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Abstract: The Fibonacci sequence is a source of many nice and interesting identities. Fibonacci sequence is famous for possessing
wonderful and amazing properties. The Fibonacci sequence has been generalized in many ways, some by preserving the initial
conditions and others by preserving the recurrence relation. In this paper, generalized Fibonacci-Type sequence is introduced and

defined by Y, , =Y,

0

+aY ,n=20,Y =2 and Y, =2+ b, where a and b are integer. Further some standard identities and

determinant identities of generalized Fibonacci sequence are presented.
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1. Introduction

It is well-known that the Fibonacci and Lucas sequences are
most prominent example of second order recursive
sequences. The Fibonacci sequence is a sequence of numbers
starting with integer 0 and 1, where each next term of the
sequence calculated as the sum of the previous two. The
Fibonacci sequence [3] is defined by the recurrence relation:

Fy=F | +F ,.n22 With ;=0 F =1 (1.1)

The similar interpretation also exists for Lucas sequence.
Lucas sequence [3] is defined by the recurrence relation:

L, =L, +L, ,n=>2 with,=0,L,=1 (1.2)
The second order recurrence sequence has been generalized

in two ways mainly first by preserving the initial conditions
and second by preserving the recurrence relation.

Horadam [1] defined generalized Fibonacci sequence {# } by

H_ =H_ +H ,H =g andH =p, n>0 Where p,qare arbitrary

integers. (1.3)

In [2], Horadam introduced and studied properties of another
generalized Fibonacci sequence {w, } and defined generalized

Fibonacci sequence {w } by the recurrence relation:
w=pw —qw_ ,n>2 with w,o=a,w=>b where a,b,p and ¢ are
arbitrary integers. (1.4)

Waddill and Sacks [7] extended the Fibonacci numbers
recurrence relation and defined the sequence {r}by the

recurrence relation:
P=P +F,+F ,n23

(1.5)

Where p,p and Ppare not all zero given arbitrary algebraic

0

integers.
Jaiswal [5] defined generalized Fibonacci sequence {7} by

(1.6)

T . =T+7T, ,n>1 With T=aand 7,=6

Falcon and Plaza [8] introduced & " Fibonacci sequence
{FA }HGN and defined it by

Fopn =K+,

. nx1With £ =0,F =1

(1.7)

-1

Edson and Yayenie [6] studied a new generalization{q },
with initial conditiong =0and ¢ =1 which is generated by
the recurrence relation (when n is even) or ¢ =bg_ +q, .
(when n is odd), where are non zero real numbers.

B.singh, S.Bhatnagar and O.Sikhwal [4] defined Fibonacci-
Like sequence{S,}] by the

S =S +S .,n20 With § =2,5 =2

recurrence  relation:

The associated initial conditions S, and S, are the sum of the
Fibonacci and Lucas sequences respectively, i.e. S, =F +1L,
and S, =F+L (1.8)

In this paper, we introduce generalized Fibonacci-Type
sequence. Also we establish some of the interesting
properties of generalized Fibonacci-Type sequence like
Catalan’s identity, Cassini’s identity’ d’ocagnes’s identity,
Binets formula, Generating function and some determinant
identities.

2. Generalized Fibonacci-Type Sequence

Generalized Fibonacci-Type sequence {Y n}fzo is
introduced and defined by the recurrence relation
Y =Y. +aY,n>0 with ¥, =2and ¥, =2+5b, (2.1)
Where « and b are integers.
The first few terms of are as follows:
Y=2+b,
Y,=2+2a+b,
Y, =2+4a+b+ab,
Y, =2+6a+b+2ab+2d’,
Y,=2+8a+b+3ab+6a’ +a’b, ...

The characteristic equation of recurrence relation (2.1) is
t* —t—a =0. Which has two real roots:

a:l+\/12+4a and ﬂ:l_“’“;‘m_
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Also, aff=—a, a+B=1, a—pB=1+4a, o’ + > =1+2a.
2.2)

Generating function of generalized Fibonacci-Type sequence
is

2.3)

Z o 2+bt

n=0 —ar’
Hypergeometric representatlon of generating function of
generalized Fibonacci-Type sequence

ii”/ P :(2+bt)esz (n+1, 1 1; atz)_ (2.4)
n:On-

By generating function (2.3), we have

ZY . 2+ bt

= ~t-ar’’
~( 2+bt)[1—(1 va)]',

—(2+b)>(1+ar) v

n=0

=<z+bf)ir"i{,’j] )

-k (at)k ,
n=0 k=0

—(2eb) XY (1)

n=0k=0

—(2eb) 33 1y
n

n=0 k=0

=(2+bt i(—inH{/ *at,

n=0 © k=0 k!

