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Abstract:
In this paper, the authors extend the theory of the generalized difference operator
A; to the Generalized difference operator of the n'* kind L = {ly,l,13,...,1,} for
the positive reals l1,ls,15,...,1, and obtain some interesting results on n!* kind .
Also by defining its inverse, we establish a few formulae for the sum of third partial
sums of products of several powers of the arithmetic progressions in number theory.
Appropriate examples are provided to illustrate the results.
Keywords: Generalized difference operator; Generalized polynomial factorial;
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1 Introduction

The theory of difference equations is based on the operator A defined as

Au(k) =u(k+1) —u(k),k e N=4{0,1,2,...} (1)

Even though many authors [1 — 3] have suggested the definition of the difference
operator A as

Awu(k) = ulk +1) —u(k),l € (0,00) (2)

no significant progress took place on this line. But,in 2006 [3] ,by taking the definition
of A as given in [2], the theory of difference equations was developed in a difference
direction and many interesting results were obtained in number theory [4].

The theory was then extended for real [ € (0,00) and

A_u(k) =uln —1) — u(k)

and based on this definition they studied the qualitative properties of a particular
difference equation and no one else has handled this operator.

In this paper, we develop theory for Ay, the generalized difference operator of n th
kind and obtain some significant results, relations and formule in number theory.

Throughout this paper, we make use of the following assumptions:

1. ¢ is the positive integer and [ is a positive real,

2. [z] denotes the integer part of x,
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3. nC, = ~p Where 0! = 1,nl =1,2,... r,

4. N=1{0,1,2,...}, N(a) = {a,a+1,...}
5. L= (l,la....1)

6. 0(L) = {¢}

7. 1L) = {{Li}, {l},. .., {l}}

8. p(L) = {{l, 1o .. In}}

n

10. p(L) = U r(L),the power set of L
r=0

2 Preliminaries

In this section, we present some definitions and some results on generalized
difference operator and polynomial factorials, which will be useful for subsequent
discussion.

Definition 2.1
[4] If {u(k)},k € [0,00) be a real or complex valued function.Then for [ €

(0, 00), the generalized difference operator A; on u(k) is defined as
Aju(k) = u(k +1) — u(k) (3)
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Definition 2.2
The generalized difference operator of the nth kind for the function u(k), k €
[0,00), denoted by Ay, is defined as

Apu(k) =Y (=)™ Y ow (k: +) z) (4)
)

r=0 Acp=Ur(L leA

Definition 2.3
[5] Let n be a positive integer and [ € (0,00) Then generalized positive

polynomial factorial for k is defined as
k'=k(k—=0)k-=20)...(k—(n—1)1) (5)

When I =1kt =k(k—1)(k—2)...(k—(n—1)) = k™
Definition 2.4

If I € 0,00 and n € N(1), then the inverse operator is such an operator Afl
that if

Ay(z(k)) = u(k), thenz(k) = AV (u(k)) + a; (6)

where a; is constant.
Definition 2.5
[8] The inverse of the generalized difference operator denoted by A7 on u(k)

is defined as, if Apv(k) = u(k), then

) - o i
A7 u(k)—i—a(n—l)j m +a(n-2); (n—2)!l(”—2) +.. . tay e +agp;,
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where a; is a constant.
Remark 2.4
[8] For n € N(1), if s and S!* are the striling numbers of the first and second kinds

respectively, then

(B) =" stk k= Zs (8)

3 Main results

In this section, we derive the formula for the sum of general partial sums of
products of several powers of consecutive terms of an arithmetic progression.
Theorem 3.1

If pe N(2),l € (0, oo) and k € (pl, 00), then

-1 Tl

~1
ALY u(k) = Z Z S ulk =yl =yl — =)
rp=2rp_1=1 r1=0
n—times
(p—1) (p—2) (1)
gy [ — ) v () & Fay (B0) a9
(p—1)J (p— DUE-D (p—2)j (p — 2)UE-2) e U\ 05>
k
where r) = {7} Tpi = r;_(i_l) Tp—(i-1), fori =1,2,... ,p—T1and ¢y, c1j, ..., Cp-1);

k
are constants for all k£ € Ny(j),j =k — [7] [ and when p =1,
1 k
A u(k) = Z_:l 7 u(k —rl) + ag;.
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Proof.
Since
k L k
I 1" z
A S ulk—=rl) p = ulk+1—rl)— > ulk —rl) =u(k),
r=1 r=1 r=1
by definition 2.4, we obtain
k
l
> ulk —rl) = A7 u(k) + ag;. (10)

r=1
Since A;ll = At (Al_l), by taking A; ! on both sides of (9) and again applying (9),

we get

-

k
Z Z u(k: — Tgl — Tll) + —aij + Qp; = A;fu(k:)

ro=2 r1=0 [

Proceeding like this way and using the relation A;;; ;= AJA; ... Ay, we get

) B
Al(,l,.l.?,l uk)= > > ... > u(k— rpl — 1Tyl — .. — r1l)
~—— rp=2rp_1=1 r1=0

p—times

B K e
+ A(p—1)j5 —(p — 1)'1(1)71) + A(p—2)j —(p — 2)'1(1’72) + ...+ 37 T + oy,
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Lemma 3.2
If p, q are positive integers, [ is a real and p > ¢l, then

