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Abstract: The present investigation is concern with the propagation of plane diverging shock wave using CCW* approach
simultaneously for weak and strong shock in an ideal and inviscid gas in presence of a magnetic field having: i) constant axial

H_, =constant) component only; ii) constant axial and azmuthal (H, =const=H components only and iii) constant
Z 0 %

axial and variable azmuthal (H, =r1’2HZO, H, =constant) components only. The context of first situation leads to

propagation of plane diverging hydromagnetic shock wave through uniform media; whereas the expressions derived for flow variables
corresponds to propagation of plane diverging hydromagnetic shock wave through non-uniform media. The density in the unperturbed

state has been assumed to vary as Py :p'ef’lr where o' is the density at the plane of symmetry and ‘A’ is a nondimensionalising

constant. Finally the effects of overtaking disturbances behind the flow have also been included. All the three cases have been dealt for
weak and strong magnetic field for both the shock conditionsviz, weak and strong shock.

1.Introduction
o, +uaH0 + Hga—u:O

The present work is related with the propagation of plane ot or or
shock waves through uniform and non-uniform situations oH, OH, ou
where the pressure and density ahead of the shock waves are TH,—= 0

. o ; . ot or or
variable. It is important for theories of sun spot, magnetic
fields in heating solar corona and in stability of stellar
atmospheres in magnetic fields. The use of Chisnell?
Chester’ Whitham?® approach (CCW** method) by including
the effects of overtaking disturbances behind the flow on the
motion of shocks has shown remarkable agreement with the 7 Po ,
results obtained by other methods™®. This fact has &=, is  loca  sound  speed  and
encouraged accomplishing the present investigations. EOD
behind the flow on the adiabatic motion of plane diverging
hydromagnetic shock waves have been included in CCW

procedure. Assuming an initia density distribution

Where ‘v’ is the radia co-ordinate, p, p, u, Hy and H, are
respectively, the pressure, the density, the particle velocity,
the azimuthal and axial component of magnetic field.

is the Alfven speed and * y ' is the

Po= ,0'6_}Lr , the analytical expressions for flow adisbatic index of the gas.

variables have been deduced in presence of i) constant axial, it .
ii) constant axial and constant azimuthal and iii) constant 3.Boundary Conditions:
axial and variable azimuthal magnetic field viz., (i) when the
shock isweak and (i) when it is strong.

The magneto hydromagnetic shock conditions can be written
in terms of asingle parameter ‘&’ as-

(€-1
=pof, H=Hy&, u= U

2.Basic Equations p=ro * g

| | 2¢ b
The equations governing the flow of the gas enclosed by the U 2_ 2 +—{(2—7/)§ + 7/}
shock front are: (y+)-(y-1&

2
u_ ,ou 1dp poH, And o, 250(6-) { 2 (y—l)bg(g_l)z} -2
ot or paor 2p or (r+)-(r-0¢ 4

Where the subscript ‘0’ stands for the state immediately

opP 8_,0 + 6_“ — ahead of the shock front and U is the shock velocity.

ot or P or For Weak Shock:- For very weak shock the parameter <€’ is
op op ou writtenas p/ py=&=1+¢

E + Ua—r +y DE =0 ... (1)  Where ‘e’ isanother parameter, £ << 1
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Case I:-WSWMF
For very weak magnetic field ie., bg << a§ the above

conditions (2) reduce to
p=po(l+¢),Hy=Hy L+ £),H,=H, (1+¢).

v {“@5}%, p=po(1-+72)
And
U=¢&q,
Case Il:- WSSMF
For very strong magnetic field ie., hjz >> a§ the above

conditions (2) reduce to
p=pol+e&),Hy= H90(1+ g),H,= HZO(1+ £)

U :[1+%g}bo, p=py(L+ ye)
And

u=e¢hy,
For Strong Shock:- For strong shock the p/ p, =&
isvery large, for magnetic casesit is achieved in two ways.

