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1. Introduction 
 

In 1963, Gahler [4] introduced the concept of 2 –metric 

spaces. In 2 –metric space d(x, y, z) is to be taken as the area 

of triangle with vertices x, y and z in R
2
. In 1992, Dhage [3] 

introduced the concept of D-metric space. The central 

concept of D-metric space is different from 2 –metric 

spaces. Geometrically a D- metric D9x, y, z) represents the 

perimeter of the triangle with vertices x, y and z in R
2
. 

However, Recently in 2005,Mustafa et. Al.[11]introduced 

the concept of generalized metric space called G –metric 

space which claims most concerning the fundamental 

topological structure of D –metric space that are incorrect. 

 

To eastablish our main result we need the following 

definitions : 

 

2. Preliminaries  
 

Definition 2.1([11]) :   Let X be a nonempty set and G : X 

XX → 𝑅+, be a function satisfying the following 

properties : 

(G1)  G(x, y, z)  = 0, if x = y = z, 

(G2)  0 < G(x, x, y)  for all x, y  X with x  y, 

(G3)  G(x, x, y) ≤  G(x, y, z)  for all x, y, z  X with z  y, 

(G4)  G(x, y, z)  = G(x, z, y) =  G(y, z, x)  =  .  .  . (symmetry 

in all three variables) 

(G5)  G(x, y, z) ≤  G(x, a, a) + G(a, y, z),  for all x, y, z, a X 

(rectangle inequality) 

 

Then the function G is called a generalized metric or, more 

specifically a G – metric on X and the pair (X, G) is called a 

G –metric space. (throughout  in this paper we denote R
+
 the 

set of all positive real numbers and N the set of all natural 

numbers) 

 

Definition 2.2([11]) : Let (X, G) be a G –metric space and 

{xn} be a sequence in X. A point x X is said to be the limit 

of the sequence {xn} if lim𝑛 ,𝑚  → ∞𝐺(𝑥𝑛  , 𝑥𝑚 , 𝑥) = 0 and the 

sequence {xn} is said to be G-convergent to x X. 

 

Proposition 1 ([11]) : Let (X, G) be a G-metric space. Then 

the following are equivalent: 

(i) {xn} is G-convergent to x. 

(ii) G(𝑥𝑛  , 𝑥𝑛 ,, 𝑥)→ 0, as n → ∞ 

(iii) G(𝑥𝑛  , 𝑥, 𝑥) → 0, as n → ∞ 

(iv) G(𝑥𝑛  , 𝑥𝑚 ,, 𝑥) → 0, as n, m → ∞ 

 

Definition 2.3([11]) : Let (X, G) be a G –metric space. 

Asequence {xn} is called a G-Cauchy sequence if given > 

0, there is N N, such that G(𝑥𝑛  , 𝑥𝑚 ,, 𝑥𝑙  ) < for all n. m, l ≥ 

N. 

 

Proposition 2([11]) : Let (X, G) be a G-metric space. Then 

the following are equivalent: 

(i) The sequence {xn} is a G-Cauchy. 

(ii) For every > 0, there exists an N N, such that 

G(𝑥𝑛  , 𝑥𝑚 ,, 𝑥𝑚  ) < for all n. m ≥ N. 

 

Definition 2.4([11]):  Let (X, G) and (𝑋 ,, 𝐺 ,)be two G –

metric space and let f : (X, G) → (𝑋 ,, 𝐺 ,) be a function. Then 

f is said to be G – continuous at a point a  Xif and only if 

given  > 0 there exists a δ > 0 such that for x, y  X and 

G(a, x, y) <  δ implies that 𝐺 ,(f(a), f(x), f(y)) <. A function f 

is G-continuous on X if and only if it is G –continuous at all 

a  X 

 

Proposition 3([11]) :Let (X, G) and (𝑋 ,, 𝐺 ,)be two G –

metric space then a function f : (X, G) → (𝑋 ,, 𝐺 ,) is G-

continuous at x  X if and only if it is G-sequentially 

continuous at x ; that is, whenever {xn} is G-convergent to x 

we have {f(xn)} is G- convergent to f(x). 

 

Proposition 4([11]) :Let (X, G)be a G –metric space. Then 

the function G(x, y, z) is jointly continuous in all three of its 

variables. 

 

Definition 2.5([11]): A G-metric space (X, G) is said to be 

G-complete (or complete G-metric) if every G-Cauchy 

sequence in (X, G) is G-convergent in (X, G). 

