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1. Introduction

The concept of fuzzy sets and fuzzy logic was introduced by
Professor Lofti A Zadeh in 1965. The success of research in
fuzzy sets and fuzzy logic has been demonstrated in a
variety of fields, such as artificial intelligence, computer
science, control engineering, computer applications, robotics
and many more. In this chapter we adopt the notion of fuzzy
metric space due to George and Veeramani [1]which is
modification of the notion of fuzzy metric space as studied
by Kramosil and Michalek[2]. The notion of fuzzy metric
space by George and Veeramani has many advantages in
analysis as many notions and results from classical metric
spaces can be extended and generalized to the setting of
fuzzy metric spaces , for instance: the notion of
completedness, completion of spaces as well as extension of
maps.

This chapter is based on the work due by A George and P
Veeramani [1]. We shall recall the definition of a fuzzy
metric space which was modified from [2] to obtain the
Hausdorff topology on a fuzzy metric space. In this chapter
we expand on the paper [1] by means of providing detailed
examples, propositions, remarks and proofs of some results.
Most of work presented in this section is well known and
can be found in the literature, see[3],[4], [5], [6], [7] and [8].

Prelimanaries:1.1

Definition 1.1.1. Let (X;,d; and (X;,d,) be metric space
and let x = (x1,x,) and y = (y,,y,) be arbitrary points in
the product X=X XX, Define
d(x,y) = max{d, (x1,y1), dz(x2,¥,)}

Then d(x,y) = max{d;(x;,y1), d,(x3,¥,)} is a metric on
X and (X, d) called the product of the metric spaces (X;,d;
and (X,, d,).

Definition 1.1.2. A topological space (X,t) is called first
countable space iff it has a countable neighborhood base at
each point.

Definition 1.1.3. Let X be a topological space with topology
7. A collection B of subsets X is called a base of t if : (i)
Each Member of B is open in X, (ii) Each open subset of X
is the union of some collection of sets belonging to B.

Definition 1.1.4. A topological space is said to be second
countable or is said to satisfy the second axiom of
countability if the topology on the space can be generated by
countable base.

Definition 1.1.5. Let (X, d) be a metric space. If there is a
countable dense subset in (X, d) then, (X,d) is said to be
separable.

Proposition 1.1.1. Let (X,,d,),n=12,........ be a
metric spaces. Then X = II,°_; X,, with the metric d defined
by d(x,y) = Xy=1 27" dp(xn, ¥,), Where x ={x,} and
y ={y,} are in X, is a complete metric space iff each
X, d), n=12,...... is complete.

Proposition 1.1.2. Let (X,d) be a metric space and A € X.
If X is separable the A with the induced metric is separable,
too.

Theorem 1.1.1. Every nested sequence of nonempty closed
sets with metric diameter zero has nonempty intersection.

Theorem 1.1.2. Every separable metric satisfies the second
condition of countability.

Definition 1.1.6 A binary operation =: [0,1] x [0,1] —
[0,1] is a continuous triangular norm(t-norm) if for all
ab,c,d €[0,1]

Ml ax1=a

M2.axb=b=xa (commutativity)

M3.a*xb < c*dwhenevera <candb <d
Md.ax*(b*c)=(axb)*c (associativity)

Definition 1.1.7 The 3-tuple (X, M,*) is said to be a fuzzy
metric space, where X is an arbitrary set, = is continuous t-
norm and M is a fuzzy set on X x X x [0, ) satisfying the
following conditions:

M1 M(x,y,0) =0, Vx,y€X

M2. M(x,y,t) =1 iff x=y, Vt>0andVx,y € X.
M3. M(x,y,t) = M(y,x,t), Vt>0andV x,y € X.

M4. M(x,z,t +s)= M(x,y,t) * M(y,z,5s), Vs, t>
0Oand V x,y € X.

M5. M(x,y,") : [0,00) = [0,1] iscontinuous, Vx,y € X.

Definition 1.1.8 The 3-tuple (X, M,*) is said to be a fuzzy
metric space where X is an arbitrary set, = is continuous t-
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norm and M is a fuzzy set on X X X x (0,) satisfying the
following conditions;

M1 M(x,y,t) >0, Vx,yEXandVt>0

M2. M(x,y,t)=1 iff x=y, Vt>0andVx,y € X.
M3. M(x,y,t) = M(y,x,t), Vt>0andVx,y € X.

