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Abstract: In this paper we obtain a result on fixed points for expansivetype mappings in G — metric spaces.Our result includes several
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1. Introduction

In 1963, Gahler [4] introduced the concept of 2 —metric
spaces. In 2 —metric space d(x, Y, z) is to be taken as the area
of triangle with vertices x, y and z in R®. In 1992, Dhage [3]
introduced the concept of D-metric space. The central
concept of D-metric space is different from 2 —metric
spaces. Geometrically a D- metric D9x, y, z) represents the
perimeter of the triangle with vertices x, y and z in R
However, Recently in 2005,Mustafa et. Al.[11]introduced
the concept of generalized metric space called G —metric
space which claims most concerning the fundamental
topological structure of D —metric space that are incorrect.

To eastablish our main result we need the following
definitions :

2. Preliminaries

Definition 2.1([11]) : Let X be a nonempty set and G : X
xXxX — R*, be a function satisfying the following
properties :

(Gy) G(x,y,2) =0,ifx=y=2,

(Gy) 0<G(X,%,y) forall X,y e Xwithx =y,

(G3) G(x,X,y)< G(x,y,2) forallx,y,z e Xwithz=y,
(Gy) G(X,¥,2) =G(X,2,¥)= G(Y,z,X) = . . .(symmetry
in all three variables)

(Gs) G(X,¥,2) < G(x,a,a) +G(a, Y, 2), forall x,y,z,ae X
(rectangle inequality)

Then the function G is called a generalized metric or, more
specifically a G — metric on X and the pair (X, G) is called a
G —metric space. (throughout in this paper we denote R* the
set of all positive real numbers and N the set of all natural
numbers)

Definition 2.2([11]) : Let (X, G) be a G —metric space and
{x,} be a sequence in X. A point x X is said to be the limit
of the sequence {X.} if lim,,,, ., G (x,,x,,x) = 0 and the
sequence {x,} is said to be G-convergent to x eX.

Proposition 1 ([11]) : Let (X, G) be a G-metric space. Then
the following are equivalent:

(i)  {xn} is G-convergent to x.

(i) G(x,,x,,x)—0,asn— 0

(iii) G(x,,x,x) > 0,asn— o0
(iv) G(x,,xp,x) —0,asn,m—

Definition 2.3([11]) : Let (X, G) be a G —metric space.
Asequence {x,} is called a G-Cauchy sequence if given &>
0, there is N €N, such that G(x,, , x,,, ,x; ) <¢ foralln. m, 1 >
N.

Proposition 2([11]) : Let (X, G) be a G-metric space. Then

the following are equivalent:

(i) The sequence {x,} is a G-Cauchy.

(i) For every &> 0, there exists an N €N, such that
G(x , X Xy ) <€ for alln. m>N.

Definition 2.4([11]): Let (X, G) and (X', G’)be two G —
metric space and let f: (X, G) — (X*, G*) be a function. Then
f is said to be G — continuous at a point a € Xif and only if
given &> 0 there exists a 6 > 0 such that for x, y € X and
G(a, x, y) < & implies that G*(f(a), f(x), f(y)) <e. A function f
is G-continuous on X if and only if it is G —continuous at all
aeX

Proposition 3([11]) :Let (X, G) and (X’, G’)be two G —
metric space then a function f : (X, G) — (X', &) is G-
continuous at x e X if and only if it is G-sequentially
continuous at X ; that is, whenever {x,} is G-convergent to x
we have {f(x,)} is G- convergent to f(x).

Proposition 4([11]) :Let (X, G)be a G —metric space. Then
the function G(X, y, z) is jointly continuous in all three of its
variables.

Definition 2.5([11]): A G-metric space (X, G) is said to be
G-complete (or complete G-metric) if every G-Cauchy
sequence in (X, G) is G-convergent in (X, G).

Definition 2.6 ([11]): A G-metric space (X, G) is called
symmetric G-metric space if
G(X, ¥, Y) =G(y, x,x) forall x,y € X.

Definition 2.7 ([11]): Let (X, G) be a G-metric space and T
be a self mapping on X. Then f is expansive mapping if
there exists a constant a > 1 such that for all X, y, z € X, we
have
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G(Tx, fy, fy) > aG(x, y, z).
3. Main Results

Theorem 3.1 :Let (X G) bea complete G-metric space and
let T : X — X be a surjective mapping. If there exists non-
negative realsa;, a,, ... a; with a; + a3 + as> 0,a,< 1
and

a;+ a, + a3 + a4 + as + ag + a;> 1, such that

(3.1.1) G*Tx, Ty, Tz)

>a,G%(x,y,2) + ayG*(x,Tx,Tz) + a3G*(y, Ty, z)
+a4G(x,Tx,Tz).G(x,y,2)* asG(y, Ty, z).G(x,y,2)
+a¢G(x,Tx,Tz).G(y,Ty,z)a;G(Tx, Ty, Tz).G(x,y,z)
forall x,y,z e X withx =y = zthen T has a unique fixed
point.

Proof

Let x,eX, since T is surjective there exists x; €T ~1(x,).
Continuing in this way, we get a sequence {x,}, where
anT_l(xn—l)-

If, x, =x,_4 for some n, then we get x, as a fixed point of
T.

