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1. Introduction

The theory of fuzzy sets was introduced by L. A. Zadeh
[1] in 1965.Aftar the pioneer work of Zadeh, many
researchers have extended this concept in various
branches, many other mathematicians have studied
fuzzynormed space from several points of view [2].T. Bag
and Samanta [8] in 2003 have definition compact set in
fuzzy normed space.

2. Preliminaries

Definition (2.1): [3] Let = be a binary operation on the set
I,ie., «=:1xI—>1is a function. Then = is said to be t-
norm (triangular-norm) on the set I if the following
axioms are satisfied:

LDax1l = a,foralla el.

(2) * is commutative (i.e.axb = bxa,foralla,b €1).

(3) = is monotone (i.e. if b,c € I'such thatb < ¢, then
ax b<axc,foralla€el.

(4) = is associative (i.e. a * (b*c) = (a*b) *c, for all
a,b,c€el).

If, in addition, * is continuous then = is called a continuous
t-norm.

The following theorem introduces the characteristics of the
t-norm:

Definition (2.2): [2] Let X be a vector space over F,* be a
continuous t-norm on I, a function N: X x (0,0) — [0, 1]
is called fuzzy norm if it satisfies the following conditions:
forallx,y e Xand t,s > 0,

(N.1) N(x,t) > 0,

(N.2)N(x,t) =1ifand only if x = 0,

(N.3) N(ax,t) = N (x,ll';—l),for all @ # 0,

(N.4) N(x,t) * N(y,s) < N(x + y,t + 5),

(N.5) N(x,.): (0,0) - [0,1] is continuous,

(N.6) limig, , N(x,t) = 1.

(X, N,x) is called fuzzy normed space

Theorem (2.3): [4] Let (X, N,*) be a fuzzy normed space.
Then:

(i)N(x,.) is non-decreasing with respect to t for each
x € X.
(ii) N(—x,t) = N(x,t) hence N(x —y,t) = N(y — x,t).

Remark (2.4): [5]

(1) For any ay, ay € (0,1) with a; > a,, there exists
as; € (0,1) such that a; * a3 = ay.

(2) For any a, € (0, 1), there exists as € (0,1) such that
s * Ag = Y.

Example (2.5): [6] Let (X,]l.]) be a normed space.a *
b=a.bforalla,be Xandforallx € X,t >0

t

— _x
N(x, t) =t + ||x]|
1, x=0

0 25

Then (X, N,*)is fuzzy normed space.

Theorem (2.6): [7] Let (X, N,*) be a fuzzy normed space,
we further assume that,

(N.7) a xa = aforall « € [0,1],
(N.8) N(x,t) > 0forall t > 0then x = 0.

Define [lx]lg =inf{t >0: N(x,t) > a}. Then
{llx|l4: @ € (0,1)} is an ascending family of norms on X.
We call these norms as a-norms on X corresponding to
fuzzy norm N on X.

Proof: Let « € (0,1). To prove ||x||, is a norm on X, we
will prove the followings:

(1) |Ix]l, = 0forall x € X,
@llx]l, = 0ifand only if x = 0,
3) llAxll, = 1Alllx]l4,

@) llx+ylle < lxlle + lylle-
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The prove of (1), (2)and (3) directly follows from the
proof of the Theorem 2.1 in [8]. So, we now prove (4):

lxlle + Iyl =inf{t > 0: N(x,t) = a} +inf {s > 0:N(y,s) = a}
=inf {t+s>0:N(x,t) = a,N(y,s) = a}
=inf{t+s>0:Nxt)*Ny,s)=asa=a}
>inf {t+s>0:Nx+yt+s)=a}

= ||lx + yl|, which proves (4).
Let0O<a; <a, <1.

llx|le, =inf {t > 0:N(x,t) = ay}and |x|l,, =inf {t > 0: N(x,t) = a; }.Since a; <ap, {t>0:N(x,t) = a}c{t>

0:N(x,t) = ay}

= inf{t > 0:N(x,t) = a, } =inf{t > 0:N(x,t) = a; }

= Ixlley 2 l1xlay-

Thus, we see that {||x||,: a € (0,1)} is an ascending
family of norms on X.

