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Abstract: This paper presents the numerical solution of higher order linear system of time-varying fuzzy differential equations (FDEs) 

using generalized Single Term Walsh Series Technique (STWS). The applicability of this technique is illustrated by examples. The 

numerical results are compared with their exact solutions. 
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1. Introduction 
 
Recently fuzzy differential equations have gained more 
attention in the literature. The fuzzy derivative was 
introduced by Chang and Zadeh [1]. Seikkala and Kaleva 
have studied Fuzzy IVPs [2 - 4]. Several researchers have 
proposed various numerical strategies for finding the 
solutions of fuzzy differential equations [5 - 12]. 
 
STWS technique was introduced by Rao et al. [13]. 
Balachandran and Murugesan applied STWS technique to 
solve first order system of IVPs [14, 15]. Murugesan and 
Paul Dhayabaran extended STWS technique for solving 
second order singular system of IVPs [16].  
 
Emimal and Paul Dhayabaran [17, 18] proposed the 
generalized STWS Technique tosolve time-invariant and 
time-varying system of IVPs of any order „n‟ with „p‟ 
variables. Emimal and Anandhan [19] have applied the 
generalized STWS technique for solving time-invariant 
system of fuzzy differential equations.  
 
In this paper we adapt the generalized STWS technique to 
solve higher orderlinear system of time-varying fuzzy 
differential equations. In Section 2, some basic definitions 
on fuzzy numbers and fuzzy derivatives have been 
mentioned. The definition of fuzzy Cauchy problem has 
been given in Section 3.  
 
In Section 4, the generalized STWS Technique which is 
capable of determining the discrete solutions of the time-
varying linear systems of IVPs of any higher order „n‟ with 
„p‟ variables has been discussed. Section 5 consists of 
numerical examples which illustrate the applicability of 
the generalized STWS technique in solving fuzzy IVPs. 
 
2. Preliminaries 
 
Definition 1  
Let us denote FR  by the class of all fuzzy subsets of R. 

i. e. u: R [0,1])  satisfying the following properties:  

(i) 0 0, is normal, . . with (x ) 1.Fu R u i e x R u      

(ii) Fu R  , u is convex fuzzy set. 
i .e. u(tx (1 t) y) min{u(x), u(y)}, t [0,1], x, y R     

(iii) Fu R  ,u is upper semi continuous on R; 

(iv) 0[ ] {x R;u(x) 0}u     is compact, where u  denotes 
the closure of u. 
Then FR  is called the space of fuzzy numbers. 
 
Definition 2 
We define  -level set of u as follows: 

[u] { / u(x) }, 0 1.x R
       

The -level set of u is closed bounded intervals in Rand 
we denoteit by 
[u] [u , u ]  

 . 
Definition 3 
A fuzzy number in parametric form is an ordered pair of 
the form 
u [u , u ] where 0 < 1 

   
satisfying the following conditions: 
1. u  is a bounded left continuous increasing function 
over [0, 1]. 
2. u  is a bounded right continuous decreasing function 
over [0,1]. 
3. u for all (0,1]u 

  . 

If u ,u    then α is called crisp number. 
 
Definition 4 
A fuzzy interval u is said to be a triangular fuzzy interval if 
its membership has the following form 

0,

,
u( )

,

0,

if x a
x a if a x b
b ax
c x if b x c
c b

if x c





  
 

 
  

 
 

 

Paper ID: 25031606 57



International Journal of Science and Research (IJSR) 
ISSN (Online): 2319-7064 

Index Copernicus Value (2013): 6.14 | Impact Factor (2015): 6.391 

Volume 5 Issue 4, April 2016 
www.ijsr.net 

Licensed Under Creative Commons Attribution CC BY 

and its α-cuts are simply  
[u] [ ( ), ( )], (0,1].a b a c c b          
 
Definition 5 
A mapping :F I E  is Hukuhara differentiable at 

0t T R   if for some 
0 0h   the Hukuhara difference 

0 0 0 0( ) ~ ( ), ( ) ~ ( ),h hF t t F t F t F t t   
exist in E for all 00 t h    and if there exists an  

0'( )F t E such that  

0 0
00

(F(t ) ~ ( ))lim '( ) 0h

t

t F td F t
t

  

 
 


 and 

0 0
00

(F(t ) ~ ( ))lim '( ) 0,h

t

F t td F t
t

  


 


 

the fuzzy set is called the Hukuhara derivative of F at t0. 
 