~n+k! k
:(2+bt)e; 7 (atz),
o Yn ., t°° I’l+k./ (atz)k
>t :(2+bt)e; —

o n!

i "=(2+bt)e Z(n+l)k(1) (mz)k,

= n = (1), *!
oy
Hence, Z;‘;t =(2+bt)e B (n+1,1; 1; ar).

Binet’s formula of generalized Fibonacci-Type sequence is
defined by

Yn:Aa”+Bﬂ”:A[1+ “;4“} +B(1_V12+4qJ (2.5)
(2+b)-28 20— (2+Db)
Here, A=————=—and B=————.
J1+4a Jl+4a
_ 2
Also, AB:4(a+1)+2b 2(2+b) , A+ Ba=-b
(a=5)

And 4B’ +Ba’ =2a—b.

Generalized Fibonacci-Type sequence generalizes many
sequences for different values of « and 5. Examples of such
sequences are Lucas sequence, Fibonacci-Like sequences,
Jacobsthal-Lucas sequence, companion Fibonacci-Like
sequence, etc.

e For a=1 and h=-1, we obtain Lucas sequence.

e For a=1 and »=0, we obtain Fibonacci-Like sequence.

e For a=2 andb=-1, we obtain Jacobsthal-Lucas
sequence.

For a=2 and »=0, we obtain Companion Fibonacci-Like
sequence.

e For a=2 andb=-2, we obtain Companion Fibonacci-
Like sequence.

3. Identities of Generalized Fibonacci-Type
Sequence

Now some identities of generalized Fibonacci-Type sequence
are present using generating function and Binet’s formula.

Theorem 1. (Explicit Sum Formula) Let Y, be the n” term

of generalized Fibonacci-Type sequence. Then

Y =z[§ﬂ;(";k] a* +b{§]["_:_l}k 3.1

=0 par)
Proof. By generating function (2.3), we have

ZY 2+ bt
1-t-at

=(2+bt [1—(1+at)t]7],

=(2 +bt)i(l +at)'t",

n=0 k=0
o0 n /
=(2+b n n=k nik k
eSS
& n+k! [ \n
=(2+bt 1) g
(2+b0)2. 20 (1)
. 3]
n—k! n=2k . &
=(2+b 1 "
( N t);AZOk.’n—Zk’ ()
H H
< n—k! nzA & n—k! n2k+l P
~2 22 ) t+; b2 okl ¢ v

n o

Equating the coefficient of ‘" > on both sides, we obtain

Y, = 2%{"2") o +b[:§2?[" _:_1}% .

Theorem 2. (Sum of First n terms) sum of first n terms of
generalized Fibonacci-Type sequence is given by

ZY 2”’) (3.2)

Proof. Using the Binet’s formula (2.5) we have

’iy Z[Aa +Bp* | = A{l —a}LBR—ﬁﬁ }

_(A+B)~ (A +Ba)~(4a" + Bf") + aff(Aa"" + BB ')
1-(a+p)+apf
Using subsequent results of Binet’s formula, we get
o7, (z +b)

R

Theorem 3. (Sum of First n terms with odd indices) Sum
of first n terms (with odd indices) of generalized Fibonacci-
Type sequence is given by

! Y, -aY, (2+b)+ab

ZY 20+l

2k+1 T
k=0 2a—-a*

(3.3)
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Proof. Using the Binet’s formula (2.5), we have Theorem 5. (Catalan’s Identity) Let Y, be the n” term of

Syk _ "Z’i[Aazm N Bﬁ2k+1:| _ A{a(l 2")} +B{/ﬂ’(l -B" generalized Fibonacci-Type sequence. Then

e 1-a’ -8 | (-a)”"

k=0 k=0 - B _a)

