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Abstract: In this authors  introduced

paper

subclasses Dy (a, B), fpi(0,1,§,€8,v; ),

gp(o.n,§,€8,v;9), and

hi(o,n,§,¢ 6,v; 9), as well as F,(0,1,§, £ 8,v;9), G5(0,1,§,€,6,v; 9), and H} (0,1,§,¢,8,v; ) ofmeromorphtc multivalent
Sfunctions in the punctured unit dtsk D= {z:0 < |z| < 1} = D\{0}. By using the method of differential subordinations, we derive some

certain properties of meromorphically multivalent functions.
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1 Introduction

Let S denote the class of functions of the form:

f(2) = %+ Zre0 @pana 2", (0 EN) )

Which are analytic and p-valent in the punctured unit
disc D* = {z: 0 < |z| < 1}=D\{0} . Let f(z) and g(z) be
analytic in D, then, we say that f(z) is subordinate to g(z)
inD, Where f(z) < g(z), if there exists an analytic
function A(z) in D, such that |h(z)| <|z| and f(2) =
glh(z)] (ze D). If g(z) is univalent in D then the
subordination

f(z) < g(z) (D) < f(0) = g(0) and f(D) c g(D).

Letq(z) =1+ qz+qz+ - be analytic in D,

Such that

Such that q(z) < 1:2; (z € D). @)
a) -8 <2=R, (—53<p<as<;) O
Re q(2) > =%, (28 = -1, z€D). ()

Recently, several authors proved some interesting properties

of meromorphically multivalent functions. In the present

topic, we are going to prove some subordination properties

for the class S.

When g(2) = f(2) = 5+ Sico Bpan-12”*" 7,

We define the Hadamard product

f(2) and g(z) by

f * (@) = F(2) = =+ Zi=0 Gpan-ibpena 2P+ L.

Where (p € Nym € N, = NU{0},z € D).

We define a linear operator by
Iy'(a,n,§,6,6,v)f(2)

_ 1 o0 age(§+n)(p+n) m +n—-1
- z_p + Zn:O [ (5-v) + 1] ap+n—1zp "

(p €N).
(convolution) of

= ( 5.'?,17,,5,5,0 * f ) (z). Where
o [ee@imptn) M ptn-1
‘7571554’( z) = +Zn=0[ B—) +1] z .

Throughout thls paper for our convenience we are taking

% = 3 and I;n(o-:nify &, 5,/()’)f(z) — lp;nf(z)

(pEN,mENO=NU{0},ZED,§20,7720,0<0S%).
It is easy to verify that

ZED A om £ 5,00 F )]

= Im“(ff n.§,&6,v)f(2)

—["fﬁj,’)” p+ 1115 (0,1,€,2 6,0 (2) ©)

= 32[pIf @) = Y@ — (3 + DYRf(2)
We note that
Yp(0,n,¢,66,v)f(2) = f(2) and

5(311131)f@2) = m
=@+ Df(2) + zf'(2).

The above operators are analytic in D and satisfy the
following condition

Re{q(2)} >0, (ze€D).for keN,e, =exp (Zm)
foxlo.&m,€,6,v;2]

= 2 2i el f)(elz) = fes) ©)
gg?k [U, E; 77' g, 6! v, Z]
=W @1+ 9@ = — +o (gES).

hylo, &, e, 8,032) = 2 [l f ()] + P f (=)
= (h€S).
For k = 1 we have,

foilo, &, €,8,v; 2] = P f(2).
We now introduce and investigate the following subclasses
of the class S of meromorphically p-valent functions.

1.1 Definitions

Definition 1.1.1 Function f € S is said to be in the class
Fyi(x;0,8,n,66,v;2z) if it satisfies the following
subordination condition

~z| e (W) @+ () ()]

[(1+o<)fp k(o,f,r],s,ts,v,z)+o<fﬁ+1(0,5,7],8,6,0 Z)] (p(Z)
(x=0,z€ D", 0 €P), f €FN[o,§n,¢6,v;2]
foitto, & n,€, 6,05 2] # 0.

For simplicity we can write
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ng(oiafn.€5vgﬂ)— ;”k(afn,e8vga).
0<a< §>01200<e<; )

Where(
a>08>04r>06>4rz€D

Definition 1.1.2 Function f € S is said to be in the class
Gyt (% 0,8,1m,80,v;¢9) if it satisfies the following
subordination condition

~z[ 1+ (W) @+ (W) ()] <0
Plare0gl @ Enedwn) roagi ik mesom] - ¢
(z€ D,x=0),g € Gy*(x;0,§,1m,¢6,68,v; 2),
and g;**'[0,¢,n,¢,6,v; 2] # 0.
For simplicity we can write
Gy (0;0,¢,1m,¢,6,v;9) = Gy*(0,8,1,&,6,v; ).

