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Abstract 

Let ∆ ≔ {𝑒𝑖𝜃: 𝜃 ∈ [𝛼, 2𝜋 − 𝛼]}  be an arc of the circle and let 𝑅(𝑧) = (𝑧 − 𝑒𝑖𝛼)(𝑧 − 𝑒−𝑖𝛼) = 𝑧2 − 2𝑧 cos 𝛼 + 1. Then we 

prove  

a. |𝜗(𝑒𝑖𝜃)| ≤
6

𝑛
  

b. |𝜗(𝑧) − 𝜗(𝑎)| ≤ 14|𝑧 − 𝑎|, for 𝑎, 𝑧 ∈ ∆. 

c. 
1

2
≤

𝜗(𝑧)

𝜗(𝑎)
≤

3

2
, for 𝑎, 𝑧 ∈ ∆ such that |𝑧 − 𝑎| ≤

1

28
𝜗(𝑎). 

Here, 

𝜗(𝑧) = 𝜗𝑛(𝑧) =
1

𝑛
[
|𝑅(𝑧)| + (

𝜋 − 𝛼
𝑛

)
2

|𝑧 − 1|2 + (
1
𝑛

)
2 ]

1/2

=
1

𝑛
[
|sin (

𝜃 − 𝛼
2

) sin (
𝜃 + 𝛼

2
)| + (

𝜋 − 𝛼
𝑛

)
2

4 sin (
𝜃
2

)
2

+ (
1
𝑛

)
2 ]

1/2

 

 

Introduction and Results 

The classical Markov-Bernstein Inequality for trigonometric polynomials 

𝑆𝑛(𝜃) ≔ ∑(𝑐𝑗 cos 𝑗𝜃 + 𝑑𝑗 sin 𝑗𝜃)

𝑛

𝑗=0

           

of degree ≤ 𝑛 is  

‖𝑆′𝑛‖𝐿∞[0,2𝜋] ≤ 𝑛‖𝑆‖𝐿∞[0,2𝜋]   

 Over the past years, there are several developments and improvements in this area. In the 1950’s 

V.S.Videnskii generalized the 𝐿∞ inequality to the case where the interval over which the norm is taken 

shorter than the period [1]. D. S. Lubinsky and K Kobindarajah [6] and [7] worked on to find 𝐿𝑝 analogue 

over the arcs of a circle. In this paper, we establish the following inequalities improving earlier ineqlaities 

which will be helpful to researcher for their research in this area.  

Theorem 

Let ∆ ≔ {𝑒 𝑖𝜃: 𝜃 ∈ [𝛼, 2𝜋 − 𝛼]}  be an arc of the circle and let 𝑅(𝑧) = (𝑧 − 𝑒𝑖𝛼)(𝑧 − 𝑒−𝑖𝛼) = 𝑧2 −

2𝑧 cos 𝛼 + 1. Let 
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𝜗(𝑧) = 𝜗𝑛(𝑧) =
1

𝑛
[
|𝑅(𝑧)| + (

𝜋 − 𝛼
𝑛 )

2

|𝑧 − 1|2 + (
1
𝑛)

2 ]

1/2

=
1

𝑛
[
|sin (

𝜃 − 𝛼
2 ) sin (

𝜃 + 𝛼
2 )| + (

𝜋 − 𝛼
𝑛 )

2

4 sin (
𝜃
2)

2

+ (
1
𝑛)

2 ]

1/2

 

 
Then we prove the following inequalities 

a. |𝜗(𝑒𝑖𝜃)| ≤
6

𝑛
 

 

b. |𝜗(𝑧) − 𝜗(𝑎)| ≤ √2𝜋2|𝑧 − 𝑎|, for𝑎, 𝑧 ∈ ∆.  
 

c. 
1

2
≤

𝜗(𝑧)

𝜗(𝑎)
≤

3

2
 for 𝑎, 𝑧 ∈ ∆ such that |𝑧 − 𝑎| ≤

1

2√2𝜋2 𝜗(𝑎) 

 

where, 

𝜗(𝑧) = 𝜗𝑛(𝑧) =
1

𝑛
[
|𝑅(𝑧)| + (

𝜋 − 𝛼
𝑛 )

2

|𝑧 − 1|2 + (
1
𝑛)

2 ]