Definition 6 
If :y I E is called fuzzy process. We denote 

[ ( )] [ ( ), ( )], t I, 0 1y t y t y t
      

The Seikkala derivative ' ( )y t of a fuzzy process y is 
defined by 
[ '( )] [( ) '( ), ( ) '( )], 0 1,y t y t y t

     
provided by this equation defines a fuzzy number

'( ) E.y t   
 
Definition 7 
The fuzzy integral  

( )dt, 0 a b 1
b

a

y t     

is defined by  

( ) ( ) , ( )
b b b

a a a

y t dt y t dt y t dt


   
   

   
    

provided the Lebesgue integrals on the proper exist. 
 
3. Fuzzy Initial Value Problem 
 
Consider the fuzzy IVP 

0

0 0

' ( ) ( , ( ), [ , ]
( )

y t f t y t t t T
y t y

 




 

where y is a fuzzy function of t, f(t, y) is a fuzzy operation 
of the crisp variable t and the fuzzy variable y, 'y is the 
fuzzy derivative of y and y(t0) = y0 is a fuzzy number. Thus 
we have fuzzy Cauchy problem.The fuzzy function y is 
denoted as 
y [ , ]y y .  
It means that the α-level set of y(t) for 

0[ , ]t t T  is  

0 0 0[ ( )] [ ( ; ), ( ; )],y t y t y t    

[ ( )] [ ( ; ), ( ; )], (0,1].y t y t y t      
By Zadeh extension principle, we have the membership 
function 

( , ( ))( ) sup{ ( )( ) | ( , )},f t y t s y t f t s R    
so ( , ( ))f t y t is a fuzzy number. From this it follows that 

[ ( , ( ))] [ ( , ( ); ), ( , ( ); )], (0,1]f t y t f t y t f t y t      

where 
( , ( ); ) min{ ( , ) / [ ( ; ), ( ; )]

( , ( ); ) max{ ( , ) / [ ( ; ), ( ; )]

f t y t f t u u y t y t

f t y t f t u u y t y t

  

  

 

 
 

We define 

 
( , ( ); ) [t, ( ; ), ( ; )]

( , ( ); ) [t, ( ; ), ( ; )]

f t y t F y t y t

f t y t G y t y t

  

  




 

In this paper we solve higher order linear time varying 
system of fuzzy IVPs using STWS technique. Consider an 
nth order time-varying system of the form 

( ) ( 1) ( 2)
0 1 2

( 3) (1)
3 1

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) ( )

( ) ( ) ( ) ( )

n n n

n
n

n

A t X t A t X t A t X t

A t X t A t X t

A t X t B t u t

 





 

  

 

with the initial conditions  

0(0)X X  and ( ) (0)
0(0) ,jX X  j = 1, 2, … (n-1) 

where 0 1( ), ( ),... ( ) , ( )p p p r
nA t A t A t R B t R 

  , the 

state vector ( ) pX t R and the input vector ( ) ru t R . 

Here ( )
j

j
j

d X
X

dt
 . The elements of the above matrices 

are time dependent. Here ( )jX is the jth derivative of X, 
X0‟s are fuzzy numbers and X‟s are fuzzy variables. 
 