Definition 1.1.3 Function f € S is said to be in the class
Hp'(x;0,8,1m,6,6,v;2). If it satisfies the following
subordination condition;
~z[ 1+ (W) @+t r) @)
p[(1+o<)h;,n(0,{,n,£,8,4r;z)+o<h;,n+1(0,5,7],8,6,0;2)]
z€D,x=0,h € H'(%;0,8,1,¢8,v;2)
and hj*'o,¢&,n,¢,6,v;z] # 0.
For simplicity we can write
Hy'(0;0,¢,1,¢,6, ’U’ @) = Hy'(0,§,1,¢,6, ’U’ Q).
0<0< §>0200<e<> >
a>05>04r>05>4rz€D
Definition 1.1.4 Function f € S is said to be in the class
Ipu(;0,8,m,6,6,v;2) if it satisfies the following
subordination condition
2|+ (Wf) @+ r) ()]

[(1+o<)£ k(0.8ne6v; z)+oc£7pnl+1(0§ ,€,6,0; z)] < (p(Z)
z€D,x=0,t € Fpi(x;0,8,1,¢6,v;2)
and 031 [0,€,1, ¢, 6 v;z] # 0.

For simplicity we can write

SZ?k(O g, 5 né& 5 v (p) _Szlk(a 5 1€, 5 v (,0)

0<a< §E>0n200<es<- )

a>06>04r>08>4rz€D

@ (2).

Where (

Where (

Definition 1.1.5 Function f € S is said to be in the class
wh (e« 0,é,m,66,v;2), if it satisfies the following
subordination condition
~z| e (W) @+ (W) ()]
p[(1+o<)ug‘lk(U,f,n,s,é‘ﬂr;z)+ocum+1(0,5,7],8,6,0,2)]
z€D,x=0,u€
wh (e« 0,8,m,66,v;2) and u
For simplicity we can write
wh(0;0,¢,m,¢, 8 v; ) =W (0,é,n,¢, 6 ;).
0<a< §>0n200<es- >
a>05>04r>06>4rzED

< ¢(2).

m+1[

0,&,1n,806,v;z] #0.

Where (

Definition 1.1.6  Function f € S is said to be in the class
Xok(0,8,m,¢,6,v;2). If it satisfies the following
subordination condition:

2|1+ (W) @ +(p3Hf) ()]
p[(1+o<)xg,lk (0,5,n,£,6,4r;z)+o<xm+1(a En,edv; z)]
z€D,x=0,x € X34 (;0,8,1,¢,6,v;2)
and x5 o, &,m,€,8,v;2] # 0.
For simplicity we can write
X (0;0,8,m,6,6,v;0) = X5 (0,§,1,€ 8,75 ¢).

< @(2).

1 1
<= > <=
Where (0<0_2,f>0,77_0,0<£_2,>.

a>06>0v=206>v,z€D

1.2 Remarks

Remark 1.2.1 putp=0<¢é=n=6d=1lLe=v=0=
% and ¢(z) = “j in definition 1.1.1, we have the

2| +3201" @ +x(21' @)
(14+30)Tsf (2) +ecz[Tsf (2)]

Tf(2) = 5[f () = f(=2)].

class Re {— } > 0, where.

Remark 1.2.2 For x=0,{=n=6=1e=v= 0=
%we have the class

sz (0;%, 1,1,¢, 6, v; (p) = F;’fk(s, S, v; ).
Where the class Fp (e, 6,v; ¢) consisting of functions
f(z) € S, this satisfies the following subordination condition

_ v @ < ¢(z).Where

Pl (eb.v:2)
fokle, 8,v;2] =~ 5{ ) ,ip[zpz’,"f](ekz) # 0.
§>on>oo<e< )

@ Ep and

0<o<

Suchthat(
a>08>04r>06>4rz€D

Remark 1.2.3 Forx=0,{ =n=1,0 =% we have the

class Fy (0;3,1 1,1,1 1-<p) = Fyi(e,6,v; ), where the
class Fp (e, 6,v; (p) consisting of functions f(z) €S
which satlsfles the following subordination condition

_dpesorne < ¢(z). Where ¢ €p

Phpk(@
and fpile, 6,viz] = el | ’"f](eziZ)ﬂ.
<= > <=
Where<0<“ S E>0n200<¢ >
a>086>01v=>006>v,z€D
Remark 1.2.4 Putting p=1m=0k=2¢=n=
5=Lg=v=a=§ md¢@)_ﬁg in definition

1.1.3, we have the class Re {— [(HSO()f (Z)M(Zf (Z))]:} 0,
(1+30)Tsc f (2) +z[Ts f(2)]
where Tscf(z) =2 S (@) = f(=2)]
<= > <=
and <0<0 E>On 0,0<e¢ >
a>0,6>0v=206>v,z€D

1.3 Preliminary Lemmas

Lemma 1.3.1: Let £(z) be analytic and starlike univalent in
D with h(0) = 0. If g(z) is analytic in D and zg'(z) <
1(2), then g(z) < g(0) + [} 2 dt.