Caselll:-SSWMF For very weak magnetic field ie.,
b02 << a§ the above conditions (2) reduce to

p=pos,Hy=Hg e, H,=H, ¢
(f—l) P ' A2 T2 u?
u=—"—U, —=1+ +A —
7 U T lra e AR

where, ley(i) and A'= (jg 1){(}/ 1)(5—1)2—2{(2—7)&7}}

........... (5)
CaselV:-SSSMF For very strong magnetic field ie.,

bg >> a§ the above conditions (2) reduce to
P=PoS H9:H90651Hz:Hz0§

u_(f—l) P _ 2 2 U?

e U A aghy

where ZM&’] - 4 _ 2

o 2 2%{(2-7)é+7} i (7-1(e-1° {(2-7)¢+7)
............. (6)

Characteristic Equations:- The characteristics form of the
system of equations (1) is obtained by forming a linear
combination of first and third equation of system of
equations (1) inonly in (r, t) plane and can be written as

dp+uH,dH, +szdHZ+pcdu+yH§%=0 7)

In order to estimate the strength of overtaking disturbances,
an independent C characteristic is considered. The

differential equation valid across C disturbance is written

+

as
dp+uH,dH, + xH,dH, —pCdu+,uH92$:O )

r
Analytical _Relations _for
H,=H, (constant);

Assuming the medium uniform throughout and in presence
of constant axial magnetic field component only.

Flow Variables: i) {

Weak Shock Weak Magnetic Field (WSWMF):-
Substituting the shock conditions (3) into equation (7), we
get

8 (r) — k p—3(2 ﬂ )/8
pH;
7 Po

Where k' isa constant of integration and /3 =

Here equation (9), describes the free propagation.
Now Substituting the shock conditions (3) into equation (8),
we get

e (r) =k p'?

Now to include the eod behind the flow on the motion of
shock, we use the relation

U =¢a, as du=a,de +eda, e (1)

In presence of both C and C characteristics the fluid
velocity increment beFﬂ nd thé shock will berelated as
du=du, +du_, therefore, substituting the respective
results, we get

geod = g+57 pO

Here the equation (12) includes the eod behind the flow on
the motion of shock

Weak Shock Strong Magnetic Field (WSSMF):-
Substituting the shock conditions (4) into equation (7), we
get

g, =k'p" .. (13)
Wherek’ isthe constant of integration and

1 2
g

Here equation (13) describes the free propagation.
Now Substituting the shock conditions (4) into equation (8),
we get

1 ~—(1-055?)
k' pg

e (r)=

Now to include the eod behind the flow on the motion of
shock, we use the relation

u =¢h, as du=h,de + edb,
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In presence of both C+ and C characteristics the fluid
velocity increment behind the shock will be related as
du=du, +du_, therefore, substituting the respective
results, we get

Eod =E.E NPy (16)

Here the equation (16) includes the eod behind the flow on
the motion of shock.

Strong ShockWeak Magnetic Field (SSWMF):-
Substituting the shock conditions (5) into equation (7), we

get
1 02
dU2+dpO {1—Aﬁ}:o ........ (17)
PoK 7K
But for initial density distribution dp, = O, therefore,
U? (free) =k’ (constant) ......... (18)

Now substituting the shock conditions (5) into equation (8),
we get

du? {i__(é_l_)\/ZJJr—A'ﬂz +%
4 2 \¢ 4 Po

But for initial density distribution dpo = O, therefore,
U?=k’ (constant) ............... (20)

=0 (19

In presence of both C+ and C characteristics the fluid
velocity increment behind the shock will be related as
du=du, +du_, therefore, substituting the respective
results, we get

U? (eod) = k' (constant) ...... (21)