3. Compact set in fuzzy normed space

This section deals with Compact set in fuzzy normed space
and some of their properties.

Definition (3.1): [8] Let (X, N,*) be a fuzzy normed linear
space. A subset B of X is said to be compact if any
sequence {x,} in B has a subsequence converging to an
element of B.

Lemma (3.2): [9] Let (X, N,*) be a fuzzy normed space
satisfying the condition (N. 8) and{x;, x,, ..., x,,} be a finite
set of linearly independent vectors of X. Then for each
a € (0, 1) there exists a constant C, > 0 such that for any
scalars ay, ay, ..., @y,

n
llayxy + azx; + -+ + apxplle = Co Z|ai|
i=1
Where ||. || ,is defined in the Theorem (2.6).

Definition (3.3): [10] Let (X,N,*) be a fuzzy normed
linear space and B c X. B is said to be fuzzy bounded if
for each r,0<r < 1,3t>0 such that N(x,t) >1—
r,Vx € B.

Theorem (3.4): Let(X,N,*) fuzzy normed linear space
(X, N,x) satisfying the conditions (N.7)a subset B of X is
compact then B is closed and fuzzy bounded in (X, N,*).

Proof: = Suppose that B is compact we have to show
that B is closed and bounded. Let x € B.Then there exist
sequence {x,} in B such thatlim@#%l, N(x, —x,t) =1
since B is compact, there exist a subsequence {x,, }jof
{x,}converges to a point in B.Again {x,} — x so
{xn,} — x and hencex € B then B = B there fore B is
closed. If possible suppose that B is not bounded then 3 r,
0<r <1 such that for each positive integer n, 3 x,, € B

such that N(x,,n) < 1 —r.since B is compact there exist
a subsequence{x,  } of {x,} converging to element x € B

1—r

Now
1—-72= N(x,,,m) = N(x, —x +x,7n, —k +k)
where k>0 =

1—-7r2= N(x,, —xk)* NCx,n—k)
= 1-r=lim_, N(xnk - X, k) * limy, ., N(x,ny, — k)

=3

1-r>=1%x1=1by (N.7) and (N.5)= r < 0 which is
contradiction Hence B is bounded.

Theorem (3.5): In a finite dimensional fuzzy normed
linear space (X,N,x) satisfying the conditions
(N.7) and (N.8) a subset B of X is compact if and only if
B is closed and fuzzy bounded in (X, N,*).

Proof: =First we suppose that B is compact we have to
show that B is closed and bounded. Let x € B.Then there
exist sequence {x,} in B such that limigi,, N(x,, — x,t) =
1 since B is compact, there exist a subsequence {x,,} of
{x,}converges to a point in B.Again {x,} — x S0
{xn,} — x and hencex € B then B = B there fore B is
closed. If possible suppose that B is not bounded then 3 r,
0<r <1 such that for each positive integer n, 3 x, €
Bsuch that N(x,,n) <1 —r.since B is compact there
exist a subsequence {x,,} of {x,} converging to element
x € B thus limigi, N(xnk - X, t) =1
Vv t>0.
Also N(xnk,nk) <l-r
Now
1—-7r= N(x,,,m) = N(x,, —x+ 2,1 —k +k)
where
k>0 =
1—-r= N(xnk —x,k) * N(x,n, —k)
=1-7r>lim,, N(xnk —x, k) *limy_,, N(x,n;, — k)
=
1-r=1*1=1by (N.7) and (N.5)= r < 0 which is
contradiction
Hence B is bounded
& part (2): In this part, we suppose that B is closed and
fuzzy bounded in the finite dimensional fuzzy normed
linear space (X,N,*). To show B is compact, consider
{x,} an arbitrary sequence in B. Since X finite
dimensional,
let dim X =n and {ey, ey, ..., e, } be a basis of X. So for
each x,,3 BF, B%, ..., B¥ € B such that
x, = ffe; +Bre, + -+ ke, k=1,2, ..
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Since B is fuzzy bounded, {x,} is also fuzzy bounded. So
3t, > 0 and ry, where 0 < 1, < 1 such that

Ny, tp) >1—1r=ayVk =1,2,...(2.1)

Let |lx]l, = A{t: N(x,t) = a},a € (0,1). So by (2.1)

we have

xllay < to- (22)

Since {eq,e,,...,e,} is linearly independent, by Lemma
(3.2),3c>0suchthatvk = 1,2, ..,

xilley = 120 Bl > e ZinalBE] - 23)

From (2.2) and (2.3) we have Y™, |gF| < %" for k =
1,2, ..