Lemma 1.3.2 Let g(z) be analytic and other than
constant in D with q(0) = 1. If 0 < |z,] < 1 and
[1-q(z0)I?
Req(zo) = mm|Z| |ZO|R€q(Z) Then Zyq (ZO) < Tq?zo)]
Lemma 1.3.3 Let d,r € C; and @(z) is convex and
univalentin D with @(0) =1 and Re[d®(z) +r] > 0. If
q(z) is analytic in D with q(0) =1, then the following

2@ 405) = q(z) < 0(2).

subordination q(z) + @ T
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Lemma 1.3.4 Let d,r € C; and @(z) is convex and
univalentin D with @(0) =1 and Re[d®(z) + r] > 0.
Also let q(z) < @(2). If q(z) is analytic in D with

q(0) = 1, then the following subordination

2q'(z)
4@) + =< 9(2) > q(2) < 0(2)

(z € D).

Lemma 1.3.5 Let f € Fi(a;0,8,m, ¢ 6,v; ) then
~2[ 1+ (FHon e80)f) @+ (o mEed0)f) ()] -

p[(1+o<)f£}((U,{,n,e,&,v;z)+ccfz;’f‘1+1(U,{,n,e,&m;z)] ¢(2)
(z € D). Therefore, if @ € P with

1 1
Re [g(z +2)+p(1 - @) >0.
0<a£%,€>0,n20,0<e£%,>
a>0,6>0v=206>v,z€D

Where (

Proof: For (j €{0,1,2,~,k—1}) we have obtained
foilo,&m,e,8,0:2] = L 5525 P [y f] (ed2).

Hence fp’f}{[a, &n,e8,v;€.7]

)= LA 170 CAeE)

= LS ()

= e};}'p forlo,&m,e,6,v;2] @)
And [fp’fk[a,f,n, £6,v; z]]
= %Zﬁ;é Gli(p+1)[fpm(0',7'],f, g, 5,4)’)](]’(6]{2)_ (8)

Replacingm by m + 1 in (A) we get
foi o, & m,6.6,v5€12]
= E}:]‘P p%+1[0' &n, g 6,v; 2] 9)

Replacingm by m + 1 in (B) we get
[fpr,'}:‘l [O-I f: T]r g; 6; /U/; Z]]

1 — j(p+1 ! j
= ;Zﬁzé e,i(p )[fpm“(a,n, §,6,8,0)f] (elz).
From (7) and (10) we obtained
! !
—z[(l+o<)(fﬁ(a,n,{,e,5,v)f) (z)+o<(f;;"'}(+1(a,n,{,s,&,v)f) (z)]
P+ (0.6 8,052+ (0,6 m,8.6,0:2)|
g e{}”“)z[(1+o<)(¢;,nf)’(eiz)m(%nﬂf)’(eiz)]
Kk £=0 p[(1+o()f£}((a,$,n,s,6,v;z)+c<f£}(+1(U,{,n,e,&m;z)]
Jj me\ () m+1 e\ (]
_ __12"(_1 skz[(1+oc)(1pp 1) (e‘kz)+o<(1pp f) (skz)] .
K £J=0 p[(1+o<)f£}((0',$,n,5,6,4r;s]kz)+ocf£}(+1(a,{,n,s,6,v;s{cz)]'
It is clear that
ek WP (=B ) ()]
p[(1+o<)f£}((a,§,n,5,6,4r;s£z)+ocf£}(+1(a,§,n,5,6,v;s£z)] '
Noting that @(z) is convex and univalent in D, we conclude
that Lemma 1.3.5 holds true.
Using equations (5) and (6) we get
' 1
z(fp"'}{(a, n,& ¢ 8,v)f) + (p + %) fp"'}{(a, &1, 06,v;2)
1 — j j 1
= LBl [ el) = L O . 0,032)
v (f €S5).Let f € Fi(a;0,1,§,¢6,v;0) and suppose
!
0@ = — Z[fg_"mk(a,n.i.e,&«r; 2)]
Plpilonsedv;z)
Then 2(z) isanalyticin D and 2(0) = 1
1 fpk (@ngedv;z)
3 filomét;2)

(10)

Hence p + % —p(2) =

z[f (o, n. 6, 2)]

1
zQ'(2D)+p+-=
=— 3{ @) +p S}fp’f}((a,r],f,s,&v; z) (ze€D®)
—p2(2) _
From above relations we obtained
! !
2+ (fmkomsesndr) @r(fi  ongesnr) @)
p[(1+oc)fﬁ(a,{,n,s,5,«r;z)+ccf;"}(+1(a,$,n,s,5,v;z)]
_ p+02@ k(04 mesvin) +aSp[p5-pa@)|e@ fk(on g e8w)
T PO mES i) +aIp P3|l (0m E.8.6.0)
_ (1+o<).(2(z)+tx3{z.(2’(z)+[p+%—pﬂ(z)].(2(z)}
(1+o<)+a3[p+%—p.(2(z)]
ai‘jzﬂ'(z)+{(1+o<)+oti‘5[p+%—pﬂ(z)]]-!2 (2)

(1+o<)+oti‘5[p+%—p!2(z)]

_ z0'(2)

=0(2) + J—%—+2§+p—pﬂ(2) < @(2)
. 1 1

Since Re (§ (2 + ;) +pll- (p(z)]) >0

and by Lemma 3 we get

Z(fﬁ(d.n,f,s.&v:z))

phpilonéedvz)

(z € D).