Similarly using shock conditions (6) into equations (7) and
(8), and in presence of both C+ and C characteristics the

fluid velocity increment behind the shock will be
U? (eod) = k' (constant) ...... (22)

ii) {
H,=H, (constant) and H,=H, (constant)
}

Assuming the initial density distribution as pg = P -e—ﬂr

the equilibrium state of the gasis assumed to be specified by
the condition

ﬁ_:o:u, H,=H, and H,=H, (constant)

(23)

Using equation (23) in first equation of the system of
equations (1), the hydrostatic equilibrium assumed to be
specified by the condition prevailing in front of the shock
can be written as

2

H
Y 1 H2)+ £ % =0 ()
2, OF Po T

1m,
Py OF

Using equations (23) in equation (24) and then integrating,
we get

%:K_%leogr ....... (25)
diozl(%+ﬂ,drj and OI—b‘):idr
a 2( P b 2

Weak Shock Weak Magnetic Field (WSWMF):-
Substituting the shock conditions (3) into equation (7), we
get

€+(I’) =

Where k' isa constant of integration

_(A_28° (r=2), 1
kl_(4 4K]’k2_{ 2 +4}andk_p,8k

K'py'

Here equation (26), describes the free propagation.
Now Substituting the shock conditions (3) into equation (8),
we get

} A AK
1) =k expd 2 (v logr —r) =2 r
e(r) p 4( g )4ﬂ2

. (27)

In presence of both C+ and C characteristics the fluid
velocity increment behind the _shock will be related as
du=du, +du_, therefore, subdtituting the respective
results, we get

Po e?
Here the equation (28) includes the eod behind the flow on
the motion of shock

Eepg =€, 6.

Weak Shock Strong Magnetic Field (WSSMF):-
Substituting the shock conditions (4) into equation (7), we
get

g (r)=k'r' exp{—(klr +/11—g(r logr —r)j} ... (29)

Wherek’ isthe constant of integration and
A Ak (r-2)
k = ——— k, =
4 164 4

Here equation (29) describes the free propagation. Now
Substituting the shock conditions (4) into equation (8), we

get
(-2 @ﬁ}
e(r)=k'p, 7 € ... (30)

In presence of both C+ and C characteristics the fluid
velocity increment behind the shock will be related as
du=du, +du_, therefore, substituting the respective
results, we get
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A Strong ShockWeak Magnetic Field (SSWMF):-
g =E.€.€% L (31  Substituting the shock conditions (5) into equation (7), we

Here the equation (31) includes the eod behind the flow on get

the motion of shock.

1 2 2 3
yppo(l-¢ A+
U?= k'—# logr + (A +k)r+0.25(1+k)r? Jrﬂr3 €9 i, (32)
p'B 18
Where, k' = constant of integration and In presence of both C+ and c characteristics the fluid

VBK }/ZBZK /B d 2 du=du, +du , therefore, substituting the shock

conditions (5) into equation (8) and using equation (32), we
get

" EZAA'ﬂZ 247" A B2 /U(Ij 5 [Z' (5—1)\/?] velocity increment behind the shock will be related as
= + -~ |,B=|%&X+—= [&
Y 3

Here equation (32) describes the free propagation.

‘B 1- ? : kg +ky )1
UZ:[k'W(é éj{logr+(ﬂ+kl)r+025(/1+k1) (;tJlr—Skl)ﬁHe(1 S (33)

Where, k' = constant of integration and k; :[

21A'ﬂ2+2/1;('A',82_/1;(' B _ 2 (67 [y
7B'K 7’B?K  yB') 7 2 \¢&

Here the equation (33) includes the eod behind the flow on Strong Shock Strong Magnetic Field (SSSMF):-
the motion of shock. Substituting the shock conditions (6) into equation (7), we
get

U?= klrkl{%+(/zl kklk)) (0-?;12k1/‘;k2)r2} exp{—k,r +kyr (logr 1)} ............. (34)