= For each i, || < Ziy|gF| < 2fork = 1,2, ..

= {B¥} is fuzzy bounded sequence, for each i=
1,2,..,n = {B¥} has a fuzzy convergent subsequence say
{ﬁi’”}. = {ﬁfl}, {ﬁé‘l}, ..., {BX3 all are fuzzy convergent.
Let  x, =PBiley +Byleg++Brle, and By =
. k . k . k
lim,_, B;" B, =lim,,.B,", ..., Bn =lim,_,pB," and
x =pieg + frey + -+ fre,. Nowvt >0,

we have N(xkl -x,t) =NCEL, ﬁiklez —Xi-1Bie,t)

=N (Z(ﬁf’ - m) )
i=1

=N ((ﬁfl — B1)es %) * ok N ((ﬁ:l - /%)%%)

— t an —t
B N<el’n Bi(l—ﬁ'1|> T N<en'n|ﬁ,’:l—ﬁn|>.

= oo, We see that lim;_,, <ei,

. . t t
Since lim, ., ——
n|g; -5

n|gr -]

= lim(x, —x,t) 2 1+ 1=1Vt>0

= liml_m(xkl - X, t) =1,vt>0

Thus from (2.4) we see that
}imxkl =x = x€B [since B is closed ]. = B is

compact.

Theorem (3.6): [7](RieszLemma) Let Vbe closed proper
subspace of a fuzzy normed linear space (X, N,*) and let 1
be a real number such that 0 < A < 1. Then there exists a
vector x; € X such that N(x;,1) > 0and N(x; —x,A) =
0forallx eV.

Proof: Since V is proper subspace of X,3v e X - V.
Denote d =A, ey A{t > 0: Nv—x,t)>0}.

We claim that d > 0,i.e. A,epA{t>0:Nlw— x,t) >
0=0

= for a given £>0,3x(e) €Y such thatA{t>
0: Vv— x, t >0 <e=>Nv—x, £>0.Choose a€0, 1 such that
Nw—-x¢)>1—-a.ie.y€EB1—a,c¢).

Since € > 0 is arbitrary, it follows that v is in the closure
of V.

Since V is closed, it implies that v € V which is a
contradiction.

Thus d > 0. We now take A € (0,1). So% > d. Thus for
somex, € V, we
havedS/\{t>0:N(u—x0,t)>0}<K'<%...(2.5)

v—.

Let x; = k’fO. Now (x;,1) = N(“;’ff’, 1).

ie. N(x;,1) = N —xp, k) ... (2.6)

Now AMt>0:N(v—2xp,t)>0}<k'= N -
X0, #'>0.

From (2.6) we have N(x;,1) > 0.Now for x € v,
A{t>0:N(x; —x,t) >0}
=A{t>0:NWw-—xy—k'x,kt) >0}

1
=FA{S>O:N(v—x0—k'x,s)>O}.

(2.4)
ie. Alt>0:N(x; —x,t)>0} = %(sincex0+k’x €
14
=A{t>0:N(x;-xt)>0}>2Aby(25)
ie. N(x;-2,1) <0 = N(x;-x,1)=0,Vx€V.

Theorem (3.7): [7] Let (X, N,*) be a fuzzy normed linear
space and x # 0. If suppose that A ={x € X: N(x,1) >
0is compact, then Xis finite dimensional.

Proof: If possible suppose that dim X = c. Takex; € X
such that N(x;,1) > 0. Suppose V; is the subspace of X
generated by x;.