1/2

=
1

𝑛
[
|sin (

𝜃 − 𝛼
2 ) sin (

𝜃 + 𝛼
2 )| + (

𝜋 − 𝛼
𝑛 )

2

4 sin (
𝜃
2)

2

+ (
1
𝑛)

2 ]

1/2

 

 

 
Proof 

𝑅(𝑒𝑖𝜃) = (𝑒𝑖𝜃 − 𝑒𝑖𝛼)(𝑒𝑖𝜃 − 𝑒−𝑖𝛼) 

           = −4𝑒𝑖𝜃 sin (
𝜃 − 𝛼

2
) sin (

𝜃 + 𝛼

2
) 

= −4𝑒𝑖𝜃 (cos2
𝛼

2
− cos2

𝜃

2
) 

           = −4𝑒𝑖𝜃 (sin2
𝜃

2
− sin2

𝛼

2
)     (1) 

From (1), we derive,  

|𝑅(𝑒𝑖𝜃)| ≤ 4 (sin
𝜃

2
)

2

                (2) 

|𝑅(𝑒𝑖𝜃)| ≤ 4 (cos
𝛼

2
)

2

               (3) 

|𝑅(𝑒𝑖𝜃)| ≤ 4 |sin
𝜃

2
| cos

𝛼

2
          (4) 

valid for 𝜃 ∈ [𝛼, 2𝜋 − 𝛼]. 
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For our convenient, we shall write 

𝑓(𝜃) ≔ |𝑅(𝑒𝑖𝜃)| + (
𝜋 − 𝛼

𝑛
)

2

; 

 

𝑔(𝜃) ≔ 4 (sin
𝜃

2
)

2

+ (
1

𝑛
)

2

 

Thus 𝜗(𝑒𝑖𝜃) can be written as 

𝜗(𝑒𝑖𝜃) =
1

𝑛
(

𝑓(𝜃)

𝑔(𝜃)
)

1/2

. 

 
Proof of (a) of the theorem: 

From the equation (2) 

𝑓(𝜃) ≤ 4 (sin
𝜃

2
)

2

+ (
𝜋

𝑛
)

2

≤ 𝜋2𝑔(𝜃) 

Therefore, 

𝜗(𝑒𝑖𝜃) =
1

𝑛
(

𝑓(𝜃)

𝑔(𝜃)
)

1/2

≤
𝜋

𝑛
 

Also, from the inequality 

𝜋 − 𝛼

𝜋
≤ cos

𝛼

2
= sin (

𝜋 − 𝛼

2
) ≤

𝜋 − 𝛼

2
     (5) 

and from (3), we get 

𝜗(𝑒𝑖𝜃) ≤
(4 + 𝜋2)1/2

𝑛

cos
𝛼
2

|sin
𝜃
2|

≤
4

𝑛

cos
𝛼
2

sin
𝛼
2

 

Then the two bounds on 𝜗 give 

𝜗(𝑒𝑖𝜃)

cos
𝛼
2

≤
4

𝑛
min {

1

cos
𝛼
2

,
1

sin
𝛼
2

} ≤
6

𝑛
 

This gives, 

|𝜗(𝑒𝑖𝜃)| ≤
6

𝑛
|cos

𝛼

2
| ≤

6

𝑛
        ∎ 
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Proof of (b) of the theorem: 

We write 𝑧 = 𝑒𝑖𝜃; 𝑎 = 𝑒𝑖𝑠. We shall assume, as we may, that 

|sin
𝑠

2
| ≥ |sin

𝜃

2
|                (6) 

or equivalently, that 𝑠 is closer to 𝜋 than 𝜃. Note from the definition of 𝑓, 𝑔 and from (1) that  

𝑓(𝜃) = 𝑔(𝜃) + 𝑐, 

where, 

𝑐 = −4 (sin
𝛼

2
)

2

+
(𝜋 − 𝛼)2 − 1

𝑛2
 

Then 

𝜗(𝑒𝑖𝜃) =
1

𝑛
(1 +

𝑐

𝑔(𝜃)
)

1/2

, 

so, 

𝑛[𝜗(𝑒𝑖𝜃) − 𝜗(𝑒𝑖𝑠)] =
(1 +

𝑐
𝑔(𝜃)

) − (1 +
𝑐

𝑔(𝑠)
)