2 2
klzl_A, e l_;(+ ﬂ;g §K2+ /1;(AK2 = Ay A+/1;(A
2C yC  2y°C?*p%  2yCp

k4:7/p'/3’2 (l_ggz)(l_ ;(AKZJ1C:£1+(§—1)\/Z]
p'C 2yCp 4 2 S

Here equation (34) describes the free propagation. du=du, +du_, therefore, substituting the shock

Where, k' = constant of integration and

In presence of both C+ and c characteristics the fluid
velocity increment behind the shock will be related as

Dol e Ktk (A leri)krk)) {0 47—l +B))
k +k (1-k k) (2-k-k) || (35)
exp{—(k, +k,)r + (k, +k;)r (logr —1)}

;(A B Ay  Ay*AK Ay AK B A°A Ay A
Where, k' = constant of integration and k= oc 2 7/C-Jr 2/°C2 2 + 2,C' 2" ks = 2yC? +2—C'

k4:7|0'ﬂ2(1_§2){1_ zAKZJ’C.:(l_(f—l)\/ZJ
p'C 2yC'p 4 2 \¢
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Here the equation (35) includes the eod behind the flow on
the motion of shock.

i {H,=H, (constant) and H,=r"?H, 3
Assuming the initial density distribution as O :p'e‘/“ ,

the equilibrium state of the gasis assumed to be specified by
the condition

0
E;O:u, H,=H, and H,=H, (constant)
Under the above conditions the equation of pressure will be,

Po_w 352
p' 2

du=du, +du_, therefore, substituting the respective

results, we get
A
P, €

Here the equation (39) includes the eod behind the flow on
the motion of shock

Eepd =E.E_

Weak Shock Strong Magnetic _Field (WSSMF):-
Substituting the shock conditions (4) into equation (7), we
get

g+(r):k'(1+r)k1exp{ (kr T ! )J} (40)

Where k'’ isthe constant of integration and

da, 1(dp db, (2 1 [ 3(r-2) 2k 31y 1 :(SM ij
—_—[—°+/1dr]and E_{Edwmdrj k, ( ap 8F 8 2 K 2 T2

3 2( P

Weak Shock Weak Magnetic Field (WSWMF):-
Substituting the shock conditions (3) into equation (7), we

get
£.(r) = k' p* exp(kyr? -

Where k' isaconstant of integration

2
= 720 =14 B and k, = 22
2y 4 4 8K 16K

K,r ) ........ (37)

Here equation (37), describes the free propagation. Now
Substituting the shock conditions (3) into equation (8), we
get

3y

e () =k@+r)y ke 2

Where k' is aconstant of integration and

- 12-3y AK 3y
| apt 282 2

In presence of both C and C characteristics the fluid
velocity increment behind the shock will be related as

Here equation (40) describes the free propagation. Now
Substituting the shock conditions (4) into equation (8), we
get

_(r2) 2 2 2
£ =Kp, ’ epo[ﬂf +§<Jr+zf<r2H (41)

In presence of both C+ and C characteristics the fluid
velocity increment behind the shock will be related as
du=du, +du_, therefore, substituting the respective
results, we get

A
Eoq =E.6_+J(1+T) e ... (42)

Here the equation (42) includes the eod behind the flow on
the motion of shock.

Strong ShockWeak Magnetic Field (SSWMF):-
Substituting the shock conditions (5) into equation (7), we

get
H e—(k1r+0.5kzr2)

Uzz{k'—kg{r+0.5(/1+k1)r2+%r3+...

Where, k' = constant of integration and

_yp A -E)

kl_[/l;(Aﬂ NP Iy Aﬂjk:[ﬂg'A'ﬂz_ﬁA'ﬁzj

7*BK

and B= [7/ (521)\/;]

Here equation (43) describes the free propagation.

yBK  yB yBK

y’BK  yBK 2p'B

In presence of both C+ and c characteristics the fluid
velocity increment behind the shock will be related as
du=du, +du , therefore, substituting the shock
conditions (5) into equation (8) and using equation (43), we
get
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Where, k' = constant of integration and
o[ PRIRB A N (A KB N k3:37|0'ﬂ2(1—§2)
7’B?K  yB'K yB' yB'K) ? | »*B?K yB'K ) 2p'B'

o B-:(g_@ @

Here the equation (44) includes the eod behind the flow on the motion of shock.