 

Definition 2.6 ([11]): A G-metric space (X, G) is called 

symmetric G-metric space if  

G(x, y, y)  = G(y, x, x) for all x, y  X. 

 

Definition 2.7 ([11]): Let (X, G) be a G-metric space and T 

be a self mapping on X. Then f is expansive mapping if 

there exists a constant a > 1 such that for all x, y, z  X, we 

have  
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G(Tx, fy, fy) ≥  aG(x, y, z). 

 

3. Main Results 
 

Theorem 3.1 :Let (X G) bea complete G-metric space and 

let T : X →  X be a surjective mapping. If there exists non-

negative reals𝑎1, 𝑎2,  . . . 𝑎7 with 𝑎1 + 𝑎3 +  𝑎5> 0,𝑎2< 1  

and 

𝑎1 +  𝑎2 + 𝑎3 + 𝑎4 +  𝑎5 +  𝑎6 + 𝑎7> 1, such that 

(3.1.1)    G
2
(Tx, Ty, Tz)   

≥ 𝑎1𝐺
2(𝑥, 𝑦, 𝑧) + 𝑎2𝐺

2 𝑥, 𝑇𝑥, 𝑇𝑧  +  𝑎3𝐺
2(𝑦, 𝑇𝑦, 𝑧) 

+ 𝑎4𝐺 𝑥, 𝑇𝑥, 𝑇𝑧 . 𝐺(𝑥, 𝑦, 𝑧)+ 𝑎5𝐺 𝑦, 𝑇𝑦, 𝑧 . 𝐺(𝑥, 𝑦, 𝑧) 

+ 𝑎6𝐺 𝑥, 𝑇𝑥, 𝑇𝑧 . 𝐺(𝑦, 𝑇𝑦, 𝑧)𝑎7𝐺 𝑇𝑥, 𝑇𝑦, 𝑇𝑧 . 𝐺(𝑥, 𝑦, 𝑧) 

for all x, y, z  X with x  y   z then T has a unique fixed 

point. 

 

Proof 

Let 𝑥0X, since T is surjective there exists 𝑥1𝑇−1(𝑥0). 

Continuing in this way, we get a sequence {𝑥𝑛}, where 

𝑥𝑛𝑇−1(𝑥𝑛−1). 

 

If,  𝑥𝑛  = 𝑥𝑛−1 for some n, then we get 𝑥𝑛  as a fixed point of 

T. 

 

Hence, without loss of generality we may assume that  

𝑥𝑛𝑥𝑛−1 for every n  N. 

 

From (3.1.1) we have, 

G
2
 (𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛 )   =  G

2
 (T𝑥𝑛 , T𝑥𝑛 , T𝑥𝑛+1) 

≥   𝑎1𝐺
2(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) + 𝑎2𝐺

2 𝑥𝑛 , 𝑇𝑥𝑛 , 𝑇𝑥𝑛+1  +  

𝑎3𝐺
2(𝑥𝑛 , 𝑇𝑥𝑛 , 𝑥𝑛+1) 

+ 𝑎4𝐺 𝑥𝑛 , 𝑇𝑥𝑛 , 𝑇𝑥𝑛+1 . 𝐺(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) 

+𝑎5𝐺 𝑥𝑛 , 𝑇𝑥𝑛 , 𝑥𝑛+1 . 𝐺(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) 

+ 𝑎6𝐺 𝑥𝑛 , 𝑇𝑥𝑛 , 𝑇𝑥𝑛+1 . 𝐺(𝑥𝑛 , 𝑇𝑥𝑛 , 𝑥𝑛+1) + 

𝑎7𝐺 𝑇𝑥𝑛 , 𝑇𝑥𝑛 , 𝑇𝑥𝑛+1 . 𝐺(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) 

=   𝑎1𝐺
2(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) + 𝑎2𝐺

2 𝑥𝑛 , 𝑥𝑛−1 , 𝑥𝑛  +  

𝑎3𝐺
2(𝑥𝑛 , 𝑥𝑛−1, 𝑥𝑛+1) 

+ 𝑎4𝐺 𝑥𝑛 , 𝑥𝑛−1, 𝑥𝑛 . 𝐺(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) 

+𝑎5𝐺 𝑥𝑛 , 𝑥𝑛−1, 𝑥𝑛+1 . 𝐺(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) 

