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Abstract: Multi Objective optimization is nowadays a word of order in engineering projects and many more sectors. A Pareto outcome
is an action that harms no one and helps at least one. The aim of this paper is to define a solution concept of Pareto optimality for a
Multi Objective Quadratic Programming Problem (MOQPP) and design two methods to extract Pareto optimal solution of MOQPP. In
this paper, the methods of norm ideal point and membership function are used to solve the MOQPP which are effective in getting Pareto

optimal solution.
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1. Introduction

Life is about making decisions and the choice of the optimal
solutions is not an exclusive subject of scientists, engineers
and economists. Decision making is present in day to day
life. Edgeworth (1881) was pioneer to define an optimum for
multi criteria economic decision making problem at King’s
College, London. In 1896, Pareto, at the University of
Lausanne, Switzerland, formulated his two main theories,
Circulation of the Elites and the Pareto optimum: “ The
optimum allocations of the resources of a society is not
attained so long as it is possible to make at least one
individual better off in his own estimation while keeping
others as well off as before in their own estimation.” Many
researchers have been dedicated to develop methods to solve
this kind of problems. Interestingly, solution for problems
with multiple objectives, also called multi criteria
optimization or vector optimization are treated as Pareto
optimal solutions or Pareto front.

In multi-objective programming problem, it is difficult to
find an optimal solution to achieve the extreme value of
every objective function, so that the decision maker is
exploring for the compromise solution. Based on this idea,
the concepts of Pareto optimal solution and weakly Pareto
optimal solution are introduced into multi- objective
programming problem [1]. The main method of solving
multi-objective programming problem is converting multi-
objective programming problem to single objective
programming problem and we can get Pareto optimal
solution or weakly Pareto optimal solution. K. Suga, S.
Kato, and K. Hiyama discussed structure of Pareto optimal
solution, presented the analysis process and showed the
method they proposed is effective at finding an acceptable
solution for multi-objective optimization problems [2]. B.A.
Ghaznavi-ghosoni and E. Khorram analyzed the
relationships between e- efficient points of multi-objective
optimization problem and e -optimal solutions of the related
scalarized problem and obtained necessary and sufficient
conditions for approximating efficient points of a general
multi- objective optimization problem via approximate
solutions of the scalarized problem [3]. M. D. Monfared, A.
Mohades and J. Rezaei proposed a new method for ranking
the solutions of an evolutionary algorithm’s population, and

the proposed algorithm was very suitable for the convex
multi-objective optimization problems [4].

Y. Liu, Z. Peng and Y. Tan analyzed the relations among
absolutely optimal solutions, effective solutions and weakly
effective solutions of multi-objective programming problem
[5]. Caramin M. and Dell’olmo describe scalarization
techniques, €- constraints methods, Goal problem, multi
level programming to solve Multiobjective optimization
problem (MOOP) [6]. There are a lot of methods of
converting multi-objective programming problem to single
objective programming problem. In norm ideal point
method, for the given weights, the optimal solution of the
corresponding single objective programming problem is
Pareto optimal solution of multi-objective programming
problem. In membership function method, for the given
weights, the optimal solution of the corresponding single
objective programming problem is M-Pareto optimal
solution of multi-objective programming problem, which is
similar to Pareto optimal solution [7]. O. Britto, F. Bennis
and S. Caro bring new approach to solve MOOP providing a
rapid solution for Pareto set if the objective function
involved are quadratic [8]. G.Zhang and H. Zuo then analyze
the Pareto solution for convex MOLPP [9].

In our present study, we have extended the work by
introducing the methods of Norm-Ideal point and
Membership function for solving constrained MOOP
involving quadratic function and discuss the effectiveness of
the solution. Illustrative examples are used to highlight the
potentiality. All Pareto optimal solutions and M- Pareto
optimal solutions can be got through norm ideal point
method and membership function method for convex Multi
objective programming problem and Pareto optimal solution
is equal to M- Pareto optimal solution. For any Pareto
optimal solution there exist weights such that Pareto optimal
solution or M- Pareto optimal solution of Multi objective
programming problem is the optimal solution of the
corresponding single objective programming problem.