Strong Shock Strong Magnetic Field (SSSMF):- Substituting the shock conditions (6) into equation (7), we get

Uz:[k'(1+ ry _{k6(1+r)+k7r(1+r)—k8(1+r)2+k9ﬂexp{— (1'3) +k2r} ............... (45)

2 2 2
APA | 2P AK xg_szA} - AA k=2 AK

Where, k' = constant of integration and kl:( 2C  Cy*p? _7_C 2C 2C Cy p?

) [91Ayp'ﬂ2(§2—1)_SzAKp'(l—fz)] _(37p'ﬁ2(§2—1)+91A7p'ﬂ2(§2—1)J

4p'C? 2p'C? 2o'C 4p'C?

o[22 )
_(k=A)k

ke = (Kok, — 2K, + Ak — ks )/ (L+ K, ), =)

ks = K, 1(2+k,), Ky = (K, —Kskg + Kk, — 2K, + kK ) /K,

Here equation (45) describes the free propagation.

In presence of both C+ and C characteristics the fluid velocity increment behind the shock will be related as
du=du, +du_, therefore, substituting the shock conditions (6) into equation (8) and using equation (45), we get

U= k@) ™~ {Dy (L+r)+ D7r(1+r)—D8(1+r)2+D9}}exp{— O )+D2r}

(1+r
Where, k' = constant of integration and D, =(k, +k,), D, =(K, +k,), D;=(k; +k;), D,=(k, +k,), Dy=(k, +k;)

(Dz—ﬂ,)D5
D.=(D,D,-AD,+AD,D.-D.)/(1+D,), D,=~——~>
6 ( 24 T 3-5 5) ( + 1) 7 (1+D1)

D, = D,/(2+D,), D, = (D, -D,D, +D,D, - D, + AD,D;)/ D,

= /I;(ZA+/1;(2AK_/I;(_3;(A K _/I;(ZA I = 7 AK
2C' C'y%p* yC' 2¢c') * 2c' ' ® C'y p?
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. OyAYP' B (¢7-1) 3rAKp'(1-¢7)| . 37p'ﬂ2(§2—1)+9ZA7p'ﬂ2(§2—1)
“ 4p'C? 2p'C? T 2p'C' 4p'C? ’

ce2 I

Here the equation (46) includes the eod behind the flow on U |: 3 } H 220 u U H 2
the motion of shock. —=|1+—¢, — And  —=g, '
a 4 7p a 7P
..... (49)
EOD:-

Analytical expression for Flow variables:-
The flow variables expressions in three cases can be written U |: 3 } ,UH 2

as I
) {H,=H, (constant)}, by subsiituting the o

equations (9, 12), (13, 16) in boundary conditions (3), (4) for H 2
WSWMF and WSSMF; u_ 1+ §g Az And

H,= HZO(constant) and H, = HZO(Constant)

2
}, by substituting the equations (26, 28), (29, 31), (32, 33) u M H 20
and (34, 35) respectively, in boundary conditions (3), (4), (5) = Cod\| T (50)
and (6) for WSWMF, WSSMF, SSWMF and SSSMF and a 7P

i {H,=H, (constant) and H,=r"?H,_ 3,

by subgtituting the equations (37, 39), (40, 42), (43, 44) and
(45, 46) respectively, in boundary conditions (3), (4), (5) and i) {