Since dimV; = 1,it is a closed and proper subset of X.
Thus by the Lemma (3.6), 3 x, € X such that N(x,,1) >

0 and N(x, — xl,%) = 0. The elements x;, x, generate a

two dimensional proper closed subspace of X.By the
Lemma (3.6), 3 x3 € X with N(x3,1) > 0 such that

1 1
N(x3 —xl,z) = O,N(x3 - xz,z) = 0.
Proceeding in the same way, we obtain a sequence {x, } of
elements x, € Asuch that N(x,,1)>0and N (xn -
xm, 12=0 nitn.
It follows that neither the sequence {x,} nor its any
subsequence.

converges. This contradicts the compactness of A. Hence
dim X is finite dimensional.

4. Fuzzy compact linear operator on fuzzy
normed space

This section deals with fuzzy Compact linear operator on
fuzzy normed space and some of their properties.

Definition (4.1): Let X and Y be a fuzzy normed spaces
with norm N.An operator T:X - Y is called fuzzy
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compact linear operator if linear and if for every fuzzy
bounded sub set B of X that T(B) is compact in Y.

Definition (4.2): [7] Let (X, N1,*) and (Y, N,,*) be a fuzzy
normed spaces over the same field F. The operator
T: (X,N;,%) - (Y, N,,%) is said to be fuzzy continuous at
xo € X if for every £ € (0,1) and all t > 0 there exist
6 € (0,1) and s > 0 such that for all x € X:

Ni(x —xp,s) >1—-6 = N,(T(x) —T(xp),t) >1—¢.

Theorem (4.3): [11] Let T:(X,Ny,*) = (Y,N,*) be a
linear operator. Then T is fuzzzy bounded if and only if T
is fuzzy continuous.

Theorem (4.4): [4] Let X,Y be fuzzy normed spaces and
let f: X — Y be a linear function. If f is a fuzzy continuous
at 0 then it is fuzzy continuous at every point.

Lemma (4.5): Let X,Y be fuzzy normed spaces and space
(Y, N,*)satisfying the conditions (N.7).Then every fuzzy
compact linear operator T: X — Y is fuzzy continuous and
hence fuzzy bounded.

Proof: Let B is fuzzy bounded subset of X and x € B then
x € X. Let T is not fuzzy continuous at 0, then 3¢ € (0, 1)
andt >0,v6 € (0,1)ands >0
such that

Ni(x—0,s) >1—-6 = No(T(x) —T(0),t) <1—¢
= N,(T(x),t) <1—¢sincex € B=T(x) € T(B)
Since T: X —» Y fuzzy compact linear operator we have
T(B) is compact in (Y, N,*) from theorem (3.4) we have
T(B) is bounded in Y.

Since
T(B) € T(B) then T(x) € T(B) since N,(T(x),t) <1 —
cand £ € (0,1)

There fore T(B) is not bounded which is contradiction
then T is fuzzy continuous at 0 from theorem (4.4) we
have T is fuzzy continuous at every point therefore T is
fuzzy continuous, also from theorem (4.3) we have T is
fuzzy bounded.

Theorem (4.6): Let X,Y be fuzzy normed spaces and
T:X - Y is linear operator. Then T is fuzzy compact
linear operator if and only if it maps every fuzzy bounded
sequence {x,} in X onto a sequence {T(x,)} in Y which
has a fuzzy convergent subsequence.

Proof: If T is fuzzy compact linear operator and {x,} is
fuzzy bounded, then the closure of {T(x,)} in Y is
compact and from definition (3.1) shows that {T(x,)}
contains a fuzzy convergent subsequence. Conversely,
assume that every fuzzy bounded sequence {x, } contains a
subsequence {x,, } such that {T(x,,)} fuzzy converges in
Y.Consider any fuzzy bounded subset B c X, and let {y,}
be any sequence in T(B).Then y, = T(x,) for some
X, € B,and {x,} is fuzzy bounded since B is fuzzy
bounded. By assumption, {T(x,)} contains a fuzzy

convergent subsequence. Hence T(B) by definition (3.1)

because {y,} in T(B) was arbitrary. By definition, this
shows that T is fuzzy compact linear operator.