2. Multi-Objective Optimization

Multi-objective optimization is an area of multiple criteria
decision making that is concerned with mathematical
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optimization problems involving more than one objective
function to be optimized simultaneously.

Mathematically, Multi objective decision making problems
can be expressed as:

Max [Min[fi(x), f,(x), ..., fr ()]
sit x€X={x|g,(0):{==
, <0, A=12 .., ,m}
Where,  fj(x) = Objective for maximization, j € ]
fi(x) = Objective for minimization, i € I

The problem consists of n decision variables, m constraints
and k objectives. f;(x), f;(x) and g,(x) V¥ i,j,h might be
linear or nonlinear.

2.1 Multi-Objective Linear Programming Problem:

Mathematically, the Multi-Objective Linear Programming
Problem (MOLPP) can be defined as:
Max fi=Cx+a;, i=1,..,7
Minfi=Cx+a; i=1r+1,..,5s
Subjectto AX E] Bx >0

where x is an n-dimensional vector of decision variables c is
n-dimensional vector of constants, B is m-dimensional
vector of constants, r is the number of objective function to
be maximized, s the number of objective function to
maximized plus minimized, ( s-r) is the number of objective
that is to be minimized, A is a (m xn) matrix of
coefficients all vectors are assumed to be column vectors
unless transposed, «;(i =1,..s) are scalar constants,
Cx+a; i=1,..,5 are linear factors for all feasible
solutions.

2.2 Multi-Objective Quadratic Programming Problem

Mathematically the multi objective quadratic programming
problem (MOQPP) can be stated as:

1 r T
MaxFT=Ex Px+Crx
. 1
MmF;=E

Subjectto  Ax E] b x>0

Where r is the number of objective function to be
maximized, s is the number of objective function to be
maximized and minimized and (s-r) is the number of
objective function to be minimized. Here P is a (n X n)
symmetric matrix of coefficients, x is an n-dimensional
vector of decision variables, C is the n-dimensional vector of
constants, b is m-dimensional vector of constants. A is
(m x n) matrix of coefficients. All vectors are assumed to
be column vectors unless transposed.

xTP, x+ Clx

2.3 Convex Multi-objective Optimization Problem

A convex multi-objective optimization problem can be
stated as follows:

Minimize [fi(x), f(x) .. firn (2]
Subject to gix)<0; j=12,..p
where x is an n -dimensional vector of decision variables,
f1 (x), f2 (X),.., fm (X) are convex functions defined on X,

and X ={x |gj(x) <0; j=1,2,., p} sconvex set. The given
Problem is called convex multi- objective programming
problem.

3. Pareto Optimal Solution

A vector x* € W is said to be Pareto optimal for a multi-

objective problem if all other vectors x € W have a higher

value for at least one of the objective function f;, with i=

1,..., n, or have the same value for all the objective

functions. We have the following definitions:

e Apoint x*is said to be a weak Pareto optimum or a weak
efficient solution for the multi-objective problem if and
only if there is no x€eW such that
filx) < fi(x*) foralli € {1,...,n}.

e Apoint x* issaid to be a strict Pareto optimum or a strict
efficient solution for the multi-objective problem if and

only if there is noxeWw such  that
fi(x) < fi(x*) foralli € {1, ...,n} with at least one strict
inequality.

e Construct a function for
programming problem(MOPP)

fit) - fi!