_ (AO!+B,B)—0lﬂ(Aﬂ+Ba)—(Aa2"+l +Bﬂ2””)+(a/)’)2(A(x2”'l _I_BﬂZn—l) Y -y Y = (2+b)2 —2(2+b)—4a |:(2+b)Y 2Yr+l:| n>r>1.
1-(a” + ) +(ap)’ (3.5)

Proof. Using the Binet’s formula (2.5), we have

Using subsequent results of Binet’s formula, we get (LHS) = ( Ao + BB )2 _( Ao+ B ﬂw)( Aa"" + B ﬁn,r),

& Y2n+1 _a2Y2n 1 (2+b)+ab

;sz“ = 2a a _ AB(aﬂ)n—r(zarﬂr _aZr _ﬂlr),

=—AB(~a)" (o' - p) .

Theorem 4. (Sum of First n terms with even indices) Sum

of first n terms (with even indices) of generalized Fibonacci- [(2 + b)2 —4(a+1)- Zb} - s
Type sequence is given by = 3 (—a) (0!' *ﬁ') )
y (o)
Z -al, , (2a—b)—2 (3.4) ,
2 : r _ r
2a-a :[(2+b)2—4(a+1)—2b](—a)””(“ £ J :
Proof. Usmg the Binet’s formula (2.5), we have a-p
"B 2+b)Y -2V .
it at (—a™) a- 5™ From? —# - ( J; ). =21, , we obtain
ZYZFZ[Aa“JrBﬁ”]_A{ — }+B{ p } a-f  (2+b) -2(2+b)-4a
k=0 k=0 - - ner
Ynz_Yn+rYn e ( ) [ 2+b)Y 2y, V+1:|
(A+B)— (AP + Ba®) —(Aa® + B™) + (af) (Aa™ + B ™) (2+b) —2(2+b)—4
1-(a® + B*) +(apf)’ ’
Corollar 6. (Cassini’s Identity) Let Y be the n"term of
Using subsequent results of Binet’s formula, we get generalized Fibonacci-Type sequence. Then
Sy, L —a’Y, ,+ (Za b)-2 Y2 -Y,. Y, =(-a)" [(z +bY _z(z+b)-4a], n=1. (3.6)

— 2a-a*
‘ Taking » =1 in the Catalan’s identity (3.5), the required
identity is obtained.
Theorem 7. (d’Ocagne’s Identity) Let Y, be the n” term of generalized Fibonacci-Type sequence. Then

}/In)/’l+1_ m+1 _( a) [(2+b)Y _ZYm—n+l]’m>n20' (37)

Proof. Using the Binet’s formula (2.5), we have [(2 + b)2 —4(a+ 1) _ ZbJ
(LHS) =(4a" + BB")( A" + BB"™ ) (4" + BA" )( 4" + BB"), = oy
-
:AB(amﬂnH+an+lﬁm_anﬂm+l_am+lﬂn)’ - . _'Bm ., (2+b)Y oy
n m-—n m—n m-—n m—n From = 2 — s ’ We
= 4B(ap)' | Bla"" - p")—a(a”" =), a—p (2+b) —2(2+b)—4a

_ _AB(_a)n (a_ﬂ)(am—n _ﬂm—n), Othiin ( )” I:(Z b) ]
n+1 m+1 ={—a * e m e

(-a) (e=B)(@"" = "),

Theorem 8. (Generalized Identity) Let Y be the n” term of generalized Fibonacci-Type sequence. Then
l: 2+b Y 2Yr+l][ 2+b n—. m+r_ n—. m+r+]:|

Tt~ T b = () [(2+b)’ —2(2+b)—4a}

m-n m—r=n+r

n>m=r=1. (3.8)

Proof. Using the Binet’s formula (2.5), we have [(2 +b)2 4(a+1)- Zb}
(LHS) — (Aam +Bﬁm)(Aan +Bﬁn)_(Aam—r +Bﬁm—r)(Aau+V +Bﬂn+f‘)): (a _ﬁ)z (_a)”’_"(ar _ﬂr-)(an—m+r _ﬂn—nﬁr),
a-p  [(2+b)Y-2v,]
_ AB(a" _ﬂ"){am’ﬂn ~ a’"gﬁ:m :|) From a-p |:(2+b) —2(2+b)— :|
o