4. Generalized STWS Technique for Solving 

Linear Time-Varying Systems [18] 
 
Consider an nth order time-varying system of the form 

( ) ( 1) ( 2)
0 1 2

( 3) (1)
3 1

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) ( )

( ) ( ) ( ) ( )

n n n

n
n

n

A t X t A t X t A t X t

A t X t A t X t

A t X t B t u t

 





 

  

   

(1) 
with the initial conditions  

0(0)X X  and ( ) (0)
0(0) ,jX X  j = 1, 2, … (n-1)  

where 0 1( ), ( ),... ( ) , ( )p p p r
nA t A t A t R B t R 

  ,the state 

vector ( ) pX t R and the input vector ( ) ru t R . Here

( )
j

j
j

d X
X

dt
 . The elements (not necessarily all) of the 

above matrices are time dependent.  
 
The given functions are expanded as a STWS in the 
normalized interval s ∈ [0, 1)(which corresponds to t ∈ [0, 
1/m) by defining t = s/m), where m is any integer. In the 
normalized interval, Eqn. (1) becomes 

( ) ( 1) ( 2)1 2
0 2

( 1) (1)

( 1)

( ) ( )
( ) ( ) ( ) ( ) ...

( ) ( ) ( )
( ) ( ) ( )

n n n

n n

n n n

A s A s
A s X s X s X s

m m
A s A s B s

X s X s u s
m m m

 





  

  

  

 (2)  
Expressing Eqn. (2) in STWS with  
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( )

( ) ( ) ( ), 0,1, 2,...,

( ) ( )

( ) ( ) ( ), 0,1, 2,..., ( 1)

( ) ( ) ( )

( ) ( )

j j i

i

n j
j i

n i

i

A s D s j n

B s F s

X s C s j n

X s C s

u s H s













 



  





 

the following set of recursive equations with the 

operational matrix for integration
1
2

E   has been 

obtained: 
1

1 2 n
0 i 0 i i2 n

(n-j)
i (j-1) i

(n-j) (n-j)
j-1 i

(D ) (D ) (D )(C )         (D )  -  -  - ... -  G
2m (2m) (2m)

1( )          (C )   X (i-1) ,    j 1,  2, 3, ... (n-1)
2

X ( i )    (C )   X (i-1) ,  j  1, 2, ... (n-1) 

i i i

jC



 
  

 

  

  

n -1 iX (i)         (C )   X(i-1)       

 (3) 

 
and 

 (n-1)1 2 n
2 ( 1) n

(D ) (D ) (D )     ...  X (i-1) 
m 2m 2

i i i
i nG

m

 
   

   
(n-2)2 3

2 3 ( 2)

(D ) (D ) ( )  ...  X (i-1) 
m 2m 2

i i n i
n n

D
m

 
   
   

 n i
n n

(D ) F...  X(i-1)  
m m

i
iH     

for i = 1, 2, 3, . . . where  

1

( ) ( )  0,1, 2,...,

i
m

j i j
i
m

D m A t dt j n


 
  

1

( )   

i
m

i
i
m

F m B t dt


 
  

1

( )

i
m

i
i
m

H m u t dt


 
 

Using these recursive equations, the discrete values of 
(1) (2) (3) ( 1), , , ,..., nX X X X X   in Eqn. (1) can be 

determined with the initial conditions. These equations 
give solutions for all integer values of „m‟.  
When A0 is singular, the matrix 0 i(D ) is singular. But the 

matrix 1 2 n
0 i 2 n

(D ) (D ) (D )(D )  -  -  - ... - 
2m (2m) (2m)

i i i 
 
 

 becomes 

non-singular, which is an added advantage of this method. 
The value of „m‟ may be decided on large enough to 
growth the accuracy of results. The STWS approach is 
rather solid because it's far based totally on the 
Trapezoidalrule, that's an A-stable approach. 
 
5. Numerical Examples 
 
Example 1 
 
Consider the following first order fuzzy linear differential 
equation 

'( ) ( ), [0,1]

(0) [ 0.5( 1), 0.5( 1)]

y t ty t t

y e e 

 


    

 

with the exact fuzzy solution  
2 2

2 2( ; ) ( 0.5( 1)) , ( 0.5( 1)) .
t t

y t e e e e  
 

     
    

The results are shown in the following Table 1 and Fig. 1. 
 