Oll-(fi(X)) = W, i = 1,2,...m; fl*

=minfi(x), f! = maxf(x)
. x€X x€X .
X e X issaid to be a M-Pareto optimal solution of
convex MOPP, if  and only if there does not exist
another x e X suchthat a; (f;(X) > a; (f; (X)), i=1,2,
-+, m, with strict inequality holding for at least one i.
eXx e X is said to be a Weakly M-Pareto optimal
solution of convex MOPP, if and only if there does not
exist another x € X such that

a (fi () > (X)), i=1,2,-m

convex multi-objective

The image of all the efficient solutions is called Pareto front
or Pareto curve or surface. The shape of the Pareto surface
indicates the nature of the trade-off between the different
objective functions. An example of a Pareto curve is showed
in Fig. 3.1, where all the points between (f; (%), f1(%)) and
(f2(3), f1(%)) define the Pareto front. These points are
called non-inferior or non-dominated points.

fi(x)

lirws @)
I Parete Curve

fx)

ER. )

Figure 3.1: Example of a Pareto curve

An example of weak and strict Pareto optima is shown in
Fig. 3.2: points p; and ps are weak Pareto optima; points p,,
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ps and p, are strict Pareto optima.
filx) o

& %

ha

faix)
Fig. 3.2 Example of weak and strict Pareto optima

4. Techniques to solve MOOP

Pareto curves cannot be computed efficiently in many cases.
Even if it is theoretically possible to find all these points
exactly, they are often of exponential size; a straightforward
reduction from the knapsack problem shows that they are
hard to compute. Thus, approximation methods for them are
frequently used. However, approximation does not represent a
secondary choice for the decision maker. Indeed, there are
many real-life problems for which it is quite hard for the
decision maker to have all the information to correctly
and/or completely formulate them.

Approximating methods can have different goals:
representing the solution set when the latter is numerically
available  (for convex  multi-objective  problems).
Approximating the solution set when some but not all the
Pareto curve is numerically available, approximating the
solution set when the whole efficient set is not numerically
available (for discrete multi-objective problems).

There are several techniques to solve multi-objective
optimization problem:

The Scalarization Technique

€ — constraints Method

Goal Programming

Multi-Level Programming

The Norm-Ideal Point Method

The Membership-Function Method.

Here, we discuss about the method of Norm-Ideal point and
Membership function.

4.1 The Norm-ldeal Point Method:

For the convex MOPP, firstly give ideal value f; for every
objective

function f;(x), which satisfies f; < min,ey f;(x),i =

12 .,m [f=(/1 /2 .., fm)is called ldeal point, after
then introduce the norm ||.||, finally get the feasible solution
which is having the nearest distance with the given ideal
point f in the norm.

Use the absolute value norm to structure the corresponding
single objective programming (S¢):

m
rxnel)r(IZ wi|fi(x) — f, | where w = (wy,wy,..,wy,)"
i=1

_ € RY\(0)
Because f; < min,ey f;(x),i =1,2,..,m; (Sf) can be
simplified to min,cy X7, w; (f;(x) — f)).

For the given ideal point fand weights w € R7'\{0}, the
optimal solution of S; is weakly Pareto optimal solution
[11].

There states a theorem that: If X" e X is weakly M-Pareto
optimal solution of convex MOPP then there exist w €
R™\{0} such that x~ is the optimal solution of the
corresponding single objective programming problem.

Attention should be paid that Pareto optimal solution must
be weakly Pareto optimal solution, which implies that if all
weakly Pareto optimal solutions can be obtained, then all
Pareto optimal solutions can be obtained. This also shows
that theoretically all Pareto optimal solutions can be
obtained through changing weights.

4.2 Membership Function Method:

Firstly structure membership function «; (f; (x)) for every
objective function f;(x), then use a; (f; (X)) as the new
objective functions to structure the new multi objective
programming problem and then turn the new multi objective
programming problem to single objective programming
problem through some appropriate methods, finally solve the
single objective programming problem to get the optimal
solution, which is also the M-Pareto optimal solution of the
original multi objective programming problem.

Now, Structure the membership function for every objective
function as follows:

X — fl

= mnfiCO, 7= maxfico

Without loss of generality f* < f1,i = 1,2,..,m
There states two necessary theorems:

Theorem 1: X~ is M-Pareto optimal solution of problem
convex MOPP, if and only if x is Pareto optimal solution of
problem convex MOPP.