2(z) =- < @(2) (z € D).

Lemma 1.3.6: Let f € G,y (x;0,¢,1, ¢ 6,v; @) then

| a+0(gpomg esw)f) @+x(gfH (o mE es.0)f) @)
p|(1+e) g 0.8 m.e.80i7]+x g o 6 m,e,6,07]|

< ¢(2). (z € D).Therefore,

. 1 1

if0 € P,Re[5(2+2) +p(1 - 9(2))] >0
1 1
< - > < -

And <0<o_2,€>0,n_0,0<e_2,>.
a>06>0v=206>v,z€D

!
-2(gp (o e8.0:2))
then pgp'(on.é.e6.v:2) ¢(2) (z € D).
Lemma 1.3.7 Let f € Fi (< 0,¢,m,¢,6,v; @) then

—z{a+o)(hf (o8 £80)f) @ +<(hfH (on8.26.0)f) @)
p|(1+0RM 0§ .8, 8v7]+«<h T [0, 1,8,6,v37] o)
Therefore, if @ € P with Re [% (2 + %) +p(1 - (p(z))] > 0.
0<0S%,5>0,n20,0<8S%,>'
a>06>0v=206>v,z€D

!
_ Z(h;,"(a,n,f,s,ts,v;z))
phpt(on8,6,v:2)

Where (
< @(2) (z € D).
2 Main Results

Theorem 2.1 Llet0<a<land 0<b<1l. If
f(z) € S satisfies f(z) # 0z € D* and

1 zf'(2)

77 (52) +p| <8 (zeD) (11)

Where § is the minimum positive root of the equation
, b ; b

%sm(ng)xz—x+(1—%)sm(n;)=0 (12)
Then |arg (27f(z) - %)| <n% (z€ D) (13)
The bound b is the best possible foreach 0 <a <1
Proof  Let
gx) = %sin (ng) x*—x+ (1 - g) sin (ng) (14)

There exist two roots for the Equation
%sin (ng) x2—x+ (1 - g) sin (ng) =0
Since g(0) = %sin (ng) (0)2-0+ (1 - g) sin (ng)
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= (1 - g)sin (ng) >0
g = %sin (ng) (DF-1+ (1 —%) sin (ng)

a . b a . b a . b
=sin (n;) + 3 sin (n;) = 2;sm (n;) <0
Hence we get 0 < ﬁ(S <6<1 (15)
Put zPf(z) =2+ (1-%)q(@) (16)
Then from the assumption of the theorem, we see that q(z) is
analytic in D with q(0) = 1 and 5 + (1 - g) q(z) # 0 forall
(z € D). Taking the logarithmic differentiations on both
sides of zPf(z) == + (1 - —) (z), we obtained

zf' (2) — (2— a)Zq (2) (17)
(@ at+(2-a)q(@)

p zf'(@) _C-®zd'(@)
diolhs @ P = oaep 7 ZE€D). (18)

1 zf (2)

Thus the inequality 5@ (—f(z) ) p| <é (z € D).

. . (2-a)zq'(2)
Itis e(_]uwalent to —[a+(2_a)q(z)]2 _ (19)
By using Lemma 1, above inequality leads to

z (2-a)q'(t) _ 2
fo DI OF dt < §z.0rto 1 PrveRmpret 6z. (20)
In view of above results it can be written as

a
é‘z

9(@) < 2 (21)
Now by taking «= ﬁ -g and B = — g in (1.2), we have

|arg (27f(2) = 2)| = larg a()|
< arc sin (#) = ng V (z € D) because of

g(6) = 0. This proves the statement.
Next, we consider the function f(z) defined by

f@) =2 (z €D,
It is easy to see that
|pr(Z) [Zf @ 4 p” =16z| <6 (z€D).

f(2)
1+-2 52

Since 2P f(z) = = —Z&~

It follows from (3) that

i 26 b
SUP,ep |arg (z”f(z) - g)| = arc sin (m> =7
Hence, we conclude that the bound b is the best possible for
all a € (0,1]. Next, we derive the following.

