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1. Introduction 

Bibliometrics is the scientific field that quantitatively 
studies all kinds of bibliographic data such as titles, 
keywords, authors, and cited references of papers and 
booklets. Bibliometric study focuses on network analysis 
of documents, keywords, authors and journals. The 
analysis of bibliometric data are mainly used in mapping 
and clustering. 

In the several previous literatures, methods for hierarchical 
clustering of bibliometric networks have been studied. 

A factor analysis method was studied as one of clustering 
methods in [2,5,8]. 

And clustering methods based on module functions were 
studied in [6,7]. 

An integration method of mapping and clustering was 
proposed in the optimization problem of the following 
function providing the integration method of mapping and
clustering. [4].

min 2
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where r  is called partition parameter. 

The bigger the value of this parameter is the more the 
number of clusters is. ijS  is the quantity that represents 
the relatedness between nodes i and j, which is given as 
follows:
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where ijC  is the number of links between nodes i and j ,

iC  denotes the total number of links of node I, and m 
denotes the total number of links in the network, that is, 
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In case of clustering, we need to find for each node i , a
positive integer ix that indicates the cluster to which node i
belongs. 

The method in [4] contains the methods proposed in [6,7] as 
the special case. 

In the literature [4], it proved that the optimization problem 
of function 1V  is equivalent to the optimization problem of 
the function given as follows:
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The function 1( , , )nV x x  is discontinuous function. 
Therefore, we can not use the traditional optimization 
methods. We discuss the following problem that makes the 
number of clusters less than k+1. 

1min ( , , )
. .

nV x x
s t x X


            (6) 

where  | 0 , : integer, 1,i iX x x k x i n    . 

The paper is composed of as follows. 

In Section 2 we propose a smoothing approximation of the 
function 1( , , )nV x x  and estimate the difference 

between functions 1( , , )nV x x and  its approximation. In 
Section 3 we propose a relaxation method for smoothing 
approximation matter of the Problem (6), and then consider 
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one solving method of the relaxed problem. In Section 4 
we consider a moving balls approximation method for this
problem (11). 

2. Smoothing of function 1( , , )nV x x

Now let’s we introduce the following smoothing 
approximation of the function ),( ji xx :

2)(),( ji xxc
ji exxf 


where c is positive parameter. 

),( ji xxf  is equal to the ),( ji xx =1 when ji xx  . 

In case of ji xx  , by making the parameter c larger we 

can let the ),( ji xxf  closer to the ),( ji xx =0. 
For simplicity, we use the notation 

)
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We replace ),( ji xx  with ),( ji xxf  and 
then discuss the smooth function 
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Now we consider the following problem: 

1min ( , , )
. .

nV x x
s t x X

 
                 (7) 

Theorem 1. The difference )()(
~

xVxV   uniformly 

converges to 0 as c in X . 
Proof. Notice that 1)( 2  ji xx in case of 

ji xx  since ji xx ,  are integers. Therefore, for any 
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Let  *, ( )x x c be the solutions of problems (6) and (7),
respectively. 
The following theorem shows the upper bound of 
difference between ( ( ))V x c   and *( )V X , and this 
difference converges to 0 under c . 

Theorem 2.  Let 0ij   for any i  and j .Then we 
have 

*( ( )) ( ) ( )V x c V x c             (8) 

*( ( )) ( ) ( )V x c V x c            (9) 
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Proof. From the definition of )(xV
～

, if 0ij   then 

( ) ( )V x V x   for any i , j . 
Hence we have 
        * *( ) ( ( ) ( ( ) ( )V x V x c V x c V x     (11) 

On the other hand, from the theorem 1, 
* *( ) ( ) 0 ( )V x V x c   . 

Hence, *( ( )) ( )V x c V x  , *( ( )) ( )V x c V x ( )c  ,
that is, (8) and (9) hold. 

From(11) the inequality * * *( ( )) ( ) ( ) ( )V x c V x V x V x    hold, 
and therefore from the theorem 1 we have 
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Hence the inequality (10) hold.

Let us discuss the general case where condition 
jiij ,,0   is not satisfied. 

Lemma 1 ([3]) Let nRX  be a closed set,
, : nR R   be continuous functions, and assume the 

following inequality holds: 
Xxxx  ,)()(  . 

If *,x x  are the gloval minimizers of  ,  in X ,
respectively, the following inequalities hold for:  
1) ( *) ( ) sup ( ) ( )

x X
x x x x 



     

2) ( *) ( ) 2 , ( *) ( ) 2x x x x        . 
Using this lemma, we can get the following result. 

Theorem 3. The following inequality holds for: 
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theorem 1 we have 

( ) ( ) ,V x V x x X    . 

If, therefore, we apply lemma, the result of lemma 1 is 
obtained.   