+ 𝑎6𝐺 𝑥𝑛 , 𝑥𝑛−1, 𝑥𝑛 . 𝐺(𝑥𝑛 , 𝑥𝑛−1, 𝑥𝑛+1) + 

𝑎7𝐺 𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛 . 𝐺(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1) 

 Thus,  

(𝑎1 +  𝑎2 +  𝑎3)G
2
 (𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛 ) + (𝑎4 +  𝑎6 +  𝑎7)G(𝑥𝑛−1, 

𝑥𝑛 , 𝑥𝑛−1)G (𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛 ) 

(1 𝑎2)G
2
(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛 )  ≤  0 

Or,  

(3.1.2)     (𝑎1 +  𝑎2 + 𝑎3)t
2
 + (𝑎4 + 𝑎6 +  𝑎7)𝑡(1 𝑎2)≤  

0,  where  

(3.1.3)      t  =
G(𝑥𝑛 ,𝑥𝑛+1 ,𝑥𝑛 )

G(𝑥𝑛−1 ,𝑥𝑛 ,𝑥𝑛−1) 
 

 Let g : [0, ∞) → R be the function 

(3.1.4)     g(t)  =  (𝑎1 +  𝑎2 +  𝑎3)t
2
 + (𝑎4 +  𝑎6 + 𝑎7)𝑡(1 

𝑎2) 

 

Then by the hypothesis,      

g(0) =  𝑎2 1 < 0   and   g(1) = 𝑎1 + 𝑎2 + 𝑎3 +  𝑎4 + 𝑎5 +
 𝑎6 + 𝑎7 1 > 0. 

 

Let  k (0, 1) be the root of the equation g(t)  = 0. 

 

Then,  g(t)  ≤  0  for   t ≤  k and therefore 

G(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛 ) ≤  kG(𝑥𝑛1, 𝑥𝑛 , 𝑥𝑛1) 

≤  k
2
G(𝑥𝑛2, 𝑥𝑛1, 𝑥𝑛2)   

≤  …     …      … 

≤  k
n
G(𝑥0, 𝑥1, 𝑥0) 

 

Then for all n, m  N, m > n, we have 

G(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛 ) ≤ G(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+1) + G(𝑥𝑛+1, 𝑥𝑛+2, 

𝑥𝑛+2)+  .  .  .+ G(𝑥𝑚−1, 𝑥𝑚 , 𝑥𝑚 ) 

≤  [k
n
+ k

n+1
 +k

n+2
  +  .  .  . + k

m-1
 ]G(𝑥0, 𝑥1, 𝑥1) 

≤   
kn

1−𝑘
G(𝑥0, 𝑥1, 𝑥1) 

 

So, G 𝑥𝑚 , 𝑥𝑛 , 𝑥𝑛 → 0 as n, m → ∞ and hence {𝑥𝑛} is a G-

Cauchy sequence. 

Hence, by the G- completeness of (X, G) there exists u  X 

such that {𝑥𝑛 } is G-converges to u.   

Let 𝑦𝑇−1(𝑢), for n such that 𝑥𝑛 u, we have 

G
2
(𝑥𝑛 , u ,u)  =  G

2
(T𝑥𝑛+1 , 𝑇𝑦, 𝑇𝑦) 

≥  𝑎1𝐺
2(𝑥𝑛+1 , 𝑦, 𝑦) + 𝑎2𝐺

2 𝑥𝑛+1, 𝑇𝑥𝑛+1 ,𝑇𝑦  +  

𝑎3𝐺
2(𝑦, 𝑇𝑦, 𝑦) 

+ 𝑎4𝐺 𝑥𝑛+1, 𝑇𝑥𝑛+1, 𝑇𝑦 . 𝐺(𝑥𝑛+1, 𝑦, 𝑦) 

+𝑎5𝐺 𝑦, 𝑇𝑦, 𝑦 . 𝐺(𝑥𝑛+1, 𝑦, 𝑦) 

+ 𝑎6𝐺 𝑥𝑛+1, 𝑇𝑥𝑛+1, 𝑇𝑦 . 𝐺 𝑦, 𝑇𝑦, 𝑦 𝑎7𝐺 𝑇𝑥𝑛+1, 𝑇𝑦, 𝑇𝑦 . 
𝐺(𝑥𝑛+1, 𝑦, 𝑦) 

=  𝑎1𝐺
2(𝑥𝑛+1, 𝑦, 𝑦) + 𝑎2𝐺

2 𝑥𝑛+1, 𝑥𝑛 , 𝑇𝑦  +  𝑎3𝐺
2(𝑦, 𝑇𝑦, 𝑦) 

