) and JH(RZ) are the closure ofC{f(Rz)

(2.12)

respectlvely

2

Definition 2.2 ([10, 35]). Given 0 > 0 then we define the
following semi-norm
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|V|H"(R2) - H|§|HQ (5)

o(r2) , (2.13)
And norm 4
o = (M e

In which H (Rz) is the closure of C;° (Rz)with respect

(2.14)

and Vv is the Fourier transform ofV .
H(RZ)

Definition 2.3 ([10, 35]). Given @ >0.1f 8 #n —%for

N € we consider the following semi-norm

e =| (o 2052050, |+
,11
| 5D ﬁDf:.x.v]flR:I}; . (2.15)
And norm
1
My = (M) + Mg - (238)

Also, J! ( R ) is the closure of C;° (D ? ) with respect to

Lemma 2.1 ([10, 35]). For @ > Ospaces
Jf(Rz), Jg(RZ) and H Q(Rz)are equivalent.
The spacest(Rz)) and HH(RZ) are equal with

equivalent semi-norms and norms.
Proof. The proof follows immediately from the following
lemma.

Letd >0, be given. A function Ve LZ(R)belongs to
37 (R?)if and only if

o've’(R?).  (217)
Specifically,

MJE(RZ) - H|w|0\7 13(R?) (2'18)

Analogous to Jf(RZ)We introducng(Rz), the right

fractional derivative space, and establish
their equivalence.

Lemma 2.2 ([10, 35]). Letv € J 3,0 (Q) and0 < & < @then
||V||I.:-ﬂ i -3 C|"1J.'_-ﬂ i ® |‘,1J'f-i'! i =< C|V|J.'_-ﬂ| (219]

Also,if v e Jg () and 0< & < Gthen
Mz, =CPMoza; PMoa, SCP

We can write for Ve Jf,o (Q) we have DD =v, and

|,r'n. (2.20)

forvel 3,0 (Q) we have

Proof. By the definition of\]f’O (Q) there exists a
sequence {4}, = C; (Q) such that

lim Iv—
—>0
Applymg the trlangle inequality, we have
| D%v—]| . =|p~D%(v-6)|,._ +

"D—EDEQ! —9;:",;,-—'.5! | +||¢:_gz _"|L.-'.n.
Sinceg), e C; (Q) , property A.6 (in the Appendix) implies
that|D"

@) = 0. By the mapping properties

in lemma 2.6,
oD% (v-4,) st = =l
Thus,
D0, <(C- D=l

Corollary for ve J/(Q), 0<s< 8
|D*D*D”*v|| = D**v

Proof. Proceeding as in the proof of Lemma 2.7,
|Ip~D*D**v-D*|, _<|p~D*D"(v-4,)

+ ||D_:D:DE_:Q! _DE—:Q! " .

o)

o =z, <l ¢>J||

oy

+|(v=6.),~.., +|P"DD"6,-D" 4|

£ L:' ol
An elementary calculation shows that for ¢, € C;’(Q).
D¢, (I) =0.
Hence, by property A.6,
-S s0-s 0-s
|[o*D*D"*¢, - D" ..., =
The stated result then follows from the convergence of ¢, to
V and the mapping properties in Lemma 2.6

Analogous to fractional integral operators, fractional
differential operators also satisfy a semi-group property.

Lemma 2.3 ([10, 35]). Letve Jf(Q) andU be the
extension of U by zero outside of (2 then

{a LFL.D:E RLDE |L-n|_{a f}:DE MD;:IJ_I;]L:I |
=cos(m8)| 2D, ., 2.21)
[I RIT:D;? RLDE ‘.l;,: _{ RLDE HDE-H;]L:, g
= cos(78)| DY, (2.22)
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Lemma 2.4 ([10, 35]). Let
0e(12),u,ved!(Q)ul, =0then
. { a & !
i \_| RpI, B3 |
(E “DE:{ vl=| g Diw S Dg v
h ) !
{ a a A
Ep3, BELpyT o
.1_|D_1.* i, J-Df,.y."".
Il._ ) .l'l
f =
| By RL
=| %Dg Ve, “D v,
I\._ .l'l
f a8 Y
(¥DZ u.v)=| ®DI, T‘f{D,
' J
Lemma 2.5 ([42]).Suppose O<a<land