( r ﬂ;) A d " e ﬂh e [(2+b)Yn —m+r 2Yn—m+r+1:|

o — n , WE
=ABW(a B —a" "), a-p [(2+b) —2(2+b)—4a:|

obtain

= _AB(_a)mfr (ay _ﬁ,-)(anflnﬁ»r _,anmw)’
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|:(2 + b)Yr - 2Yr+1:“:(2 + b))]n—m+r - 2Kl—m+r+l:|

LY, =Y X =(a)™ [(2+6) =2(2+b)-4a]

—rn+r

The identity (3.8) provides Catalan’s, Cassini’s and Theorem 3. For any integers » > 0, prove that
d’Ocagne’s identities as below: 1 1 1
e If m=n,, the Catalan’s 1dent1ty. (?.5) }s obttamed. . ay, Y., Y., |=0.
e If m=nand r=1, the Cassini’s identity (3.6) is - +Y.,  a¥, +Y,, a¥ +Y.

obtained. | | |
o If n=mm=n+land r=1, d’Ocagne’s identity (3.7)

< obtained Proof. LetA=| aY, Y. Y.,

5 OvHne Vit al+Y,  al+Y,
4. Determinant Identities Applying s, -z +x , we get

1 1 1

There is a long tradition of using matrices and  A=| a7 Y., Y.,
determinants to study Fibonacci numbers. T. Koshy [9] oy oy 2y

n+2

Taking common out 2y from third row, we get

n+2 n+2

explained two chapters on the use of matrices and
determinants in Fibonacci numbers. In this section, some

determinant identities are presented. 1 1 1
Theorem 1: For any integers n > 0 prove that A = 2YH2 aYn Yn+1 Yn+2 .
Yn+1 Yn+2 Yn+3 1 1 1
Yn+ A Yn+ 5 Yn+ o= 0 Since two rows are identical, thus we obtained required
results.
);+7 );+8 );+9
Y Y y Theorem 4. For any integers » > 0, prove that
el n+2 3 Yn Yn + Yn+l Yn + Yr1+1 + Yn+2
Proof. Let = s n+s n+6 |7 A AR T AR L R R e
' Y 3, SN, 3Y, 4614121,
n+7 n+8 n+9 ¥ ¥4y Yy v
. +
Applyll’lg Cl N Cl (a) , We get n n n+l n + n+l + n+2
Proof. Let A=]2Y, 2V, +3V, 20437, +4F, |,
ali, Y., Y5 3Y, 3V 46Y., 3V +6Y, 4127,
A= l|aY, Y. Y. Applying R, >R, —2R, R, —R, 3R, , we get
AT A T A A
Applying C, —C, +C, and using the definition of generalized A=l 0 Y, Y+, |,
Fibonacci-Type recurrence relation, we get 0 37, 3Y., 497,
Y,H_3 Yn+2 Y,1+3 Applying R, — R, —3R, and expanding along first row,we
— obtained required result.
A= Y;1+6 Yn+5 Yn+6 : q
Yn +9 Yn 48 Yn 9 Theorem 5. For any integers n > 0, prove that
Since two columns are identical, thus we obtained required 0 ny .,
results. n, 0 Ll =20
2 2
Theorem 2. For any integers » > 0, prove that L o 0
V=Y Y=Y VLY, 0 LA A 68
Yo.-Y., Y.,-Y Y, =Y., | =0 Proof. Let A=|VY, 0 Y. Y,
Yn+2 - Yn n Lt n+l ~ Ane2 Y,,ZY,HZ szyﬂzﬂ 0
n " Lavl Yn+l - Yn+2 Yn+2 - Yn . 2 2 2 .
Proof. Let Let A _y Y _¥ Y1 Taking common Y7, ¥, ¥”, from C, C,, C, respectively,
* TP a+l n+2 n+2 n n n+l
GRS A S S A v get
. ) 0 A4
By applying ¢ - ¢ +c +c and expanding along first row, we ey s
: : A :YnYHYH Y+1 0 Y1+1 ’
obtained required result. e !
Yn+2 Yn+2 0
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Y

n+l’

Now taking common Y,

n’ Yr1+2 from RP RZ’ R3
respectively and expanding along first row, we get required

result.

5. Conclusions

In this paper, generalized Fibonacci-Type sequence is
introduced. Some standard identities of generalized
Fibonacci-Type sequence have been obtained and derived
using generating function and Binet’s formula. Also some
determinant identities have been established and derived.
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