M5. M(x,z,t +s) = M(x,y,t) * M(y,z,5), Vs, t>
Oand V x,y € X.

M6. M(x,y,) : (0,0) = [0,1] iscontinuous, Vx,y € X.

Results 1.2
Now we present Proposition 1.1.1 to the fuzzy metric space
setting.

Proposition 1.2.1  Let (X;, My,*) and (X,, M,,*) be fuzzy
metric spaces. We define  M((xy,x2), (71, ¥2),t) =
Ml(xll Y1, t) * MZ (x21 Y2, t)

Then M is a complete fuzzy metric on X; x X, if and only if
(X1, My,*) and (X,, M,,*) are complete.

Proof: Suppose that (X;,M;,*) and (X,, M,,*) be fuzzy
metric spaces.
Let {a, } be a Cauchy sequence in X; X X,. Note that
a, = (x1,x3)
and
a, =
(1", x3").
Also, M(a,, a,,, t) converges to 1. This implies that
M((xf, x7), (x1", x7"), 1)
converges to 1 for each t > 0. It follows that
Ml (x{l'x{n' t) * MZ (x?lxgl' t)
converges to 1 for each t>0. Thus M;(x},x",t)
converges to 1 and also M,(x%,x}',t) converges to 1.
Therefore {xI'} is a Cauchy sequence in (X;, Mq,*) and {x7}
is a Cauchy sequence in (X,, M,,*). Since (X;, My,*) and
(X,, M,,*) are complete fuzzy metric spaces, there exists
X1 € X; and x, € X, such that M, (x}, x;,t) converges to 1
and M, (x%,x,,t) converges to 1 for each t>0. Let
a = (x1,x3). Then a € X; x X,. It follows that M(a,, a,t)
converges to 1 for each t > 0. This shows that (X, M,x) is
complete.

Conversely,
Suppose that (X, M,*) is complete. We shall show that
(X, M,,*) and (X, M,,*) are complete. Let {x{'} and {x} be
Cauchy sequences in (X, Mq,*) and (X, M,,*) respectively.
Thus M;(x,x{",t) converges to 1 and M,(x7,xJ',t)
converges to 1 for each t > 0. It follows that

M(xt,x3",t) = My (1, x1", t) * My (x7, 3", £)
Converges to 1. Let x™ = (x',x3*) in X; XX, for n > 1.
Then {x"} is a Cauchy sequence in X. Since
(X, M%) is complete, there exists x € X; X X, = X such that
M (xt, x, t) converges to 1. Since x € X; X X, we may put
x = (x1,x3), %, €EXyand x, €X,. Clearly, M;(x},x,t)
converges to 1 and M,(x7,x,,t) converges to 1. Hence
(X, M;,*) and (X, M,,x) are complete. This completes the
proof.

Definition 1.2.2. Let (X, M,*) be a fuzzy metric space. A
collection of sets {F, },,; is said to have fuzzy diameter zero
if for each pair r,t > 0,0 < r < 1, there exists n € I such
that

M(x,y,t) >1—r

forall x,y € E,.

Remark 1.2.3 A nonempty subset F of a fuzzy metric space
X has fuzzy diameter zero if and only if F is a singleton set,
where F = F, foralln > 1.

We now generalize Theorem 1.1.1:

Theorem 1.2.4 A necessary and sufficient condition that a
fuzzy metric space (X, M,*) be complete is that every nested
sequence of nonempty closed sets {F,}r_; with fuzzy
diameter zero has nonempty intersection.
Proof: First suppose that the given condition is satisfied. We
claim that (X, M,*) is complete. Let {x,} be a Cauchy
sequence in X. Take
Ay = {xn! Xn+10 Xn+2 e }
and
E, =
Ay,
then we claim that {F,} has fuzzy diameter zero. For given
s,t>0,0<s < 1,wecanfind anr € (0,1), such that
A-r*«Q-r)«

1-r>00-y9).
Since {x,} is a Cauchy sequence, for r,t > 0,0 <r <1,
there exists ny, € N such that

M(xn,xm,g) >1-r
for all n,m > n,. Therefore

t
M(x,y,g) >1-—r
for all x,y€A,,. Let x,y€F,. Then there exists

sequences {x, } and {y,} in 4,, such that x, converges to x
and y, converges to y. Hence x, € B(x,r,%) and y, €