V(t) e C?[0,t,]it holds that

[. HDEH v |—

(%22,

TRy

. (2.24)

’l; v(t)
ol —t)"

5

b, w(1p)]

cfr——[b:, Vit )- Zlug_H B_ Vi) b

+

2% e
(),

—

-m™], m=0

T 1-a
_aKm+Q

3. Analytical investigation of the new

numerical scheme

Now, we discrete the main problem in the time direction
with a finite difference scheme [11]. Using Lemma 2.5 for

J=0,12,...,mwe have
L o
a - ol V.t
CDFu(xnt,) = 1 | l-cn[x v.t) dt i
F[l—t‘{ ] ot [r —r] :
1
—_— b H x, .1, E; —.b
?{[::IL::_:I.:I_%:I—EJ_,';_IHI:_'I{:_:I.'=I:, +D|:_ir ]
Let
T, U = CD ‘U(th) (3.1)
then Eq. (1.1)may be ertten as foIIows
erT U=k, = [Z,+r'.' il —tiflxwt,)32)
r;-|.1'"" £ v
Then, the corresponding vibrational form for Eq. (3.2)is
n RLNA " RLQ[A
B(U”v)[<z|AJl(oDIU", DL v )‘
RLNA " RLQ[A
ve|AJll( ADpu", DL v )‘
ST|A<|[ @(T’I)_Dfun 2() R;’_sz()
RL A
+T‘AV‘[ Ty(x) 12(Q) y Yz(x)v

" HA(Q) ||V||H A(Q)

[a(U"v)=(c"v). VveHE(Q). (33)

lifj =p(xy),
Where

m

r:r[[,"’ ]—Z

J=l

B (U7)

F[l—
= bJ
[ ] Z_l:F[l— p[Z[ k=1
+o L (U v )l+1( f"v).
B(U"v) =14l ZDU".%DS, )
+(EDz, U™ o EDEV)]

+ rAJ.[[' DU ED] v

BL ) (U™ v)

+(®pz U, EDiv)],
And
_ '5:1' — ':1:1
T 2cos(fr) _chﬂ[ﬁ?r]=
I,
f r 1,
b= [(m+1) T 1. 34

Theorem 3.1. The bilinear forma(U”,V) is continuous

and V —elliptic

Proof: Since for arbitrary0 < ar <1, F(l— a) > 1thus we
have
ol |

Z e v

= ’faf'Z
-

=2md”

2] d

[r[ e
Lf."!

|| TR
Fiai ”1""1,3-{: i

IL",{: y ||.1r||L!-ﬂ i

I.:- o ||1V||L!| Exl]

V],
|| i)

L".”!

<C ||L

<C ||L

i e

5
And [6]

RL A N RLRNA
("D, ’®1<y>DxV)‘]

(2,07, SO

RL A
X D®2(V)

UI’]

(@)

(@ )

+
(@)

Yy T Yp(x)

(@)
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As a result, we have

( . ,jffz:-f Ut B ps WU ]

m d b/
B(U")|= JZ_(;{—r(ll_(’w)(u”,v)}+B(U“,v) v ||, Epfv. =Df U
‘ > rmin |24 .24 |}‘[ Epu, R"*DS J_IU” ]
HA(Q) ”V”Hﬁ(Q) HA(Q) ||V||H/3(Q) + [r ;'E.I,DI_..E'LF.?t R:TTD 't
HA(Q) ”V”Hﬂ(g)' As aresult, we can write
Then, the bilinear forma(U ”,V) is bounded. In other ( ) i d, bj (U Un)+ B(U "U n)
words _ = ( l)
- (f EJ : ". "! = " n 2 2
Z_lr[l— ] 1 Z F[l o ] L) =C|u (@) (@)
o ol I ) So, the bilinear forma(U ”,V) is V -elliptic.
>—cmin Nrelt o =l . (3.6) ) _ g
1"[1 Oy ) Lia) i) Theorem 3.2. The semi-discrete (3.3)is unconditionally