(k=(@-DD)1=(p-1F~-(p-2))"+...+ (1) k" = ! i Sﬁlq‘rk‘l(”l,_ b

D=1 ol
(g+2p—1)
M
(-1) ¢ " kP
A — k — p—times 3 )
LT g+ 1) (g +2). .. (g +2p — 1)12p—1 T (p — )lE-1)

P2 Ag)
tagoao; | — |+ a2 |+ ag (11)
o2 | e | T T\ T e

q
(@) _ 1 q19—r A (1) (r)
kY=o SN R (12)
r=1 N ,
(p—1)—times p—times

Theorem 3.3

If p, q are positive integers, [ is a real and p > ql, then

]{(‘1”1"*1)
0L ...l
T;; T;il % (k l l l)(m) p—times
e — Tpb — Tp_ —...—T =
rp=2rp_1=1 r1=0 p p—1 1)1 p(q + 1)(q + 2) — (q n 2p — 1)l2p_1
kl(p_l) kl(p—Q) kl(l)
+ ap-1); (p — 1)l + a(p-2); m +...+ay e + ag,

where a;;’s are obtained by solving p equations by putting &k = (m + a)l + j for
a=p—1,pp+1,...,2p—2.

Proof:
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The following theorem gives the formula for the sum of (n — 1) times partial

sums (ie., partial sums of partial sums of partial sums of) for products of x!",

(p—1)—times

(1=1,2,...,q) powers of g- consecutive terms k™ (k — [)*>...(k — (¢ — 1){)™ of an
k
arithmetic progression k., k —1[,...,j, where j = k — {7} l.
Theorem 3.4
Let St be the strilings number of the second kind, x1, 2o, ..., z, are positive

integers and k € [ X, + j,00), where X,. Then,

Tp Tp-1 i m

S5O S Tk =gl =1yl — . = )P

Tp:27‘p71:1 r1=0 [t=1
xro T3 Tqg  Tm—y s T2 x3 Iq . .
SIS o A
11=012=0 1g—1=0 r=

31 (2] tm—1

4 P o k;(”n) kY
< (_(m . 1))zm715’rm > S(l)xq*(TJF”)n— + A(p—1)j ((p . ll)[l(pfl)
H (r+1) '

=1

k.l(P*Q) kl(l)
+ CL(p 2)j W + ...+ ayj T + ap; (13)

where > i = i1 + i3 + ...,i;—1 and the constants Cn—1)j> C(n—2)js - - - » CoJ are given

by solving the n equations obtained by putting & = (p, + a)l + j for
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a=n—1nn+1,...,2n—2
Proof:
From the binomial Theorem and (9), we find

ko (k= 12 (k= (m = 1)1

T2 T3 Tq Tm—y,is | To X3 Zq
=22 22
i1=042=0  i4_1=0 r=1 ) ) )
(31 (2] tm—1
_q\il(__oViz _ 1 VVim—1 QZm—Yis (\Zg—r _ 7.(7)
X (=) (=2)2...(=(m—1)) S (1) k. (14)

Now, applying the inverse operator of the nth kind and making the substitution
k=(P,+a)l+jfora=n—1nn+1,...,2n—2in (15), we obtain the required
result.

The following corollary shows the formula for the sum of partial sums for
products of the p!* powers of m - consecutive terms k%t (k —1)*2 ..., (k — (m — 1)])*"
of the arithmetic progression k,k —1,...,j, where j = k — {?} [.

Corollary 3.5

If P,> is,S" k and [ are as in Theorem 3.4, then

L

DY {ﬁ(k—rzl—rll—(t—l)l)pt

ro=2 1r1=0 t=1

T2 T3 Tq xm_zis ) xT3 C(,’q
11=012=0 ig—1=0 r=1 . . .
(3] (2] Tm—1
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X (—1)"(=2)" L (= (m 1)) S () e () r+1)(r+2) 1

+ ao;,

(15)
where agj, aij, and ag; are constants obtained by solving the two simultaneous
equations obtained by substituting k = (p,, + a)l + j
Proof:

The proof follows by putting n = 2 in theorem 3.4

The following corollary putting n = 3 in theorem 3.4
Corollary 3.6

If P,,> is,S", kandl are as in theorem 3.4,then

BBl

D> {H(k—rﬂ—m—@—m)m

r3=2 1ro=1 r1=0

o xs3 Tq xm_zis ) ZT3 CL’q
11=012=0 1g—1=0 r=1 . . .
1 12 tm—1

kl(r+3)

i1(__9\i2 —(m — 1))im—1 T = bs (P\zg—(r+2

(Igjk? aljk
2112 [

+ + agpy, (16)

where cy;, aij, and ag; are constants obtained by solving the two simultaneous

equations obtained by substituting k = (p,, + a)l + j
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4 Applications