Theorem 2.2 If f(z) € S satisfies f(z) # o,(z € D*) and

f'@
Re[z”f(z) [ @ + p]] <e¢ (z € D). (22)
0<e< gz' (23)
Then Re Pf( ) >1-—2¢-log2 (z € D). (24)
The above inequality holds good.
Proof Let q(z) = zPf(2) (25)

then g(z) is analytic in D with g(0) = 1 and q(z) # 0
for z € D. In accordance with (17) and (20), we obtained
_29'(2) < ¥z

£q2(2) 1-z
Zsz

Let z [
q(z) 1 -z )
Now by Lemma 1, we obtain

m<1—2£ log(1 — z).

Since the function 1 — 2¢ - log (1 — z) is convex univalent in
D and

(26)

Re[1 — 2¢ - log(l —2)]|>1—-2¢e-log?2
From z —] < o, we obtained the inequality
Re

(z € D).

pf()>1—2€ log2.

To show that the bound Re ——
pf( z)

cannot be increased, we consider
1
fl2) =

T (z € D*).
zP[1-2¢&'log(1-2)]
We can verify that the function f(z) satisfies the inequality

>1-2¢-log2 (z€D),

@ (zeD).

On the other hand we have
Re zPf(z) - 1 —2¢e-log2 as z —» —1.
Hence the Theorem holds good.

Re [zpf(z) [Zf O 1pll<e

Theorem 2.3 Let f(z) € S satisfies f(z) # o, (z € D*).

If |Im {% [zPf(2) — T]}| < (Tt + D) (27)
(zeD)and 7> 0.Then Re zPf(z) >0 (28)
Proof  Let q(z) in D be defined as

Re zPf(z) = q(z) then q(0) =1,q(2) #0,

And fo(—g)(zv f(2) - 1)

= [q(@) — ] - [22 ~ ] (29)
Re q(z) > 0, |z| < |zo] and q(z,) = ib (30)

(z € D), bisrealand b # 0. Then by Lemma 1.2.2 we have

' -(1-b?)
zy-q'(z) < . (31)
Thus it follows from above obtained results that
_ zof' (20) _
b—mﬂﬂm(ﬂﬂ@ 7
=-pb+ ;ZO q'(2o)- (32)

In accordance with T > 0 and from the statements (2.2.1)
and (2.2.2) we obtained

Jo 2 TV S G20 (> 0). (33)
Jo < < _ G4 2p) 6> 0) (34

But both The inequalities obtained above contradict the
assumption given below.

|Im {% [zPf(z) — T]}| <. Jt(t + D)

(z € D) and 7 > 0. Therefore we have,

Re q(z) > 0 for all (zeD). This shows that
Re zPf(2) > 0 (z € D). Theorem holds true.
2.1 Inclusion relationships

Theorem 2.1.1  Let ¢ € P withs

Re[ (2+ >+p(1—(p(z))] > 0.

0<a< §>0200<e<> >

a>05>04r>06>4rzED
Then Fi (x; 0,¢,1m,¢,6,v;¢0) € F

Where (

pic(0,8,1,€,8,1; ).

Proof  Let f € Fpy(x;0,8,1,€6,v;¢) and
_ _ 2P Entesn) .
9(2) = pYpt(onéedv;z) (z€D). Then q(z) is

analyticin D and g(0) =1 hence
ADf(0,6m,6,8,032) = TYPH(2) + LY f(2)
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Differentiating both sides we get

, 1 Z(fﬁ(d.n.&s.&v;z))
2q'(2) + <§+ * Fot(oné edwz) 9(2)

_ -1zt @)
TS flongeswia)
) —2| 1+ (W) @+ (WP @)
h p[(1+oc)f£}c(a,f,n,s,6,4r,z)+o<fz';’"+1(a,f,n,s,é‘ﬂr;z)]
B P(1+)4(D) [ (0.60,68,0:2)
P+ (& m.e8.0:2)+a3[p+5-p2@|f (0 .60

r

a3p|2q' () +p+5-p2@D|a@ fk (o e8:v)

P+ (0.8 m.e8.0:2)+a3[p+5-p2(D) | (omE.e.8.0)
_ a+0a@+ad{za’ @+ [pr5-pa@]a)]
(1+e)+a3[p+5-p2(2)]
a32q/@)+{(A+)+a3[p+3-pa(@) |} @)
1+ +a3[p+5-pa()]
L@) < ¢(2) (z € D).

=qg(z) +
=42 ja+3+p P

Since Re ( + ~+p-—pn (z)>
and by Lemma 3 we get

!
Z(fﬁ(ﬂ.ﬂ{,s.&v;z))
Q(z) = T oot esvin) ¢(2) (z € D).

By Lemma 1.2.2 we find that q(z) < ¢(z) (z € D).
~ f € Fi(0,8,m,668,v;59)

= F;’fk(oc; 0,§,1,806,v;¢) C ITk(J, &n,&6,v;0).