Theorem (4.7) [4]: Let {x,}, {3, } be a sequences in fuzzy
normed space X and for all a; € (0,1) there exist
a € (0,1)suchthat a * @ = a4

(1)Every sequence in X has a unique fuzzy convergence.
(2)Ifx,, — x then cx,, — cx,c € F — {0}, ( Fis field)
Ifx, —x,y, » ythenx, +y, - x+vy

Theorem (4.8): Let X and Y be a fuzzy normed spaces and
for all ¢; € (0, 1) there exist @ € (0,1) such that a * a =
a;, and T;: X — Yis fuzzy compact linear operator where
j =1,2.Then T; + T,is fuzzy compact linear operator and
also cT;is fuzzy compact linear operator, where c any
scalar c € F — {0}, (Fisfieldand j = 1,2).

Proof: Let {x,}fuzzy bounded sequence in fuzzy normed
space X.Since

T;: X > Yis fuzzy compact linear operator where j =
1,2.Then from Theorem (4.6) we have {x,} contains a
subsequence {x,, } such that {T; (x, )} and {T;(x, )} are
fuzzy converges in Y, then from theorem (4.7) we have
{T1(xy ) + T2(xy, )} is fuzzy converges in Y = {(T; +
T;) (%)} is fuzzy converges in Y, therefore from theorem
(4.6) we have T; + T,is fuzzy compact linear operator.

Also since {T;(x,,)} is fuzzy converges in Y where
j=1,2. Then by theorem (4.7) {cT;(x,,)} is fuzzy
converges in Y where where ¢ any scalarc € F — {0}, ( Fis
field).Then from theorem (4.6) we have cTjis fuzzy
compact linear operator, where ¢ any scalar ¢ € F — {0}, (
Fisfieldand j =1,2).

Theorem (4.9): Let X and Y be a fuzzy normed spaces and
space

(Y,N,*) satisfying the conditions (N.7)and (N.8)and
T: X — Y is linear operator. Then if Tfuzzy bounded and Y
is finite dimensional, the operator T is fuzzy compact.

Proof: Let {x,} be any fuzzy bounded sequence in fuzzy
normed space X.

Then VO < r < 1,3 t>0 such that N(x,,,t) >1—r, Vn.
Also since Tfuzzy bounded then there exist r; > 0 such
that for each

t, > 0,N(T(x),t,) = N(x,i—l),Vx € X.Since (x,,t) >
1
1—-r,Vn
_ _n( N[t
1—7< N(x,,t) —N(Tlxn,t) N(Tl,rl),\m
Put y, =X—”ﬁyn € X,VnﬁN(yn,i)>1—r,\7’n
1 s
Since N(T(x),t}) > N (x,tr—l),Vx €EX,t;>0=
t
NG, 2 N (35).
Since N(yn,ri> >1—-r, vn= N(T,),t)>1-r,
1
vn
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1—r< N(T(y),0) = N(T (i—:)t) _ N(%T(xn),t)

= N(T(x,),mt)
Puttz =T1t=>t2 >0

Then V0 < r < 1,3 t,>0 such that N(T(x,),t;) >1—r,
V n, therefore {T'(x,)} is fuzzy bounded in Y since Y is
finite dimensional then from theorem (3.5) we have
{T(x,)} is compact. It follows that {T(x,)} has a fuzzy
convergent subsequence. Since {x, } was an arbitrary fuzzy
bounded sequence in X, the operator T is fuzzy compact
by theorem (4.6).

5. Spectral Properties of Fuzzy Compact
Linear Operator on Fuzzy Normed Spaces

In this section we consider spectral properties of fuzzy
compact linear operator T: X — X on fuzzy normed spaces
X. For this purpose we shall again use the operator
T, = T — Al and A spectral value.

Theorem (5.1): Let T: X — X be a fuzzy compact linear
operator on a fuzzy normed spaces X. Then for every
A#0 and A eigenvalue then null space (eigenspace)
N(Ty) of Ty = T — Al is finite dimensional.