(6) for WSWMF, WSSMF, SSWMF and SSSMF as below- H =H (Constant) and H€=HZO(ConStant)

z 2
}
) {H,=H, (constant); WSWME(FP):,
- U +1
VlVJSWMF FP):-, . —:[1+ (7/4 )SJ, p=pPo(1+ 75,)
—:‘:1-}— (7/—'— )8+:‘s p= p0(1+ 7/‘9+) i
N 4 HZ[H (7+1)g } /&eﬂ“r And
Ol B ] [Py 2o &l 4 AP
a' 4 T\ p a "\p' u
....... “ —=¢, &)'eﬂr o (BD)
EOD:- EaOD i
U [ (y +1) } e
—=|1+ Eeod |» P=Po(1+ 7€e0d) U +1
SO ( 41) ) 0 - g: 1+ (74 )5eod , P= P+ Veoq)
+ P u /P
§:|:1+ 7/4 geod:‘ FAnd ;deod FO' g |:1+ (]/‘I‘l) mdj| poe/lr And
a' 4 \ p’
........ (48)
WSSMF (FP):- §=8eod zo e (52)
YU_:3 M o @+ re))
2 2%+ YPo P=Poli+ 72, WSSMF (FP):-
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2uH? u [k Yk, (A-kok 0.51% - Ak
Y_ 1+§g+ a 2 p=p,+ye,) —= —Izr"l—Ll —4+( = ) ( . 2)rz e
8 4 ¥ Po % \a yp' ko (1-k) (2-k)
2 /Ir
H:[l+§g+} 2HAZE U U oo u (E)u
a 4 7p' a’ a \p a’ ¢ a
2 _J
u_, [2#Hae T 1+x{1+ A'.O‘Jz}[gj
a yp (53) p' P 2p' 7 )\ & (57
EOD and pl p'=e"¢
2
U 3 .
_:[1+deod} D p=po(L+ yeyy)  SSSME(EOD): | |
£ 7 Po u_ ﬁr“ﬁki) K, +K, {ﬂ—(k2+k2)(k4+k4)}r_
U [ 3 } 2uHZ e 3 \a” k+k (1-k k)
= 1+_88)d —| And ' ‘
a 4 7P exp\/{—(k2+k2)r+(k3+k3)r(logr—1)}
= Cend . (54) U_U |p u_(£-Hu
2 7p a & p'(_:(1 a S a
SSWMF (FP):- D Dn_ [ Ap, U
u [k P02 P, 0|20 e
g= P logr +(A+k)r+0.25(1+k ) r? M réler e AN L (58)
Uu U [p u (-1 U i) {H,=H, (constant) and H,=r"?H, ;
a a Fel ! a £ a VC’JSWMF Fl(’ - )
' p2 2 > Y+ _
ﬁ.—ﬂ.llJr{Z'JrZA’B,}[HJ ....... (55) a, [:H 4 8*}’p Po(L+72,)
p' P P/ P'J\ &
and p/ p'=€"¢ g:[1+M6+} poe/erd
a' 4 \/ p'
SSWMF (EOD):- J r—
U k' 1 3 (ﬂ+|<l)3(593) (Kt )r /2
—= = 1- — 41 P?+ 2L
a \/a ,B( 5)( +B]{ogr+(/1+l<1)r+O?3§0(l/)1+k1 R rile
U (¥ +1)
U_U [P u (£-Yyu g:[lJ“}/Tgeod}p:po(lJF?/geod)
P aT foa
ao 2 U_l. 05D, poe‘Ir And
P P 2A' % (U . 4 Ceod
—=—11+ '+ =] (56) a p'
p' P P/ P'J\ & ! >
Y
and pl p'=€"¢ 5 Cend poer ........ (60)
SSSMF (FP):-
WSSMF (FP):-
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4.Results and Discussion

The expressions of flow variables for both weak and strong
shocks representing CCW description for the adiabatic
motion of hydromagnetic plane diverging shock waves

assuming an initial density distribution O =p'e‘”
given by equations (47-66). It is found analytically that the

inclusion of effects of overtaking disturbances behind the
flow on the motion of plane diverging shock in first situation

{H,=H, (constant)} is insignificant when the
shock is strong.
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