Also from [6]we obtain stable

Proof. Let U" be approximate solution of (3.3)

a(U“,v):r(janl“djl I“U“,v}r B(U”,V)=z‘( f ”,v), weH/(Q)  (37)

U’=g(xy).
Then we define Z_i[idll tapn,an
pt=uU"-0" (3_8) el \j1
Subtracting Eq (3.7) from Eq (3.3) yields M & d. n-1
:ZZ J Z n— n pn1pn _b|
alp’ vl erfI“p” v +Blp V=0vveHI(Q) ™ j:lr(l—aj) b (6" p")- k:l( b )
| =1 ¢ [3 9] >ii dj [bj ,On 2 _nz_l(bj —bj ) pn
o \ = J'er(l_al) i (o) g T Q)
M
fZ Zﬂ*l“ﬁ'”HZBl,a vEOwer () L& 4 e S v,
o (3.10} ;;F(l—aj)[ blP (@) é( n—k-1 ”—k)Hp HLZ(Q) !
So, the left hand side of Eq. (3.10)can be rewritten as 0 o " ) Ttl’“i 2
>y di—M n _ M 0
>; J{ZF(laJ);p (@) 2(1_0[])1“(1_0[])”'0 L%(c
Clearly

M
2.B(p".p")20
n=1

Then also we write

nll2

zd t,” H w2 zd t,” »

m n 3
2 Pl = Emz

oy ZF(l—aj)

(@)

dty”

<{iz(1_aj’)¥(1_a,.)}”po

2

(@)’
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By changing the notations, we have
z’djtr:aj a2

m m n n K
,Z_l: 2r(1-a;) P e = ,le 2r(1j—a,.)kz_1lup

L*(Q)
Also we write
P TR
1\ o)
,-Z_l“zr(l—aj) Pl {;2(1%)“1 a,) Hp ()
Cy o
c
F (@) S\/C:l”po (@)’ Theorem 3.3. Let U"(X,Y,t)be solution of the semi-
2

Thus discrete scheme. Then the convergence order of the

n

pLQ

in which the last inequality completes the proof

numerical technique is O(rz’“ )

Proof. We consider
(ridjl{”u”,v]+B(u”,v):r(f“,v)+r(Rf,v), weH/(Q) (3.11)
j=0

u’=g(x,y)

and
(ridjl fiu",v} B(U"v)=7(f"v), WeH/(Q) (3.12)
j=0
U°=g(xy)

We set 7" =u" —U " then by subtracting

[ridjlt‘”n”,v}+B(n”,v):r(Rt”,v), weH/(Q) (313)

Similar to Theorem 3.2, we have

n=1\_j=0

n

n

2
LZ(Q)}, (3.14)

And we write

% n n n 2
;B(U 1 )Z HA(Q)

Then, by combining the above inequalities, we can get

JZ{ rd t ZH" " }+§B(qk,nk)grk;(ak,nk).

Thus the prewous relatlon is equal to
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; dT™
2H”(Q) ZFZZ-L o) ZHU

L2

o } Sa(ra')< S e(m )

zd Jtn

S S
< rkzl:HRf

Now, we can write In the next, we define the projection operator

I, :HY (Q) - X that

LA(Q) an

(o)

H”Q =T HR‘ (@ +Z HRT (@ H77 (@ K
B(IT,u,v)=B(uyv), WveX;.
< 72‘ Z(“ T‘ « o ) Lemma 3.1 (B)Letwe H*(Q)NHJ(Q) and
L u<k+1
+ _ u=-p
r [w =TT, 0 ) < CHH W,
< Cr(r —a )2 Lemma 3.2 ([41]). Leta, and fn be real valued functions
defined for N €[] and suppose that fn > Ofor every n el
Then <cr?e, if
HA(Q)
- . . . n-1
We divide the comnutatlonal domaanmtn a nurnber of a <X +Zf a nell,
triangular sub-domains. LetT, be some triangulation as
Qh :{eh ‘e, eTh}, in which X, is a non-negative constant then
And h represents the maximum diameter of the IS
P a, <X [1+ nell,

triangulation. LetV, be the space of linear piecewise
continuous polynomials. Let the finite element subspace be Now, we are ready to propose the convergence theorem.