(1 +
𝑐

𝑔(𝜃)
)

1
2

+ (1 +
𝑐

𝑔(𝑠)
)

1
2

 

 

=
𝑐[𝑔(𝑠) − 𝑔(𝜃)]

𝑔(𝜃)𝑔(𝑠) [(1 +
𝑐

𝑔(𝜃)
)

1
2

+ (1 +
𝑐

𝑔(𝑠)
)

1
2

]

 

Here, 

|𝑔(𝑠) − 𝑔(𝜃| = 4 |sin (
𝑠 − 𝜃

2
) sin (

𝑠 + 𝜃

2
)| 

= 2|𝑒𝑖𝑠 − 𝑒𝑖𝜃| |sin
𝑠

2
cos

𝜃

2
+ cos

𝑠

2
sin

𝜃

2
| 

≤ 4|𝑒𝑖𝑠 − 𝑒𝑖𝜃| min {sin
𝑠

2
, cos

𝛼

2
} 

(We have used the fact 𝑠, 𝜃 ∈ [𝛼, 2𝜋 − 𝛼] and (6)). Also 

|𝑐| ≤ 4 (sin
𝛼

2
)

2

+ (
𝜋

𝑛
)

2

 

≤ 4 (sin
𝜃

2
)

2

+ (
𝜋

𝑛
)

2

 

≤ 𝜋2𝑔(𝜃). 
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Then 

𝑛 |
𝜗(𝑒𝑖𝜃) − 𝜗(𝑒𝑖𝑠)

𝑒𝑖𝜃 − 𝑒𝑖𝑠
| ≤

4𝜋2 min {sin
𝑠
2 , cos

𝛼
2

}

𝑔(𝑠) (1 +
𝑐

𝑔(𝑠)
)

1
2

 

 

≤
4𝜋2 min {sin

𝑠
2 , cos

𝛼
2

}

(𝑓(𝑠)𝑔(𝑠))1/2
 

If 𝛼 >
𝜋

2
 then using  

(𝑓(𝑠))
1
2 ≥

𝜋 − 𝛼

𝑛
≥

𝜋

2𝑛
  (by (5)) 

and 

(𝑔(𝑠))
1
2 ≥ 2 |sin

𝑠

2
| ≥ 2 sin

𝜋

4
 

we deduce that 

|
𝜗(𝑒𝑖𝜃) − 𝜗(𝑒𝑖𝑠)

𝑒𝑖𝜃 − 𝑒𝑖𝑠
| ≤

𝜋2

sin
𝜋
4

= √2𝜋2 

 

 

Now, if 𝛼 ≤
𝜋

2
, we use  

(𝑓(𝑠))
1
2 ≥

𝜋 − 𝛼

𝑛
≥

2 cos
𝛼
2

𝑛
; 

 

(𝑔(𝑠))
1
2 ≥ 2 |sin

𝑠

2
| 

 

to deduce 

|
𝜗(𝑒𝑖𝜃) − 𝜗(𝑒𝑖𝑠)

𝑒𝑖𝜃 − 𝑒𝑖𝑠
| ≤ 4𝜋 ≤ √2𝜋2 

Therefore, in both cases, we have established that  

|
𝜗(𝑒𝑖𝜃) − 𝜗(𝑒𝑖𝑠)

𝑒𝑖𝜃 − 𝑒𝑖𝑠
| ≤ √2𝜋2 
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|𝜗(𝑧) − 𝜗(𝑎)| ≤ √2𝜋2|𝑧 − 𝑎|               ∎ 

 

Proof of (c) of the theorem: 

From (b) 

|𝜗(𝑧) − 𝜗(𝑎)| ≤ √2𝜋2|𝑧 − 𝑎| 

                                      ≤ √2𝜋2
1

2√2𝜋2
𝜗(𝑎) 

                   =
1

2
𝜗(𝑎) 

Thus 

−
1

2
𝜗(𝑎) ≤ 𝜗(𝑧) − 𝜗(𝑎) ≤

1

2
𝜗(𝑎) 

 

This implies 

1

2
𝜗(𝑎) ≤ 𝜗(𝑧) ≤

3

2
𝜗(𝑎) 

 

and therefore 

1

2
≤

𝜗(𝑧)

𝜗(𝑎)
≤

3

2
       ∎ 
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