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Abstract: In the present paper, we deal with King type modification of q-Beta operators. We have studied the rate of convergence

and Voronovskaya-type asymptotic formula for these operators.
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1. Introduction

In 1987 Lupas [8] introduced a g—analogue of the Bernstein
operator and investigated its approximation and shape-
preserving properties. Subsequently, Phillips [11] proposed
another generalization of the classical Bernstein polynomials
based on g-integers and obtained the rate of convergence and
Voronovskaya-type asymptotic formula for these operators.
More results on g—Bernstein operators were obtained by
Ostrovska [9,10].

In the last decade the applications of the g—calculus in the
approximation is one of the main area of research. Some
new generalizations of the well known positive linear
operators, based on g—integers were introduced and obtained
different approximation properties by several authors.
Recently, approximation properties of the operators e.g. g—
Durrmeyer [6, 7] and g—Szasz Mirakyan operators [1, 2]
have been established.

Throughout the present papers, we consider 0 < g < 1:
Following [7] and references therein, for ¢ > 0 and each
nonnegative integer n we have
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[n],={1-¢~ 17"
n, qzla
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The g—Jackson integrals and g—improper integrals are given
by (See[ 4] and [5])

[ F(x)dx=(1-q)aY f(aq") g

n=0
and [ f)dx=(1-q) 3. 1|4 | L 450,

provided the sums converge absolutely.

The g—gamma function [3] is defined by
1

r, (1)= Iof’f xHEq (—qx)dqx, t>0,

where g—exponential function £, is defined as

0 © k
E (z):H (1+(1_q)qu):z "1 z
’ j=0 k=0 [k]q!

q|<1

Consequently,
L, (1) =[], T, (0.7, (1) =1
The g—beta function [3] is given by
w/ 4 X

B, (t.5)=K(4,1)]

|
whereK(x,t) = mx (x l;q)t (x;q)l_t.
In particular, for any positive integer n
n(n-1)
K(x,n)=q * ,K(x,0)=1
and
L (t+5s)

Very recently, a g—analogue of modified Beta operators were

introduced in [12] and studied some approximation
properties
1 X /A
Mn,q (f’x) :_Z pZ,k (X)I qkp:q],k (t)f(t)dqta
o, & 7
(1.1)
where
k(k=1)/2 o
Pl (x)=-1 , x €[0,00)

Bq (k + l,l’l) (‘x’q)n+k+l

[ k],

Lemma 1. [f we define the central moments as

m 1 . o/ 4 m
T, (x)=M,,(t"x] :W; A dpu(ordy,
q

and Bq (k+1,n)=
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then Tn,o ()C) =1 and for n>m+ 2, we have the following

recurrence relation:

([n+1], ~[m+2], ) Tyomer (42)

D a1, <1

consequently, we have

Ta(x)= -, :

X+
[n—l—l]q [n+2]q

[n+l]q(q+[3]q) 2],

T,(x)=

qz[n—l]q q[n—l]q ’
Sl [n-2], g1 [n-2],

M,,(fx)=M

qz[n—l]qx—q
[n+1]q

= [l/q[n—l]q,oo).

Lemma 2. For each X € [0,00), we have
i M,,(Lx)=1

(i) M, (t,x)=x

(iif)
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Lemma 3. For each X € [O,OO) , be Lemma [2], we have

o M,,(t-x,x)=0
(i1)

0, 3=, (1" =

where rn’q (x) =

T (x) €[0,0).

Thus x €/, ,

i, ),

qln=2[ntl], ] g2,

v
1 [n+2],

+q4[n—2]q[n—1]q [n+1] []

We establish the following direct approximation theorem for
the operators (2.1).

q [n —l]q [n - Z]q

2. Construction of the Operators

Many well-known operators preserve the linear as well as
constant functions for example Bernstein, Baskakov, Szész-
Mirakyan and Szasz-Beta operators possess these properties
i.e. L,(e; x) = efx) where e(x) = x' (i = 0; 1). To make the
convergence faster King [13] proposed an approach to
modify the classical Bernstein polynomial, so that the
sequence preserve test functions ey and e,. As the operators
M,.(f ; x) introduced in (1.1) preserve only the constant
functions so further modification of these operators is
proposed to be made so that the modified operators preserve
the constant as well as linear functions, for this purpose the
modification of M,,,(f'; x) as follows:

P, )] AL en

Theorem 1. Let f € CB (]n,q) and 0 < g <1. Then for all

x €[0,90) and for n > 2, there exist a positive constant C
such that

M,,(fx)-

Proof. Let g € C’ (

H<Cw2 1o, (x ))

) and x, f € ]n’q. By Taylor’s

n.gq
expansion we have

g(t)=g(x)+ &' (¥)(~x)+ ] (t-u)g"(u)ah,

Applying M, .

M, (g.x)-g(x)=M,, (J: (t—u)g"(u)du)

Obviously, we have

2
I (e-u) (1=
Therefore,
HA;[M (g,x)” < A;[n’q ((t —)c)2 ,x)|
using the Remark, we have

02, (f.x)|<|/]

, we get

"

du gl

4

g

14

g

=a, (x)

Thus,

M, (£ ~/1d] <L, (/-0 =) (3] +4, () ()

<|f -gl+a.(x)[e
Now taking the infimum over all Cy[0,00) and using (a)

we obtain the required result. This proves the theorem.
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3. Voronovskaja Type Theorem

. 1
il e, M, ], M
In this section we obtain a voronovskaja type result for the

operators M, . )
Lemma 4. Assume that an(O,l),qn—)lasn%OO. +[n+1] M ( ( )(t_x) ’x))
S

(%).

Then, for every X € [0,00) there hold (] + x)
lim[n+1] M, (t-xx)=0
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3.2)
Observe that 7> (x,x) =0 and 7 (.,x) € C; [0,00).
Then it follows Theorem that

11m[n +1] M,, (r(t,x)2 ,x) =7? (x,x) =0

(3.3)
uniformly with respect to X € [O, A] .

By Cauchy-Schwarz inequality, we have

Now from (3.2), (3.3) and Lemma 4 we obtain

lim[n+1], M, (r(tx)(t=x)",x)=0

n—>0

11m[n+1] ( nqn(f,x)—f(x))

n—»0
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