Theorem 2: If x™ is weakly M-Pareto optimal solution of
problem convex MOPP, then there exists w € R™ \ {0} such
that x" is the optimal solution of the corresponding problem
Se.

The membership function of objective function is set by
using simple linear function. According to the properties of
the composition of convex function, if the membership
function of fj (x) is non increasing and concave about f;(x),

then the above calculation still holds.
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5. Example

Consider the following Multi Objective
Programming problem with linear constraints:
Max Z; = 4x; + 2x, —x? —x3 +5
Max Z, = 2x; + x, — x?
Min Z; = 6 — 6x; + 2x? — 2x,x, + 2x2
Min Z; = 2x; + 3x, — 2x?
s/t Xy +4x, <9
x1+x, <3
3x; +2x, <8
X1,X, 20
Convert the system into convex MOQPP:
Min Z; = —4x; — 2x, + x? + x3 =5

Quadratic

Min Z, = —=2x; — x, + x?
Min Z; = 6 — 6x; + 2x? — 2x,x, + 2x%
5.1)

Min Z, = 2x; + 3x, — 2x?
s/t X +4x, <9
x1+x, <3
3x%; +2x, < 8

X1, % =0
Now we will find Pareto optimal solution of this system by
using Norm-Ideal Point method and Membership Function
Method:

Using Norm-Ideal Point method

For convenience, the feasible region of the given problem is:

Figure 5.1: The graph of feasible region

The feasible region is 0ABCD. The vertices of feasible
region formed by constraints are 0(0,0),A(2.6,0),
B(2,1), €(1,2), D(0,2.25) and the function values of the
objective functions in vertices are given in the following
table I:

Table I: function values at vertices

Z Z, Zs Z,
0(0,0) 5 0 6 0
A(2.6,0) | -864 | 156 3.92 -8.32
B(2,1) -10 -1 0 -1
c(1,2) -8 -3 6 6
D(0,225) | -44 | -225 | 1612 6.75

It can easily say that, Min{Z;} =—-10,Min{Z,} =
—3,Min{Z3} = 0,Min { Z,} = —8.32.

All Pareto optimal solutions of problem (5.1) is : A(2.6,0),
B(2,1), €(1,2)

The ldeal point method is used to solve the given MOQPP

and illustrate that there exists weights w such that each

Pareto optimal solution of (5.1) is the optimal solution of

corresponding single objective function. In the Ideal point

method, we take the Ideal point p = (py, bz, 3, Ps) Where
P = rBEi)r(l{—élxl —2x, +x} +x% -5} =

—-10, Dy = mi;l{—le —x, +x2} = -3,
XE.
D3 = mEi)r(1{6 — 6x; + 2x% — 2x1x, + 2x5}
X

=0, m

Min wy[z; + 10] + wy [z, + 3] + ws[z5 — 0] + wy[z,
+8.32]
= Min w[—4x; —2x, +x} +x? —5+10] +
wy[—2x; — x5 + x2 + 3] + w3[6 — 631 + 2x% — 2x,x, +
2x22—0+w4[2x1+3x2—2x1248.32]

s/t X1 +4x, <9
X1 +x, <3
3x; +2x, <8
X1, Xy =
0 (5.2)

The objective function can be written as:
x1[—4w; — 2wy, — 6wy + 2w, ] + xy[—2w; — wy + 3wy]
+ xZ[w; + wy + 2ws — 2wy, ]
+ x2[wy + 2ws] — 2wsxy X, + [Swy
+ 3w, + 6wz + 8.32w,]
In order to take Minimum in point B(2,1) according to the
characteristic of linear programming, the slope of objective
function only need to satisfy

4w1+2w+6w3—2wy

—4w; — 2w, — 6w3 + 2w, >0 & EC—— 1
(5.3)
Or —4w, — 2w, — 6wz + 2w, >

4wq+2w+6w3z—2wy

0& < -3/2

. 1 1 1 1
Tak|ng, wq =Z,W2 =Z,W3 =Z,W4 =Z

The multi objective programming problem (5.2) can be
converted into the following single objective programming
problem:

(5.4)

—2w1—wy+3wy

- rxnei;l{le + 31, — 2x{} = ~8.32 Min —Exl +=x? +§xz2 - lx1x2 +E
So the MOQPP (5.1) can be turned into the following single 2 2 4 2 50
objective programming problem; s/t X1 +4x, <9
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x1+x, <3
3x; +2x, <8
X1,%Xp =0
After solving we get, x; = 2.29 & x, = 0.9

(5.5)

The optimal solution of single objective programming
problem (5.5) is (2.29, 0.9) which is also the Pareto optimal
solution (apprOX|mater) of problem (5.2). So there exist
weights wy —1 wy =2, 2 Wa —i such that B(2,1)
is the optimal solution of the corresponding single objection
programming problem (5.5).

W3 =

In order to take Minimum in point C€(1,2) according to the
characteristic of linear programming, the slope of objective

function only need to satisfy
4wq+2wp+6w3—2wy

—4W1 - ZWZ - 6W3 + 2W4 >0 & Twi—wo 3w -1
—eW1mw2 4

(5.6)

Or _4W1 - 2W2 - 6W3 + 2W4_ >

0 & 4w +2wo+6w3z—2wy < _1/4 (57)

—2w1—-w2+3wy

. 2 1 1 1
Taklﬂg, Wl = E,Wz = E,W3 = E,W4_ = E

The multi objective programming problem (5.2) can be
converted into the following single objective programming
problem:

Min — 2.8x; — 0.4x, + 0.6x? + 0.8x2 — 0.4x,x, + 5.46

S/t X1 + 4XZ <9
X1 + X9 <3
3x; +2x, <8

X1,% =0 (5.8)
After solving we get, x; = 2.23 & x, =091

The optimal solution of single objective programming
problem (5.8) is (2.23,0.91) which is also the Pareto
optimal solution (approxmately) of problem (5 2) So there

exist weights  w; = E,Wz =2 ! Wy == such that

W3 = g,
B(2,1) is the optimal solution of the correspondlng single
objection programming problem (5.8).

So for both cases, the Pareto optimal solution is (2, 1).

For all Pareto optimal solutions of multi objective
programming problem, there exists weights such that the
Pareto optimal solution is the optimal solution of the
corresponding single objective programming problem. From
our previous paper [10], the optimal solution has been
found.

Using Membership Function method:
For convenience, the feasible region of the given problem is:

Figure 5.2: The graph of feasible region

For convenience denote that, f; = —4x; — 2x, + x? + x% —
5, fo=—=2x —x, +x?
f3=6—6x; +2x? — 2x1x, + 2x%, f,
= 2x; + 3x, — 2x?

The feasible region is OABCD. The vertices of feasible
region formed by constraints are 0(0,0),A4(2.6,0),
B(2,1), €(1,2), D(0,2.25) and the function values of the
objective functions in vertices are given in the following
table I1:

Table I1: Function values at vertices

fi f fz fa

0(0,0) -5 0 6 0
A(2.6,0) -8.64 1.56 3.92 -8.32

B(2,1) -10 -1 0 -1

c(1,2) -8 -3 6 6
D(0,2.25) -4.4 -2.25 16.12 6.75

Due to the particularity of linear programming, it is obvious
that,
Min f; = =10,

Max f; = —4.4

Minf, = =3, Max f, =1.56
Minf; = 0, Max f;3 =16.12
Min f, = —8.32, Max f, = 6.75

For each objective function, membership function can be
structured as follows:

—f, — 44 f, +1.56
a(f) = e fy) = e — as(fy)
_—f3+1612 (g = St 675
T 1612 “YY T 507

The membership function values in vertices are given in the
following table I11:

Table 111: Membership function values at vertices
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From the definition of M-Pareto optimal solution, The M-
Pareto optimal solution of problem (5.1) are:
0(0,0),A4(2.6,0), B(2,1), C(1,2), D(0,2.25).