Hence, without loss of generality we may assume that
X, #x,_1 foreveryn e N.

From (3.1.1) we have,

G2 (xn—ll Xn—1> xn) = Gz (Txm Txnl Txn+l)

2 ale(xn'xnﬁxn+1) + aZGz(xn'Txn'Txn+1) +
a3Gz(xn'Txn'xn+1)

+ a4G(xn'Txn'Txn+1)- G(xn'xn:xn+1)
+aSG(xn'Txnﬂxn+1)-G(xn'xnﬂxn+l)

+ a6G(xanxanxn+1)- G(xn' Txn'xn+1) +
a7G(Txn'Txn'Txn+1)-G(xn'xn'xn+l)

= alaz(xnﬂxnﬂxrwl) + aZGz(xn:xn—lixn) +
a3G2(xn'xn—1ﬁxn+1)

+ a4G(xnvxn—1'xn)- G(xnvxn'xn+l)
+a5G(xn'xn—1ﬁxn+1)'G(xnvxnﬁxn+1)

+ a6 (%, Xn—1, %) G (X, X1, X 41) +
a7G(xn—1vxn—1'xn)-G(xn'xn'xn+l)

Thus,

(@1 + ay + a3)G” (X, Xpi1, X%,) + (a4 + a6+ a7)G(x,—1,
Xns xn—l)G (x‘m Xn+1 xn)

_(1 _aZ)GZ(xn—ll Xns xn) <0

Or,
B12) (@ + @t )t + (o ast el e
(3.13) t =—Cmtniitn)

G(Xp—1XnXn-1)

Let g : [0, ©) — R be the function
(3.14)  g(t) = (a; + ap + a))t? + (ay + ag + a;)t—(1
—a;)

Then by the hypothesis,
g(O)= a2—1<0 and g(l)=a1+ a,+ az + a4, + as +
ag + a;—1>0.

Let ke (0, 1) be the root of the equation g(t) =0.

Then, g(t) < 0 for t< kand therefore
G(Xn, Xn+1> xn) < kG(xn—li Xns xn—l)

A

= sz(xn%! Xn-1, xnfz)
< k"G(xy, X1, o)

Then for all n, m € N, m > n, we have

G(xn—ll Xns xn) < G(Xn, Xn+1» xn+1) + G(xn+1’ Xn+21
xn+2)+ Cet G(xm—lv Xm» xm)

< [kn+ kn+l +kn+2 + .+km-1 ]G(x()]xl]xl)

< [k
< 776(x0, x1, x1)

So, G(x,,, %, x,)— 0 as n, m — oo and hence {x,} is a G-

Cauchy sequence.

Hence, by the G- completeness of (X, G) there exists u € X

such that {x, } is G-converges to u.

Let yeT~1(u), for n such that x,# u, we have

Gz(xnv u ,U) = GZ(Txn+1'Ty' Ty)

> 1G* (%11, 9, Y) + G Ky, T 41, TY) +

azG*(y,Ty,y)

+ a4G(xn+1' Txn+1t Ty) G(xn+1' b2 y)

+asG(y, Ty, y). G(Xp+1,7,¥)

+agG (11, Txp 11, TY). G, Ty, ¥)a7G (Txp 41, Ty, TY).
G(xn+1!y' y)

= alGZ(an,y,y) + aZGZ(xn+1'xn!Ty) + a3Gz(y! Ty'y)

+ a4G(xn+1: Xn» T}’) G(xn+1' 3z y)

+aSG(y, Ty' }’) G(Xn+1, Y y)

+

a6G(Xn11, %, TY). GV, Ty, ¥) 7Gx, TY, TY). G (X 41, Y, Y)

On taking limit n — oo, we get

0=Gu,u,u) > a,G%(u,y,y) +a,G*(u,u,u) +
a3G*(y,u, )

+a,6(u,u,w).6(wy,y) +asG(y,u,y).G(w,y,y)
+asG(u,u,w).G(y,u,y)a;G(u,u,u).G(w,y,y)

= (@ + a3 + a5)G*(y,u,y)

Since, a; + az + as>0, thereforeu =y =Tu.

Thus, u is a fixed point of T.

To prove the uniqueness, let v be an another fixed point of T
, e, Tv=vy,

Then from (3.1.1), we have

G(u, u,v) = G*(Tu, Tu, Tv)

> a;6G%(w,u,v) + a,G?(u, Tu, Tv) + a3G*(u, Tu, v)
+a4G(u, Tu, Tv). G(u, u,v) +asG(u, Tu, v). G(u,u, v)
+agG(u, Tu, Tv). G(u, Tu, v)+a,G(Tu, Tu, Tv). G (u, u, v)
= a,G*(u,u,v) + a,G*(u,u,v) + a3G?*(u,u,v)
+ayG(u,u,v).G(u,u,v) +asG(u,u, v). G(u,u,v)
+agG(u,u,v).G(u,u,v) + a;G(u,u,v).G(u,u,v)

Gu, u, vy > (@ +ay+az+ a,+ as+ ag+
a;) G(u,u,v)

Which is a contradiction, since a; + a, + az + a4 + as +
ag + a;>1.

Thus, u=v.

Hence, T has a unique fixed point.
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