+ 𝑎4𝐺 𝑥𝑛+1, 𝑥𝑛 , 𝑇𝑦 . 𝐺(𝑥𝑛+1, 𝑦, 𝑦) 

+𝑎5𝐺 𝑦, 𝑇𝑦, 𝑦 . 𝐺(𝑥𝑛+1, 𝑦, 𝑦) 

+ 

𝑎6𝐺 𝑥𝑛+1, 𝑥𝑛 , 𝑇𝑦 . 𝐺(𝑦, 𝑇𝑦, 𝑦)𝑎7𝐺 𝑥𝑛 , 𝑇𝑦, 𝑇𝑦 . 𝐺(𝑥𝑛+1, 𝑦, 𝑦) 

 

On taking limit n → ∞, we get 

0 = G
2
(𝑢, u ,u)  ≥   𝑎1𝐺

2(𝑢, 𝑦, 𝑦) + 𝑎2𝐺
2 𝑢, 𝑢, 𝑢  +  

𝑎3𝐺
2(𝑦, 𝑢, 𝑦) 

+ 𝑎4𝐺 𝑢, 𝑢, 𝑢 . 𝐺(𝑢, 𝑦, 𝑦) +𝑎5𝐺 𝑦, 𝑢, 𝑦 . 𝐺(𝑢, 𝑦, 𝑦) 

+ 𝑎6𝐺 𝑢, 𝑢, 𝑢 . 𝐺(𝑦, 𝑢, 𝑦)𝑎7𝐺 𝑢, 𝑢, 𝑢 . 𝐺(𝑢, 𝑦, 𝑦) 

=  (𝑎1 + 𝑎3 + 𝑎5)𝐺2(𝑦, 𝑢, 𝑦) 

Since,  𝑎1 + 𝑎3 +  𝑎5> 0, therefore u = y = Tu. 

 

Thus, u is a fixed point of T. 

 

To prove the uniqueness, let v be an another fixed point of T 

, i.e. Tv = v,  

 

Then from (3.1.1), we have  

G
2
(u, u, v)  =  G

2
(Tu, Tu, Tv) 

≥  𝑎1𝐺
2(𝑢, 𝑢, 𝑣) + 𝑎2𝐺

2 𝑢, 𝑇𝑢, 𝑇𝑣  +  𝑎3𝐺
2(𝑢, 𝑇𝑢, 𝑣) 

+ 𝑎4𝐺 𝑢, 𝑇𝑢, 𝑇𝑣 . 𝐺(𝑢, 𝑢, 𝑣) +𝑎5𝐺 𝑢, 𝑇𝑢, 𝑣 . 𝐺(𝑢, 𝑢, 𝑣) 

+ 𝑎6𝐺 𝑢, 𝑇𝑢, 𝑇𝑣 . 𝐺(𝑢, 𝑇𝑢, 𝑣)+𝑎7𝐺 𝑇𝑢, 𝑇𝑢, 𝑇𝑣 . 𝐺(𝑢, 𝑢, 𝑣) 

=  𝑎1𝐺
2(𝑢, 𝑢, 𝑣) + 𝑎2𝐺

2 𝑢, 𝑢,𝑣  +  𝑎3𝐺
2(𝑢, 𝑢, 𝑣) 

+ 𝑎4𝐺 𝑢, 𝑢, 𝑣 . 𝐺(𝑢, 𝑢, 𝑣) +𝑎5𝐺 𝑢, 𝑢, 𝑣 . 𝐺(𝑢, 𝑢, 𝑣) 

+ 𝑎6𝐺 𝑢, 𝑢, 𝑣 . 𝐺(𝑢, 𝑢, 𝑣) + 𝑎7𝐺 𝑢, 𝑢, 𝑣 . 𝐺(𝑢, 𝑢, 𝑣) 

G
2
(u, u, v)  ≥  (𝑎1 +  𝑎2 + 𝑎3 + 𝑎4 +  𝑎5 +  𝑎6 +

 𝑎7) 𝐺 𝑢, 𝑢, 𝑣  

Which is a contradiction, since 𝑎1 + 𝑎2 +  𝑎3 +  𝑎4 + 𝑎5 +
 𝑎6 + 𝑎7> 1. 

Thus, u = v. 

Hence, T has a unique fixed point. 
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