Next, membership function method is used to solve the multi
objective programming problem (5.1) and illustrates that
there exist weights w such that the M-Pareto optimal
solution of problem (5.1) is the optimal solution of the
corresponding single objective programming problem.

According to model (S,), the multi objective programming
problem (5.1) is converted to the single objective
programming problem:
Max  wia;(fi) + waaz(f2) + waaz(f3) + waas(f2)
S/t X1 + 4x2 <9
Xq + Xy <3
3x; +2x, <8
X1, X3 >0 (59)
Due to the way of structuring membership function of
objective functions fi, f, and f;, the above method can be
written as:

Max w, (—f1—4.4) +w, (—f2+1.56) +ws (—f3+16.12) +

P 56 4.56 16.12
—f4+6.
4( 15.07 )
s/t x; +4x, <9
X1 + Xy <3
3X1 + ZXZ <8

X1,%, =20 (5.10)
This can be written as,
M [+ ws + —ows = wy | +

ax X1 [5eW1 Wo T 16123~ Tsor W4

*2 526W1 +4.1EW2 15.07 W4] + xf [—§W1 _ﬁwz N
216.12w3+215.07w4+x22
—15.6w1—-216.12w3+216.12x1x2w3+.65.6w1+1.564.5
w2+w3+6.7515.07w4
s/t X, +4x, <9
X +x, <3
3x1 +2x, <8
X1, %, =0 (5.11)
In order to take maximum in point B(2,1),the slope of
objective function only need to satisfy

4 2
—w ———w, >0 and
56 1+ 22+1612 3 1507 %
W1+ W2+ w3 — Wy
5 1612 3 15 07 < 1
56" +456:/2 15.07 07
Or —Ww + w, +—w3———w, >0 and
. 5.6, 1 45 2T 961273 1507 4
56W1+45W2+16 12"3 15077 * < _ 3

=z 3 >
2
56”7 +4.56W2 150774 )

If we take, w; = i,wz =Wy = %,W4 = 2/7, the multi
objective programming problem (5.1) can be converted into
single objective programming problem (5.11) and putting
values we get,
Max 0.422 x; + 0.142 x, — 0.137 x} — 0.065 x3

+0.02 x,x, + 0.492

s/t X +4x, <9
Xq +x2S3
3x; +2x, <8

x1,%, =0 (5.12)

After solving we get, x; = 1.9 and x, = 1.

The optimal solution of (5.12) isx; =19 =2 and x, =1,
which is also the M-Pareto optimal solution of problem

(5.1). So there exist weights w; = i,wz = %

w, = 2/7, such that B(2,1) is the optimal solution of the
corresponding single objective programming problem
(5.12). Similarly, we can show that for point C(1,2).

w3 =

Therefore, for all M-Pareto optimal solution of multi
objective programming problem (5.1), there exist weights,
such that M-Pareto optimal solution is the optimal solution
of the corresponding single objective programming problem.

6. Discussion

In this paper, an attempt is made to build a theoretical
framework for MOQPP by defining the solution concept of
Pareto optimality. We carried out two methods to solve a
multi  objective  optimization problem and found
approximately same results. MOQPP is given to illustrate
that for any Pareto optimal solution there exist weights such
that Pareto optimal solution is the optimal solution of the
corresponding single objective programming problem. Since
weights are not unique, all Pareto optimal solution and M-
Pareto optimal solution can be obtained through taking out
different weights.

7. Conclusion

This paper performed structural analysis of Pareto optimal
solution and M- Pareto optimal solution for convex multi
objective quadratic programming problem. Generally, all
Pareto optimal solution and M- Pareto optimal solution
cannot be obtained through changing weights except convex
multi objective optimization problem. Two methods
discussed here are very effective to obtain Pareto optimal
solution for convex MOQPP. These methods not only have
important theoretical remarks but also have a lot of practical
advantages.
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