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Abstract: Theory of Relativity has created the need to revisit the fundamental laws of Physics. The inclusion of time as a forth co-
ordinate of Minkowski space and the quest for the corresponding fourth components of Physical Quantities suggest new modifications 
to the laws of Physics. This study presents modification to Newton’s Second law of motion leading to a compact covariant formulation 
which successfully explains the occurrence of various pseudo forces in nature.
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1. Introduction

Newton’s laws are successful in explaining the physical 
observations which we see around in our non-relativistic 
everyday life. However theories of relativity both the special 
theory and the general theory have forced us to change the 
way we see the laws of Physics [1]. Newton’s Laws are no 
exceptions to this changed scenario. It becomes important as
they are still being used to explain the physical phenomenon. 
General Theory of Relativity has modified the law of gravity 
by adding a small correction term as a consequence of the 
solution to the Einstein’s field equations [2]. As we know 
Newton’s Law of Inertia tells us “Everybody continues in its 
state of rest or of uniform motion in a straight line unless it is 
compelled by some external force to change that state”. 
There is no need to rethink over this except that the observer 
is making observations in an inertial frame of reference [3]. 
Second law tells us “The rate of change of momentum is 
proportional to the applied force and takes place in its 
direction”. This law needs a covariant formulation, which we 
are discussing below. Third law of action and reaction seems 
alright and we shall not discuss it here.

2. Results and Discussion

Let us assume a particle P at a point defined by co-ordinates 
(x, y, z)is moving with a momentum�. Let a force � acts on 
the particle and causes a change in its momentum.Newton’s 
Second law of motion, as stated above, tells us that the rate 
of change of momentum is proportional to the applied force 
and takes place in its direction. Mathematically we write it as

As we know, the units of force are so defined to make the 
constant of proportionality as unity. The components of force 
� and momentum � are given by the familiar expressions 

� = ���̂+ �� �̂+ ���� where F� , F� , F� are components of the 

force, and � = �� �̂+ �� �̂+ ���� wherep� , p� , p� are 

components of the momentum. Therefore the x-component 
of the force is given by

Of course, this force can be a field, and therefore possessing
a unique value at each point. Extending the scenario to 
Minkowski four dimensional space-time concepts, let E be 
the event of this force being applied to the particle P at time,
say t. Then the co-ordinates of event E are x, y, z and t. The 

time co-ordinate is taken as ‘ict’ where c is the velocity of 
Light. Let the particle has a potential energy V due to this 
field. Then, we know force is a gradient of the potential 
energy or we can write

where ∇=
�

��
�̂+

�

��
�̂+

�

��
�� is the gradient operator.

The x-component of force from Equation (3) is then given by

Comparing the equations (2) and (4) we get 

This result however is not covariant in the sense � is a three 
vector. The corresponding four vector is p�⃗ =

�
��

�
, p� , p� , p��, E being the total energy of the particle and c 

being the velocity of light. The four coordinates are given 
byx = (���, � , �, �). The only modification we can do to 
make above equation covariant is replacing V by �

Dividing both sides by ic, We get

This is same as

Replacing coordinates x = (���, � , �, �) by x� =

(x0, x1 , x2, x3) and p�⃗ = �
��

�
, p� , p� , p�� by p� =

(p0, p1 , p2, p3), we can write above equation as

Rearranging, we have

or

for   � = 0 and � = 1. 

Paper ID: SR20629074049 DOI: 10.21275/SR20629074049 247 



International Journal of Science and Research (IJSR)
ISSN: 2319-7064

ResearchGate Impact Factor (2018): 0.28 | SJIF (2019): 7.583

Volume 9 Issue 7, July 2020
www.ijsr.net

Licensed Under Creative Commons Attribution CC BY

Further using tensor notations �� for 
∂

∂xμ
etc., we can write 

Equation (8) as

for   � = 0 and � = 1. 