Proof: We show that A={x€X:N(x,1) >0} is
compact in V' (T;) and then apply theorem (3.7). Let {x,}
is fuzzy bounded such that v0 < r < 1,N(x,,1) > 1 —r,
vn

Since N(x,,1) >0, vn then {x,} c A, since {x,} is
fuzzy bounded and T: X — X is fuzzy compact operator
from theorem (4.6), then {T'(x,)} has fuzzy convergent
subsequence  {T(x,,)}. Now x, €AcN(Ty)
impliesT; (x,) = T(x,) — Al(x,) =0, so that x, =
%T(xn) because A # 0. Consequently, {x,,} = {%T(xnk)}
from theorem (4.7) we have {x,, } is fuzzy converges. Let
y point converges (i.e. {x,,} — y).Since y € X and X
fuzzy normed space we have N(y,1) >0, so that y €
A.Hence A is compact by Definition(3.1) because {x, } was
arbitrary and {x,} < A.This proves N (T;) is finite
dimensional by theorem(3.7).

Lemma (5.2): Let T: X — X be a fuzzy compact linear
operator and S: X — X be a fuzzy compact linear operator
on a fuzzy normed spaces X.Then TS and ST are fuzzy
compact linear operator.

Proof: Let B c X be any fuzzy bounded set. Since S is
fuzzy bounded linear operator therefore I r>03
Vt>0 such that

t

N(S(x),t) = N(x,;),‘v’x € X.
Since B is fuzzy bounded set then VO0<mn <
1,3t,>0 such that
N(xl,t1)>l—r1, VXIEB.:>1—7'1<N(X1,t1)=
T _ X1 t1

N(;Xl, tl) = N(T'T)’ Vxl € B.
Put y= xr—l=>y € X.Since S is fuzzy bounded linear
operator therefore 3 r>0 3 Vt>0 such that

t
N(S(x),t) = N(x,;),\?’x € X.

Then  N(S(),t) = N(3,2)=n(
NSO, t)>1-n

1-r <N, = N (5(2),6) = N (50 1)

r r
= N(S(xl)' rtl)

Put t, =rt; = t,>0.Let z=5(x;).Hence VvO<n <
1,3t,>0 such that

N(z,t)) >1—mr, Vz € S(B).Then S(B) is fuzzy bounded
set. Since T is fuzzy compact operator then T(S(B)) is
compact in X.Since T(S(B)) = TS(B) then TS(B) is
compact in X therefore TS is fuzzy compact linear
operator by definition (4.1).We prove that ST is fuzzy
compact linear operator. Let {x,} be any fuzzy Bounded
sequence in X. Since T is fuzzy compact linear operator
then Dby Theorem (4.6) {T(x,)} has convergent
subsequence {T(x,,)}, since S is fuzzy bounded

thenr>0 3 vt>0, such that: N(S(x),t) = N (x, f),Vx €
X.Since {T(x,,)} is fuzzy converges y€eX =
T )} =y =

ve € (0,1),Vte>0,3ng € Z*such  that  N(T(x,,) —
v, 0>1-¢ Vw=0SinceNVSy, = Ny, tr, VreX,
T(x,,) —y € X.Hence

4 t1)>1—7'l=>

—=,=
r T

Lo

N(S(T(xn,) —y)to) = N (T(xnk) - y,?)
Put t; === >0. Then N(T(x,,)-yt)>1-¢
vn =zny =
N(S(T(xn,) —y)ito) >1—€,  ¥n=ngN(ST(x,,)) —
S), 0>1-¢
vn > ng.Hence{ST(x,,)} — S(y).Hence {ST(x,)} has
fuzzy convergent Sequence. Therefore ST is fuzzy
compact operator by theorem (4.6).
Theorem (5.3) (Null spaces): In theorem (5.1)
dimigv(T;™)) < o,n =1.2....

Proof: )" = (T — D" = Ypo()TH ()" * =
(=DM +T T ()T

This can be written

" =w—BL g =~(-2)"

Where w =TS =ST and S denotes the sum on the
right. T is fuzzy compact and S is fuzzy bounded since T is
bounded by theorem (4.5). Hence w fuzzy compact by
lemma (5.2), so that we obtain

dimigv(T;")) < o,n =1.2....

By applying theorem (5.1)
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