Corollary 2.1.1  Let ¢ € P with
Re[ (2+ >+p(1—(p(z))] > 0.
0<0< §>07=200<e<- >

a>05>04r>05>4fZED
Then GJ*(x; 0,¢,1,¢,8,7; 9) € Gy (0,§,1,¢,6,v; ).

Where (

Corollary 2.1.2  Let ¢ € P with
1 1
Re [g(Z +—) +p(1 - <p(z))] > 0.
0<a< E>On>00<s< >

a>05>04r>06>4rz€D
Then Hy'(%; 0,¢,1m,¢,6,v;9) € Hy'(0,§,1,¢,6,v; ¢)

Where (

Theorem 2.1.2 Let ¢ € P with
1 1
Re [§(2 +—)+p(1 —<p(z))] > 0.
0<a< E>On>00<s< >

Where(
a>05>04r>06>4rz€D

Then 3y (¢ 0,€,m,6,8,v59) € 3p%(0,€,1,6,6,v; 9).

Proof Let f € 35k (%;0,¢,1,¢,8,v; p)and suppose that

i
_ (ongesen)
CI(Z) == pggk(g,n,f,e,&«rz) (z € D).

Thus q(z) isanalyticin D and q(0) = 1.
- q(Z) = f;”;k (0-1 n E; g, 5; v, Z)

-1 1+3
S 0,66 8,0)f () + COPI(0,6,m,6,8,0)f (2)

Differentiating both sides we get

!
1 z eglk(o-rﬂvf.&tsﬂr;z)
zq'(2) + <§+ + (emk(”fgw'zg 1)
pk(TM.5.60, ;

_ o1 _zuptir@)
Ip t’p‘k(onfsé'vz)

__ eponsesmn)
‘P(Z) - P{)rpr,lk(a"‘flyf,f,a,v;z) (Z € D)
2 q(2) < 9(2) (z € D).

This implies that f € 3% (<; 0,¢,1,¢,8,v; ).

Corollary 2.1.3  Let ¢ € P with
1 1
Re [g(Z +—) +p(1 - <p(z))] > 0.
0<a< E>On>00<s< >

a>05>04r>06>4rz€D
Then U («x; 0,¢,1,¢,08,v; ¢) € UR(0,&,1m, €6, v; ¢).

Where (

Corollary 2.1.4: Let ¢ € P with
Re[ (2+2)+p(1 - p@)]>0.
0<0SE,€>0,1720,0<6S%,>

a>06>0v=206>v,z€D
Then X7 (x; 0,¢,1m,¢,6,v;9) € X5'(0,€,1, 6,8, v; ).

Where (

Corollary 2.1.5  Let ¢ € P with
Re[ (2+ )+p(1— 0(2))] > 0.
0<0< §>017200<e<- >

a>05>04r>05>4fZED
Then FJit ' (0,¢,m,€,6,v;9) C Fy

Where (
ok (0,8,1m,88,v; ¢).

Corollary 2.1.6  Let ¢ € P with
1 1
Re [g(Z +—) +p(1 - <p(z))] > 0.
0<a< E>On>00<s< >

a>05>04r>06>4rz€D
Then GJ**'(0,¢,m,¢,8,v;9) € G*(0,¢,1, 66,15 ).

Where (

Corollary 2.1.7  Let ¢ € P with
1 1
Re [g(Z +—) +p(1 - <p(z))] > 0.
0<a< E>0n>00<s< >

a>05>04r>05>4rz€D
Then H)'*'(0,&,n,¢,8,v;9) € Hy'(0,€,1,€,8,v; ).

Where (

Corollary 2.1.8: Let ¢ € P with
1 1
Re [g(Z +—) +p(1 - <p(z))] > 0.
0<a< E>On>00<s< >

a>05>04r>06>4rz€D
Then 33" (0,¢,m,¢,8,v;0) € 35(0,¢,1,6,6,v; @).

Where (

Corollary 2.1.9  Let ¢ € P with
1 1
Re [5 (2 + —) + p(l - <p(z))] > 0.
0<0< §>017200<e<- >

a>05>04r>05>4fZED
Then W3t (o,¢,m,6,6,v;9) c WH(0,¢,1,€,6,v; @).

Where (

Corollary 2.1.10 Let ¢ € P with
Re[ (2+2)+p(1 - p@)]>0.
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L 1
Where <0<US;,€>O.nzo,o<ESE,>.

a>06>0v=206>v,z€D
Then X'+ (0,¢,n,¢,6,v; ¢) € X5'(0,¢,1,6,6,v; ).
2.2 Integral Representation

In this section we are going to prove integral representations
assomated with the function classes F,(0,¢,n,¢,6,v; @),

vk (0,8,m,68,v;0) and Hy k(as‘n,854f<p)

Theorem 2.2.1 Let f €
Fyi(0,&,m,66,v;2) =
e 223 [ )
Where £ [o,¢,1,¢€,6,v;2]

= ;27 Ll [am(o,n. ¢, 6 8,0)f](e)2)

=z_v+"" (f €9).
Where w(z) is analyticin D with w(0) = 0.