X\ = a), v, =0v,|. =v (%), =0},
n =1 EC( ) Vh|aQ Vh|e V"(X y) Vh|(x'y)*e } Theorem 3.4Assumeu” :u(x, y,tn)is the exact solution

of problem (1.1) alndUhn =u(x, y,tn) is its approximate

solution respect to the finite element method. Then the
numerical solution satisfies the following inequality

U, < *(72’”’ +h2).

Also, consider th as the interpolation operator. Thus, for
anywe H' (Q)We can get the following estimation

W=y <CN™ Wl O<TEM (35)

Proof: We have

a(uQ,vh)z(er:djl t"“'uﬁ,vhJ+B(u,f,vh):r(f”,vh)+r(R”,vh), v, e HJ (Q)
j=0

And

a(UQ,vh)z(ridI“‘Uh,vhj+B(Uh,vh) (), v, eHJ(Q)
j=0

Subtracting the above relations, we have

a(ul Uh,vh)_[erl‘“( U,L‘),vhJ+B(uQ—U,§‘,vh):r(f”,vh), v, I (Q)

In other hand we can write

(TZdjl (I —U:),VhJ-i-(TZdj' O (o —Hhu,;‘),vhJ+ B(Mup —Up.v, )=7(R"v,), WV, e HJ(Q)
j=0 j=0
that using the following notations
o] =T1,u’ -V, ! =u'-TIu/, (3.16)
Yields
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[Tidjl tachE'VhJ_'_ B(Q)E,Vh):r(Rtn,Vh)—(Tid” tajl//f?’vhj' VVh S Hf(Q)
i=0 =0

We setv, = (I)E then

(Tidjl ficpg,qng} B((Dﬂ,q)ﬂ)zr(Rtn,‘Dﬂ)—[Tidjl t“"l//h”,q)ﬂ} WV, € HY (Q).
j=0 1=0

thus using Lemma 3.2, we can write
1 dmrl * L2
N L
Bl A (1—a)sa

>
: @?E
n n !Iﬂl

= 1'21:1 A(1-a) é:"‘b" |L3. o J _H-;l:l. T Ty

nifm 3

(R4 YAy |
=l Bl | e J

o

Rl | o)

0

N

R n
< I'Z| L!In . +)
Fml ]

o
o)

R; @

> 1,
=

3 + a
Lia) L)

< rci{r“'“ +H 7+ )|
k-l

o

- n
C(r 4+ ) +re| T+ R >
Bl

1A

T,

o)
e N A d i T | 3%
=TT+ Z[1+R‘|Ir"“+h‘ jJ
=l

<t +1 ) +TC( =+ 1)
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Figure 1: The employed rectangular and non-rectangular domains.

The use of triangle inequality, yields
n _ n < n n

‘uh U HA(Q) H(Dh +Hwh

Which completes the proof.

Usually, for calculating the appeared integrals in variational
weak forms, the Gauss quadrature formula should be
employed. But, in the fractional calculus, we can not use the
Gauss quadrature formula directly. For the convex domains
there are some papers such as two-dimensional Riesz space
fractional diffusion equations with nonlinear source term on
irregular convex domains [47] and a novel unstructured
mesh finite element method for solving the time space
fractional wave equation on a two-dimensional irregular
convex domain [20]. In the current paper, we employ the
Gauss quadrature formula in [47]for convex domains.

<C/ (rz"" + h2)+Cu*h2 < C*(rz’“ + h2)

(3.18)

4. Numerical investigation of the developed
scheme

We present some test problem to check the stability and
convergence of proposed numerical technique by performing
the mentioned method for different values of h and 7 for
simulating the approximation solutions; we applied the
Matlab 16 software on a machine with 8Gbyte of memory.
Also, for comparing the theoretical convergence orders with
the computational convergence orders the following relation
is employed
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E and non-rectangular domains in the current paper are
log E—l demonstrated in Fig.1
_ 2
C, —order = h ' 4.1. Test problem 1
log| -+
g[hzj

In which E; and E, are the obtained error respect to the

space-sizes h1 and h2 respectively the employed rectangular
We consider the following equation [6]