B (y, r g) for sufficiently large n. Now

M(x,y,t) =M (x, x;&é) *M (x{uyr;,% *M (%L%%)
>SA-r+«=1-r=*=0-r)
>(1-3)
Therefore
M(x,y,t) >1—5s
for all x,y € F,,. Thus {F,} has fuzzy diameter zero. Hence
by hypothesis N;;_; E, is nonempty. Take
xeN;_1 E,.
Then forr,t > 0,0 < r < 1, there exists n; such that
My, x,t) >1—r
for all n>mn;. Therefore, for each t > 0,M(x,,x,t)
converges to 1 as n tends to «. Hence {x,} converges x.
Therefore (X, M,*) is a complete fuzzy metric space.

Conversely,
Suppose that (X, M,*) is fuzzy complete and {E,}5_; is a
nested sequence of nonempty closed sets with fuzzy
diameter zero. Let x, € E, ,n =1,2,3,.... Since {F,} has a
diameter zero, for r,t > 0,0 <r <1, there exists
nyg €N such that
MQ,y,t) >1—7r

forall x,y € F,,.
Therefore

M(xn,xm,g) >1-—r
for all n,m = ny. Since

X, €F, C By
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and

Xm € By CFy
{x,} is a Cauchy sequence. But (X, M,*) is a complete fuzzy
metric space and hence {x,, } converges to x for some x € X.
Now for each fixed n, x;, € F, forall k = n.
Therefore

x €E, =F,

for every n, and hence x € N;_; F,. This completes our
proof.

Remark 1.2.5 The element x € N;_; F, is unique. For if
there are two elements ,y e ny_; F, ,
since {F,}»_; has fuzzy diameter zero, for each fixed

1
t>0,M(x,yt)> 1—;,

for each n. This implies
M(x,y,t) =1
and hence
X =y.

Here we start by providing an extension of Theorem 1.1.2
to the context of fuzzy metric spaces.

Theorem 1.2.6 Every separable fuzzy metric space is
second countable.

Proof: Let (X,M,x) be the given separable fuzzy metric
space. Let A = {a, : n € N}, be a countable dense subset of

X. Consider
11y .

B = {B <%'E'E) tj,k € N}.
Then B is countable. We claim that B is a base for the
family of all open sets in X. Let G be an arbitrary open set
in X. Let x € G, then there exists r,t > 0,0 < r < 1, such
that

B(x,r,t) C G.

Since r € (0,1), we can find an s € (0,1) such that

A-s)*A-=-s)>0-r1).
Choose m€e N such that

1 ) t
—<m1n<s,—>.
m 2
Since 4 is dense in X, there exists a; € A such that
11
e EB(x,—,—).
mm
. 11
NOW1fy€B(aj,;,;)then, t t
M(x,y,t)ZM(x,aj,E)*M<y,aj,§>
2 M (v) M (v.0.7)
e K3 . —
= x’ajlm y’a];m
1 1
+(1-2)-(-3
m m
>(1-s5)*1-5s)
>1-—r.
Thus y € B(x,r,t) and hence B is a basis. Hence the

result. The next proposition generalizes Proposition
1.1.2.

Proposition 1.2.7A subspace of a separable fuzzy metric
space is separable.

Proof: Let X be the given fuzzy metric space and Y be a
subspace of X. Let
A = {x,,n € N}

be a countable dense subset of X. For arbitrary but fixed
n, k € N, if there are points x € X such that
1 1
M ( Ay _> > 1 -7
X X, T

choose one of them and denote it by x,, . Let

k

B = {xnk,n,k € N}, then B is countable. Now we claim
that Y c B. Let yeY. Givenr,t >0,0<7r<1, we can
find a, k € N such that

(1 1) <1 1) >1
—_)x(1=-Z= — 7
K K "
Since A4 is dense in X, there exists an m € N such that
1 1
M(xm,y,;) >1 —;.
But by definition of B, there exists Xm, € A such that

1 1
M(ka,xm,z) >1 —E.
Now

t t
M(xp,, y,t) =M (xmk,xm,i) * M (xm,y,z)
1 1
=M (xmk'xm'E) * M (xm!yiz)

= (1) (1-3)
Bl I
- k k
=1-r.
Thus y € B and hence Y is separable.
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