Our above results show that if c is large, then the optimal 
value of smooth integer programming problem (7) can be 
enough close to the optimal value of original problem (6). 
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3. Relaxation of problem (7) 

Considering the formula of ijw , the objective function 
~

1( , , )nV x x  can be rewrited as follows:
2( )1( )
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r   (it is clear that ij ij  ) .  

We assume jiij  ,0 . 

Let us { | 0 , 1, }
D

n
iX x R x k i n      and then 

consider the following relaxation problem for (7): 
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First, we estimate the difference between the minimum
values of ( )V x in X and X ,  respectively. 

Theorem 4. Let x be the minimizer of ( )V x in X  and 
*x  is the minimizer of ( )V x in X . Then we have 
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Proof. Assuming each component of  1, , nx x x    is 
denoted as  

  , 1,i i ix x i n    , 
where [] denotes the integer-part. We then define 
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4. A Moving Balls Approximation Method for 
the Problem (11) 

In this section we consider a moving balls approximation 
method for the problem (11). In the paper [1] authors 
introduced the moving balls approximation method(MBA) 
for a class of smooth constrained minimization problems. In 
this paper we adapt this method for the problem (11) and 
analyse the convergence of it. 

The Laglangian function of the problem (11) is 

0,0
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where 1 1( , , ), ( , , )n nM M M     . 
Let S denote set of KKT points  of the problem (11), that is, 
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Lemma 2. ([1]) Let RRg n :  be a continuously 
differentiable function with global Lipschitz gradient and 
Lipschitz constant gL . Then for any gL L  , 
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and made assumptions that the functions 
( ), ( ), 1, ,if x f x i m   are continuously 

differentiable with Lipschitz gradients. 

We start from estimating of Lipschitz constant of ( )V x  . 
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, so we have 
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then VL  is  Lipschitz constant of ( )V x  . 

Now let 
～

Xx  is given, and then we define the function 
),( yxh  as follows: 

2( , ) ( ) ( ) ( )
2

T VLh x y V x V x y x x y      , 

where VL  is above Lipschitz constant of ( )V x  . 
This is strongly convex function of y for each fixed x .
Therefore the problem 

min ( , )
. .

h x y
s t y X               (13) 

has the unique solution. Let )(xp = 1( ( ), , ( ))np x p x

denote  this unique solution.  

Lemma 3. Let 
～

Xx . Then x S  if and only if 
( )x p x . 

Proof. Since linear function constraint qualification (LFCQ) 

holds for the problem (13), )(xp  satisfies the following 
KKT condition: 

  n
n Ruuu  ,,1  ,

  n
n Rvvv  ,,1 

( ) ( ( ) ) 0VV x L p x x u v      (14)

( ( ) ) 0 1,i iu p x k i n          (15) 

( ) 0 1,i iv p x i n              (16) 

If xxp )( , then (14)~(16) are KKT conditions for the 
problem [11].
Hence, Sx . 
Now let Sx . Then the point xy   satisfies the KKT 
condition for the problem (13). On the other hand, the 
problem (13) is convex programming problem, so  the 
KKT condition is sufficient condition for optimality.
Hence the point x is a solution of the problem (13).
Since )(xp  is the unique solution of the problem (13), 
therefore )(xPxy  .   

Lemma 4. The mapping )(xp  is continuous at X . 
The proof can be done likewise in [1] . 

Algorithm 

Step 1: Choose a point
～

Xx 0 . Set k=0. 
Step 2: For ,2,1k , repeat the following procedure: 

1: ( )k kx p x 

Let’s discuss the convergence of this algorithm.

Theorem 5. Let  kx  be the sequence generated by the 
algorithm. Then 

① the sequence of  function values  ( )kV x is

monotonically decreasing, 
② any limit point of the sequence  kx  is in S. 

Proof. ① If 1 1( )k kx p x   for some 1k , then 

Sxk 1  and thus the theorem is proved. Let’s assume that 
)( 11   kk xpx for all 1k . From lemma 2, 

21 1 1 1( ) ( ) ( ) ( )
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Since )(xp  is the solution of the problem (13), from the 
optimality condition for this problem we have 

( ( )) ( ) ( ( ) ) 0,T
Vy p x V x L p x x y X        

  . 

Hence, considering )( 1 kk xpx , we have 
21 1 1( ) ( )k T k k k k

VV x x x L x x       (18) 

From (17) and (18),it follows that 
21 1( ) ( )

2
k k k kVLV x V x x x     (19) 

Therefore, since 11)(   kkk xxpx , the sequence 

 ( )kV x  is monotonically decreasing. 

② It is clear that
～

X  is compact set and therefore 

 kx X   is bounded. Hence  

all limit points of  kx  is in X . 

Passing to the limit in (19), we get 
0)(lim 11  



kk

k
xxp . 

Hence, by the continuity of )(xP , the equality 
** )( xxP   is true for any limit point *x  of  kx .

Therefore Sx * .
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