2 D~ —azﬁ“ —azﬁ“ f 0,0.5 4.1
‘D*u = + +f(xvy,t), (xVy,1)eQx(0,0.5], )
;0 ‘ a|x|2ﬂ alylzﬁ (eyt). (xy.t) e : (4.
(

,0)=0, (x,y)eQ,
(x, _

X,
X Y,t), =0, t < (0,0.5],

ugx.y
ugx,y

in which0<a<1,%<ﬂ<1and

t1*‘7‘0 tlﬂll tlfaz
2—a " I'2-« " I'2-«
0 1 2
5t(y° - y)[ 2 +(1-x)" 2% 42(1-x)"

f(x,y,t):lO(x—xz)(y—yz) -

cos(fr) r(2-2p) I'(3-2p)
2 _ 1-2 _ 2-2
10t(x* =) | y* 20 4 (1-y) > 2y* % 4 2(1-y)
cos(Br) I'(2-2p) I'(3-28)
. . . 1
Table 1: Errors and computational orders obtained with 7 = 1000 a,=0,25a, =0,45and o, =0,65 for Test
problem 1
h 28=1.25 28 =1.75
Lo Cq-order Lo Cq-order

1/4 7.4810 x 1072 - 8.1151 x 1072 -
1/8 2.3421 x 1072 1.6754 2.6390 x 1072 1.6206
1/16 7.0231 x 1073 1.7376 8.0203 x 1073 1.7183
1/32 1.9890 x 1073 1.8201 2.1698 x 1073 1.8861
1/64 4.9539 x 1074 2.0054 5.5731 x 107* 1.9610
1/128 1.2345 x 107 2.0045 1.4023 x 104 1.9907

o
N

o
@

20526205030 s N
1 SISO
/1144y 0 0% %8t e
7 AR N S5
1111y 20 0,9%Y, ‘g“\\‘ 5SS
XY

o

7244205205056 %550 S I NNeRR:
SRR RS S S S RY
L1220 0 e S e e LA

Absolute Error

Approximate Solution
8
wn

—o

04

0.2 0.2

0 o y

Figure 2: Approximate solution and absolute error with &, =0.15,a, =0.55,a, =0.95, #=0.6,h=1/40

And 7 =1/100 on rectangular domain for Test problem 1 We solve this problem using the proposed technique on
Then the exact solution is rectangular domain. Table 1 shows errors and computational
u(x,y t):lO(x—xz)(y—yz) orders obtained with7=1/100,

a,=0.25,a =0.45 and a, = 0.65
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for Test problem 1. Table 1 presents the theoretical order is
closed to the computational order in the spatial direction.

Fig. 2 demonstrates approximate solution and absolute error
with
a, =0.15,a, =0.55,a, =0.95, 25 =1.6,h =1/ 40

and 7 =1/100 on rectangular domain for Test problem 1.
4.2. Test problem 2

For the second example, we want to solve [47]

1 « s
‘DY = 0 ua +a—uﬁ+f(x,y,t), (xy,t)eQx(01, (42)
0 X" alyl
u(x,y,0)=0, (xy)eQ,
u(xy.t),, =0, te(0,1],

inwhich0<aj <l 1<a, f<2and

F(x.2.0)=1007g, [x+4/1- 7.~ 1-27 |
+1E]Ur‘=gl [..T+¢\[1 —? —.T=-\|;1—:I.': ]
+1007 gy (—1-27, y+4/1-x7 |

+1007 g, (V1- 1= 22 —_1-]

100T(4) , 7 2 .\
+—[ ]f'“[_x‘+3"—1_] )

T4—ea)
and also we have
B 8y2x2—2a 24yx3—2a 24X4—2a
90Y) = (3 20) " T(4-20) ' T(5-24)
8X2 2-2a 24X 3-2a 24 3-2a
0, (x,y) =+ = !

" T(3-28) T(4-2p) " r(5-2p)

. , , 1
Table 2: Errors and computational orders obtained with 7 = 1000° a, =0.45,a, = 0.85 for Test problem 2.