Fyi(0,&,m,¢6,v; ¢) then

And lw(z)| < 1. (z € D).
Proof  Supposethat f € Fpy(0,§,1,¢€6,v;9).
2 (ehz) _
—pfpk(dn{wvz) o[w(2)] (z € D).
Where w(z) is analytic in D with w(0)=0 and
w(z) | <1 (z € D)
Replacing z by €,z (j =0,1,2,~) above equation holds
true. That is
o) (ede)
Siengases = PWED]  (zED)
We note that

fp’f}((a, n,&,€8,1; 6,{2) = egjpfp’f}((a,n, £,68,1;2)
Letting (j =0,1,2,~=-), successively and summing the
resultant equations we obtained

!
~2(fMonEesrin)  1qpoq j
pfﬁ(d.n.&f.&v;Z) T kAg=0 (p(w(ekz))

(Brongesvin) P

. fﬁc(ﬂyﬂ,f,f,ts,v;z) Z
Upon integration which yields,

log (277 (0,n,€,£,8,0:2)) = —
Taking exponential theorem holds true.

(z € D).

pzk 1<P[W(Ek2)] (z € D).

Zk 1 Z"’[W(Ekz)] d.

Theorem 222 Let f € Fyy(0,§,n,& 6,75 ¢) then
p f(2) =
—p— plwle,z
- Jfy [c PLow(s)]exp (—%Zj‘ o ly —[ (a2) d()] dg,
Where w(z) is analytic in D with w(O) =0 and
w(iz)| <1 (z € D).
Proof Suppose that  f € F;}(0,§,1,¢,6,v; ) then
i EM (0,&1,8,61;2)
Wpf) (2) = =22 g [w()]

: z wejz -1
10(p[(é€)] d(),

= —pz " p[w(2)] - exp (—%Zf;o

Integrating above equation, theorem holds true.

Theorem 2.2.3
Yp'f(2) =

Let f € Fyy(0,§,m,¢,6,v;¢) then

= Jy [s P ol (olexn (—F 2o f; A dg) | de,

Where w;(z) is analytic in D with  w;(0) =0 and
|Wj(Z) | <1 (zeD,j=1.2).
Proof  Suppose that f € Fyy(0,§,1,¢ 6,v; @) then
—Z(fﬁ(d.n,&a&v:z))’ B

pinEesem = Y@ (ZED)
Where w;(z) is analytic in D with w;(0)=0 and
lwi(2) | < 1. (z € D).
Thus by applying method of the proof of theorem 2.2.3 we
find that

- [wi()]-1
foi(o,n,&,6,6,v;2) =z Pexp (—pfoz %d{).

From above equations we get

Wpf) () = ZBECIEEED, oy )

—p— z 1=
= —pz "1 p[wy ()] - exp (—p J L1 d)
Where w;(z) is analytic in D Wlth w;(0) =0 and

lwj(z) | <1. (z€D,j =1.2). Integrating both sides of
above integral we readily approach to the assertion theorem.

Corollary 2.2.1  Let f € Gy*(0,§,1m,€,6,v; @) then

(0775555’0 z)=12z" pexp( fzwd()

Where gp'lo,&,m,66,v; 2]

=-[¢p (0,n,§,8,)f (@] +P5f@) ——+
Where w(z) is analytic in D with W(O) =0 and
wiz)| <1 (z € D).

Corollary 2.2.2  Let f € Gy*(0,§,1m,¢,6,v;¢) then

p f(2) =
—p f;¢7P" 1<p[W(g)]exp( ﬁMd{)
Where w(z) is analytic in D with w(0)=0 and
lw(z)| <1 (z € D).

Corollary 2.2.3  Let f € Hy'(0,¢,1,¢,6,v;¢) then
hyt(o,n,é,¢,6,v;2) =

z7P exp( foz ew@i-ow(¢)l-2 ([W({)] zd() Where

hzl[U: 5! n,é& 6'/’]; Z] = E [lp;nf(z)] + l)bl’)nf(_z_)

= S (heSs).

Where w(z) is analytic in D with w(0)=0 and

w(2) | < 1. (z € D).

Corollary 2.2.4  Let f € Hy'(0,¢,1,¢,6,v;¢) then
wf(z) =

—p [P pw(e)exp (2 7 el ?[W(m g ) ds.
Where w(z) is analytic in D with w(0)=0 and
w(2)| < 1. (z € D).
2.3 Convolution Properties

In this part we are going to derive several convolution

properties for the function classes

pk(a §&n,68,v50),6G,1(0,§,1,86,v;9) and
Hyy(0,§,m,€,6,v; ¢).