In this section, we present some examples to illustrate the main results. The
following example is an illustration of corollary 3.5.
Example 4.1

The sum of partial sums of products of first, second and third powers of three

k
consecutive terms (k(k —1)%(k — 20)3) of AP. k,k —1,...,j where j = k — {7] [ is

given by

561l2 [k — (31 + )] } [kl(7)—(3l+j)z(7)]

+3 [k:l(ﬁ) (31 + 5)§ ] + 110 [k:( )~ (3l+j)z(5)}

3—t

Z(3l+j—tl—sl)(3[+j—l—tl—sl)2(3l+j—21—tl—sl)3

2
( 3l+] ) {8225:1(3l+j—8l)(2l+j—51)2(l+j—sl)3}
e
Ll

. 1 . .
4l +H® — (31 +])§8)} + o [(4l+j)l(7) - (3l+])l(7)}}

(4l + ) — (31 + ) )]+1io[(4z+j) — (31 + 5)! )}}

Solution:

By taking 1 = 1,29 = 2,23 = 3,n = 2, m = 3 in corollary 3.5, we find
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Ik k

/{5(8) k(7) k‘(G)
= 1 + L L + a1j7+a0j (17)

5612 6l + 3 10

Putting k = (3l + j) and k = (41 + j) in (17), we get

3 3—t

SN (Bl 4G —t =Bl 4§ — 1 —tl — sl)*(31 + j — 21 — tl — sl)?
t=2 s=0
3L+ )Y BT BN 1B+ )Y 8L+
_ 56;)1 +( 6lj)l +< 3])1 +< 10])z a; lj+a0j (18)
4 4-t
SO (Al G —t = )AL 4§ — 1=t — s)*(4] + 5 — 21 — ] — sl)?
t=2s=0
CE RN/ €T ) N (C el ) O BT
5612 6l 3 0 T T

Hence, ag; and a;; are obtained by solving (18) and (19). Now the proof follows by
substituting the values of ap; and ay; in (17).
ap; =0, a;; =0
In particular, taking k = 20 and [ = 4, we obtain
5 5-t

S S7(20 — H — s1)(20 — 1 — t] — s1)2(20 — 20 — ¢1 — sI)?

= [(12)(8)%(4)%] = 49152

20® 20" 20! . 200 20 .
5612 6l 3 0 Y

_ % [20(16)(12)(8)(4)] = 49152

Volume 9 Issue 8, August 2020
Www.ijsr.net
Licensed Under Creative Commons Attribution CC BY
Paper ID: SR20717140744 DOI: 10.21275/SR20717140744 1981



International Journal of Science and Research (IJSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2019): 7.583

5 References

[1] R. P Agarwal, Difference Equations and Inequalities, Marcel Dekker, New York,
2000.

[2] M. Maria Susai Manuel, G. Britto Antony Xavier, E. Thandapani, Theory of
generalized difference operator and its applications, Far East J. Math. Sci. 20(2)
(2006), 163171.

[3] M. Maria Susai Manuel, G. Britto Antony Xavier, E. Thandapani, Qualitative
properties of solutions of certain class of difference equations, Far East J. Math. Sci.
23 (3) (2006), 295304.

[4] M. Maria Susai Manuel, G. Britto Antony Xavier, E. Thandapani, Generalized
Bernoulli polynomials through weighted pochhammer symbols, Far East J. Appl.
Math. 26 (3) (2007), 321333.

[5] M. Maria Susai Manuel, A. George Maria Selvam, G. Britto Antony Xavier,
Rotatory and boundedness of solutions of certain class of difference equations, Int.
J. Pure Appl. Math. 33(3) (2006), 333343.

[6] M. Maria Susai Manuel, G. Britto Antony Xavier, Recessive, dominant and
spiral behaviours of solutions of certain class of generalized difference equations, Int.
J. Differ. Equ. Appl. 10(4) (2007), 423433.

[7] M. Maria Susai Manuel, G. Britto Antony Xavier, V. Chandrasekar,
Generalized difference operator of the second kind and its application to number

Volume 9 Issue 8, August 2020

Www.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR20717140744 DOI: 10.21275/SR20717140744 1982



International Journal of Science and Research (IJSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2019): 7.583

theory, Int. J. Pure Appl. Math. 47(1) (2008), 127140.

[8] M. Maria Susai Manuel, G. Britto Antony Xavier, V. Chandrasekar, R.
Pugalarasu, S. Elizabeth, On generalized difference operator of third kind and its
applications in number theory, Int. J. Pure Appl. Math. 53(1), (2009), 6981.

[9] R. E. Mickens, Difference Equations, Van Nostrand Reinhold Company, New
York, 1990.

[10] S. N. Elaydi, An Introduction to Difference Equations, 2nd ed., Springer,

1999.

Volume 9 Issue 8, August 2020
Www.ijsr.net
Licensed Under Creative Commons Attribution CC BY
Paper ID: SR20717140744 DOI: 10.21275/SR20717140744 1983



	Introduction
	Preliminaries
	Main results
	Applications
	References