Lo Cy-order Loc Cy-order
1 /4 5.1817 x 1072 - 1.4872 = 107! -
/8 3.2231 %1072 1.5103 5.3220 % 1072 1.4826
1/16 1.0431 % 1072 1.6276 1.5988 x 102 1.7352
1/32 3.1108 x 1073 1.7455 45323 % 1077 1.8184
1 /64 8.0115 x10~% 1.8571 1.1370 % 10~ 1.8850
1,128 1.59608 % 10~% 2.0087 2.8343 % 10°% 2.0042
Numerical so!ytion Exact solution
1+ 1.
0.8 0.8 -
= 06 =06
3 =
%o.« Z04-
0.2 0.2
0L 0L 4
1 ~ A 1 T v
05 1 0.5 A

il
> -0.5
-1 1 X

—— 05
4 4 X

Figure 3: Approximate and exact solutions with &, =0.45,a, =0.85,a=1.3, #=1.6,h=1/40and 7 =1/1000 on

circular domain for
Then the exact solution is

u(x,y,t)=100t*(x* + y* -1)*

We solve this problem using the proposed technique on
rectangular and circular domains.

Table 2
Presents errors and computational orders obtained with

Test problem 2.
a,=0.45a =0.85a=13 4=16,h=1/40 and
7 =1/1000 on circular domain for Test problem2.
4.3. Test problem 3
We consider the following example [39, 40]

{ ag 8 \
1! %l x, .t Tl x, v 1) |
“Dfu(x,v.t)==| |: ) |: )

B Y |
r=1/1000,a, = 0.45,a, = 0.85,a =1.15 and 2 el epl )
P =1T7for Test problem 2. Fig. 3 illustrates the Flxy.t), (xy)eLl<r=l,
approximate and exact solutions with
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u(x,y,0)=0, x,y)eEZ, inwhichO<a <1, 1<f<2and
u(x,y,t)=0, (x,y)eoQ, 0<t<1,
- 9 8- &5 AT (8) -p -5
f(xy,t) {ng_ﬁ)@ +(1-x) )_Fﬁ—ﬂ)( +1-x)"7)
6r(7) 6-p &4 4F(6) 5- >p
F(7—,B)<X +(1-x) ) (6-7) X7 +(1-x) )
ety )
e Ce AR e VAR
S (AU
F(S) 4-p 4= \1,,4 4 t? F(4) 3-a4 44 4
+m<y +(1-y) )]x (1-x) J4cos(ﬁ”)+r(4_a)t x'(1-x)" y*(1-y)".
3
Tabsle 3

{omparison between ermors abiained with h =150, & = 0.8,

= 1.5 for Test proklem 3.