Theorem 2.3.1
fl2) =

Let f € E*(0,&,1m,¢,6,v;¢) then
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[—pfozc""1<p[W(c)]exp< I w[( - d()dc]

* Zn 0 [Jn+1] Z”‘P
Where w(z) is analytic in D with w(0)=0 and
w(z)| < 1. (z€eD)

Proof: Since we know that linear operator given by

l/)mf(z) = i + 21010—0[3(}9 + n) + ].:lmap"_n_1Zp+n_1
- ( U‘f,n,s,&«r * f) (2).
Where 0,5,7].8,6,”(2) = zip +X2 3w+ n) + 1]mgp+nt

and Ypf(z) =
-pf; [c - 1¢[W(c)]exp< B qu()] dg,

= (25l 2] s @
Thus from above equation, we can easily get the theorem.
f@) =
[—p Iy s plw(9)]exp (f N ollad) ( ik d() dc]
* Zn 0 [Jn+1] z"P.
Theorem2.3.2  Let f € F"(0,§,1,¢,8,v; ¢) then
[ = ¢ olwi (D]

—p— - - w -1

|=p Jy s plwa(Olexp (LU fy L1 E=d¢) g
* Yo I:Jn+1:| z""P. Where w;(z) is analytic in D with

w;(0) =0 and |w;(z) | <1 (zeD,j=12).

Proof  Since we know that linear operator given by,

p f(2)
1 o ~ B
==+ Znno[S@ + 1) + 1Mapp 2P

- ( enese * f ) (z). Where

afns&v(z) +Zn=0[3(p +n) + 1]mZp+n—1
Yp'f(2) =
—p J; [ o lwa(eexp (—2 Xz [ L dg )| d
We obtained

s ¢ ol

—p [ ¢P L plwa(9)]exp (—p )y z a¢ > dg

= [Xa=o[I + 1]™2"7P] * f(2).

Thus from above result, we can easily prove the Theorem.

Theorem 233 Let fe€S and
e (0,&,m,¢,6,v; 9) ifand only if

f(@) *«{(-pz P + L1 [Sn + 1]™(n — p)z™P) +

i0 - 0  [ev — i o 1
p(p(el )(Z P+ Yaoa[3n + 1]m2z"7P) « (an=0—Zp(1_evz))
#0. (z€D*;0 <0 < 2m).

@ €P. Then fEe€

Proof Suppose that f € F,(0,¢,1m,¢,8,v;¢). since the
following subordination condition

-2(y5) @) . .
— < .
DTt eb07) @(z). (z€D) is equivalent to
_z(lp{anf)’(Z) + (p(eig) (z€D;0 <6 < 2m)
pfpk(ong.edviz) P =

It is easy to verify that the above condition can be written as
z(Y5f) (@) + pfyk(o,n§ e 6,v;:2)p®) 0. (35)
On the other hand we find from (1.4) that

z(Yf) (2) = (=pz P + X1 [In + 1]™(n = p)z"7)
*f(2) (36)
Moreover, from the definition, we obtained

fpr,r}c(a-' n E' g 5! v Z) = l/J;,nf(Z) ( Zn Ozp(l e"z))

= (77 + L[S0 + 1172 P) x (1 i ) * f@)
37)
Substituting (36) and (37) in (35) we can easily arrive at the
convolution property asserted by given theorem. In view of
Corollaries 2.2.2 and 2.2.4 and by applying the method
similar to method of Theorem 2.2.1 we can easily obtain the
following results for the function classes
Gp*(o,n,¢,¢,6,v) and Hy*(0,1,§,€,6,v).

Corollary 2.3.1
f() = )
[_p J«zc—p—l [W2 (C)]BXP (;_PJ‘OC Wd(> dC]

(S ), 5

Let f € Gy (0,1,¢,¢,8,v, ), then

Where w(z) is analytic in D with w(0)=0 and
w(z) | < 1. (z € D).
Corollary 2.3.2  Let f € Hyy(0,1,§,¢,8,v,¢), Then

f2) = S
[—p Iy s plwa(9]exp (_2_,, N wdf ) dc]
(Tl 7).

Where w(z) is analytic in
w(z) | < 1. (z € D).

D with  w()=0 and

Corollary 2.3.3 Letf €Sand ¢ € P.Then
f €Gp(a,§,n,¢8,v;¢) ifand only if

i0
fe|pr 4 Salsn + e - )2y + 22

2T H@ % 0
Where 1(z) is given by
1(z) =z"P 4+ Y7 ,[3n +1]™mz"7P,

(z€e D0 <6< 2m).

Corollary 2.3.4 Letf e Sand ¢ € P.Then
f € Hy'(0,§,m,¢,6,v; 9), If and only if

f* {[—pz‘p + Zn= (@ + D™ (- p)z"P] + _W(: = }
__W(;w) I *f)(~2) # 0. (ze D*;0 <0 <2n).

where f(z) is given by above equation.

Remark By specializing the
0,&n&6,v,mA Bandp in our results,
corresponding  results due to various

parameters
we obtain
researchers.
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