Table 1: Absolute Error in Example 1 (at t = 1)
 

  
Absolute Error 

( ; )y t   ( ; )y t   

0.0 3.946e-006 7.380e-006 
0.2 4.289e-006 7.037e-006 
0.4 4.632e-006 6.693e-006 
0.6 4.976e-006 6.350e-006 
0.8 5.319e-006 6.006e-006 
1.0 5.663e-006 5.663e-006 

 

 
Figure 1: Solution Graph of Example 1 

 
Example 2 
Let us consider the fourth order fuzzy differential equation 
of the following form 

(4) "(t) (t) 2e 0ty y x    
subject to the initial conditions 

(0) ( 1, 3 ) '(0) ( 1, 3 )
"(0) ( , 2 ) "'(0) ( , 2 )

y y
y y

   

   

     

   
The 

exact solution at t=1is given by 

( , ) (1 ) cos (1 )sin (2 1) (2 1) ty t t t t e            

( , ) ( 1) cos ( 1) sin (3 2 ) (3 2 ) ty t t t t e            

The results are shown in the following Table 2 and Fig. 2. 
 

Table 2: Absolute Error in Example 2 (at t = 1)
 

α 
Absolute Error 

( ; )y t   ( ; )y t   

0.0 3.706e-007 2.922e-007 
0.2 3.628e-007 3.000e-007 
0.4 3.549e-007 3.079e-007 
0.6 3.471e-007 3.157e-007 
0.8 3.392e-007 3.235e-007 
1.0 3.314e-007 3.314e-007 
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Figure 2: Solution Graph of Example 2 

 
Example 3 
Consider the system of fuzzy differential equation 

2 2 2 3 2

2 2 3 2

2 3 2 3

Y" ' ((4 5 1) , ( 4 2 2 12) ,

' " ((2 2 ) , ( 2 6) 2 2),

Y(0) ( , 3 ), '(0) (2 2 , 2 6),

(0) (0, 0) '(0) ( 1, 0), [0,1].

t t t

t t

e G e t t e

Y G e e

Y

G G t

   

   

     



       

      

      

   

 
The exact solution isgiven by 

2 2 3 2

2

( , ) (( ) , (3 ) ),

( , ) (( 1) , (1 ) ).

t tY t e e

G t t t

   

  

  

    
The results of Y are shown in the following Table 3 and 
Fig. 3. 
 

Table 3: Absolute Error in Y of Example 3 (at t = 1)
 

α 
Absolute Error 

( ; )Y t   ( ; )Y t   
0.0 2.253e-017 1.100e-005 
0.2 8.796e-007 1.097e-005 
0.4 2.052e-006 1.076e-005 
0.6 3.518e-006 1.020e-005 
0.8 5.278e-006 9.119e-006 
1.0 7.330e-006 7.330e-006 

 

 
Figure 3: Solution Graph for Y of Example 3 

 
The results of G are shown in the following Tables 4 and 
Fig. 4. 
 

 
 
 

 
Table 4: Absolute Error in G of Example 3 (at t = 1)

 
α 

Absolute Error 
( ; )G t   ( ; )G t   

0.0 1.577e-014 4.978e-006 
0.2 3.982e-007 4.965e-006 
0.4 9.292e-007 4.872e-006 
0.6 1.593e-006 4.619e-006 
0.8 2.389e-006 4.128e-006 
1.0 3.319e-006 3.319e-006 

 

 
Figure 4: Solution Graph for G of Example 3 

 
6. Conclusion 
 
In this paper, the generalized STWS method has been 
presented to solve the linear time-varying system of fuzzy 
IVPs. The effectiveness of this method has been illustrated 
via examples. From the tables, it is observed that the 
absolute error is very small. The recursive algorithm is 
easy to implement and suitable in finding solution for any 
length of time. This suggests that the generalized STWS 
technique is suitable for linear time-varying systems of 
fuzzy IVPs of any order with any number of variables.  
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