T Method of |38 Meathod of [40 Method of [40] Fregent methad
scheme (4.10}-[412) scheme (4.21}-(4.23)
1,2 20511 % 107" 25102 % 107" 28213 % 1075 23185 % 107"
1/4 1.1254 x 10-¢ 53747 x 1077 6.8560 x 107 1.0181 x 10
1,8 SEIE] =107 14201 = 1077 12283 = 107 5.3318 = 107
1,18 D833 % 107 22303 x 10-8 4.0840 % 10-2 2 BS1E = 1077
Then, the exact solution is L(11) (o w0\ 10T(12) (4 115
f(xy.t)={[ (x°/‘+(1—x) )— (x 7 +(1-x) )
3,4 44 4 r(11- r12-
u(x,y,t)=tx*(1-x)" y*(1-y)". (4.3) (11-5) (12-4)
Also, for this problem, we assume ATL3) e +1-x)"7)- 10rQ4) (x> +(1-%)"")
: p ) r(13-5) r(14-5)
__max
Sw(h T ) =0p<k<N HU —u H (44) 210F(15)( 14ﬁ+(1 )14 /3)_2521"(15)()(15,/3+(1_X)157/3)]
We solve the current example using the developed method. r(15-5) r(16-45)
Also, we compare the obtained numerical results of the finite 210r 17) ( x) ﬂ)7 120r(15) (X17—/3 “(1-x)"" )]
element method with methods of [39] and [40]. Table 3 r(17-4) r(18-4)
illustrates a comparison between errors obtained with N 45r(19) ( K 4 (10 ﬂ)_ 101(20) ( K9 1 (13" ,3)
h=1/50,a=0.8, #=1.5for Test problem 3 r(19-4) (20 )
F(Zl) N 208\ 10 (1 \0
4.4. Test problem 4 F(Zl—ﬂ)( +(1=x) )}y (=)
ra1) ;. 0y 100(12) [ o "
We consider the following example [18,30] +{[F(1(l—)ﬁ)(y 7+(1-y) ﬁ)—r(lz(_ﬂ))(y P (1-y)*)
|': =5 =5 i
P [ e%u(xy.r) Sulxy.r) | 450(13) ( oy o vy 100(12) [y g
o Dfu(x.1.1) = | |_5' | Is j +1"(7_5)(y +(1-y)) r(lz_[;)(y +(1-y)")
o oY
\ - 210r(15); ,, wp\ 252I(15)/ . 5
+r(lsEﬁ;(y T+ty) ﬂ)fr(lsfﬂ;(y )
Flxy.d). (xy)eQ0<s<l,
u (X, Y, 0) =0, (X, y) e EZ, Table 4: Errors and computational orders obtained with
7=1/1000,a =0.45and S =1.25 for Test problem 4.
u(x,y,t)=0, (X,y)eﬁQ, OStSl’ h Mechod of [18] Present method
inwhichO< &z <1, 1< <2and E — =
in which L. Cy-order Lo Cy-order
1/8 (43856 % 107 |- 1.8570 % 1073 | -
1/16]|1.2475 x 10~% |5.1357 |5.2125 x 10~% 1.8329
1/32|24013 % 1077 | 56990 |1.3142x107% | 1.9878
1/64|3.8207 = 107" | 59738 |3.2927 x 10~° 1.9968
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Table 5: Errors and computational orders obtained with
7=1/1000,a =0.15and 8 =1.7 for Test problem4

h Method of [30] Present method
L Cy-order| L Cy -order
1/8 (14713 x 1072 |- 1.8524 x 1072 |-
11643519 % 10~% |1.7574 |5.2013 = 10~% [1.8324
1/32(1.1102 = 10~% |1.9708 |1.314 = 10~% |1.9877
1/64(2.7748 x 10~2 |2.0003 |3.2857 x 107 [1.9968
210T(17) s es  1200(13), .
————— (¥ L=y ) s ————| ¥+ (1) RN
r{17-58) r(18-3s)
43019} ¢ s g 10T(20% /.. . o s
+ L ¥ _-r+ 1—1.". Ll T \ Y EL 1—‘.' WEF
iy S b v ey 1 AR Lt A |
({21} ) - F 8
+ I ! |:. = +|1_:- ) b :I}II |1_1 :
r{21-5)
+200(1* =2¢ )x'"(1-x) " ¥ (1-¥)".

Then, the exact solution is

u(x,y,t)=200(t* - 2t)x° (1-x)" y*° (1-y)".

Table 4 shows errors and computational orders obtained
with 7 =1/1000,a =0.45and 5 =1.25 for Test problem

4. Also in Table 4, we compare our numerical results with
the proposed method in [18]. Table 5 presents errors and

computational orders obtained withz =1/1000,a =0.15

and f =1.7 for Test problem 4. Furthermore, the numerical

results of the current paper have been compared with the
method of [30].

5. Conclusion

In this investigation, we proposed a new numerical
technique by employing the finite element method and finite
difference approach for the fractional Bloch—Torrey
equations. The space derivative is based on the Riemann—
Liouville fractional derivative and the time derivative is
based on the Caputo fractional derivative. At first, we
obtained a time-discrete scheme for the temporal direction

. - - 2—
using a difference scheme with convergence order o(r “)

in the next, the Galerkin finite element technique is applied
on spatial direction to obtain a full-discrete scheme. We
showed the appeared bilinear form in the Galerkin finite
element method is continuous and V -elliptic. The
unconditional stability and convergence of the proposed
numerical plan are studied using the energy method. We
solved the considered model on some non-rectangular
domains. The numerical results demonstrate the developed
technique is useful and effective for solving fractional
Bloch-Torrey equations and other fractional partial
differential equation equations on irregular domains.
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