Since we are using co-ordinates arex = (���, � ,�, �),p�⃗ =

�
��

�
, p� , p� , p��. We have metric ��� = ��� = (1, 1, 1, 1) =

��
�
. Therefore Equation (9) can be equivalently written as

And

for   � = 0 and � = 1. 

We see that Equation (9) is �� component of an anti-
symmetric tensor (� Λ p)with � = 0 and � = 1. Let us 
generalize this result assuming it true for all� and �, we can 
write the covariant form substitute for Newton’s Second Law 
as

The tensor � � � has six components given by (� � �)�� =

∂μpν − ∂νpμfor �, � = �,�,�,�. Therefore assigning 

different values to� and �, we get six relations between four 
components of Energy-Momentum four-vector. 

The first three relations are between spatial variation of 
energy and the temporal rate of change of three-momentum. 
The last three relations just correlate the spatial variations of
the components of the three- momentum. These relations 
prove the fact that whenever there is a spatial variation 
in Energy; a force appears in the direction of the 
decrease in Energy. This force we usually call as pseudo-
force. The examples of these forces are upward force in a 
falling lift or frame of reference, centrifugal force on a 
particle doing circular motion etc.

Following is the discussion on illustrative examples of these 
results.

3. Illustrative Examples

The illustrative examples chosen here have kinetic energy 
variations which are the prominent energy variations in these 
cases but Tensor Equation (12) is equally and in fact, valid 
for the total energy variations.

3.1 Pseudo force in a freely falling frame

Let us consider an object of mass m in a frame of reference 
falling vertically downward along z-axis with 
acceleration−�� (negative sign to show that the acceleration
is along negative z axis) as shown in Figure. 1. We get from 
Equation (13(iii))

Figure 1: Frame at particle P in a container moving 
downwards with acceleration ��. The particle experiences a 

force m�� upwards.

Let the frame falls from a height h. We have, change in 
energy at height z is equal to gain in the kinetic 

energy
1

2
��̇2. But from elementary kinematics

Therefore the increase in the kinetic energy ism��(ℎ − �).
Thus we get from Equation (14)

Therefore the object experiences a force m�� along positive 
z direction.

3.2 Centrifugal Force

Consider a particle of mass m moving in a circle of radius r 
with an angular velocity� as shown in Figure.2. The velocity 
of the particle is � = ��. The kinetic energy, which is the 
only variable part of the total energy of the particle under 
non-relativistic conditions, is given by

The change in velocity is ∆� = �∆� and is along −∆� i.e. 
points towards the center of the circle. Therefore ∆� =
−�∆�. For small variations, this becomes 

Therefore from Equation (17), we have 
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Figure 2: Particle rotating in circular path with velocity v

experiences an outward force of  
��2

�

We get from Equation (13 (i))

Let the particle is at an infinitely small displacement from 
the x-axis, we can safely replace x by r, and we get

Therefore from Equation (17)

Therefore

which is obviously an outward force acting along positive r
direction, and is known as centrifugal force.

Conversion Negative sign shows energy decreases over 
distance. Also momentum of the photon is mc and this 

process completes in time interval of
1

�
. Therefore 

We get from (13(i))

Therefore we have from Equations (21) and (22)

which is true by the Einstein Mass-Energy relation.

Figure 3: Photon of Energy hn converts to mass m 
according to relation ℎ� = ��2.

These were few examples to illustrate the validity of 
� Λ p = 0 as covariant form substitute for Newton’s Second 
law. The illustrative examples chosen above have kinetic 
energy variations which are the prominent energy variations 
in these cases but Tensor Equation (Error! Reference 

source not found.) is equally and in fact, valid for the total 
energy variations.

4. Conclusion

Substitution of Energy-Momentum four-vector leads to a 
covariant form of Newton’s Second Law of motion which 
successfully explains the various pseudo-forces observed in 
nature such as in a falling frame of reference, in angular 
motion and also explains a hypothetical process of material 
particle production from a photon.
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