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Abstract

Let A:={e'®:0 € [a, 2m — a]} be an arc of the circle and let R(z) = (z — e*)(z — e™'*) = z2 — 2z cosa + 1. Then we
prove
a. [9(et)] S%
b. |9(2) —9(a)| < 14|z — al, for a,z € A.
1_ 9@

3 1
c. ;< 9@ <3 fora,z € Asuchthat |z — a| < gﬁ(a).

Here,
1/2

R(2)| + (F=%)°
9() = o) = 1|2 )

2 - 2
L@ ] L @) 6
Introduction and Results
The classical Markov-Bernstein Inequality for trigonometric polynomials

1/2
1

1{fsin (P %)sin (5 + ()

2

n
S,(0) = Z(Cj cosjO + d; sin j6)
=0
of degree < nis

IS Il Loofo,2) < 1S Lo 0,277

Over the past years, there are several developments and improvements in this area. In the 1950’s
V.S.Videnskii generalized the L, inequality to the case where the interval over which the norm is taken
shorter than the period [1]. D. S. Lubinsky and K Kobindarajah [6] and [7] worked on to find L,, analogue
over the arcs of a circle. In this paper, we establish the following inequalities improving earlier ineglaities
which will be helpful to researcher for their research in this area.

Theorem

Let A:={e®:0 € [a,2m — a]} be an arc of the circle and let R(z) = (z — e!*)(z — e™™*) = 22 —
2zcosa + 1. Let
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_ 2142 _ o a7l/2
9(2) = 9.(2) = % IR(2)| + (n nlaz) _ % |Sin (9 > a) singez-; a)1| -i; (n — a)
z— 112+ (5) 4sin(3) +(3)

Then we prove the following inequalities
i0 6
a [9(e”)| <~

b. |9(2) —9(a)| < V2r?|z — al, fora,z € A.

1 _9(z _3 1
C. < @ < Efor a,z € Asuchthat|z—a| < Wﬁ(a)
where,
1/2 1/2
T — a2 . (0—a\ . 0+« T — a2
1| R+ (5 1| fsin ) sin ()| + (555
V(z) = y(2) == 2 = 2 2
" z-1r+(3) " asin(3) +(3)
n 2 n
Proof
R(eie) — (eie _ eia)(eie _ e—ia)
_ o 4pif i (H—a) ) (0+a)
= —4e' sin > sin >
. a 0
= —4e' (cos2 >~ cos? E)
. 0 a
= —4¢? (sin2 5~ sin? E) (1D
From (1), we derive,
. 6\
|R(e19)| < 4(sin§) 2)
. a2
io -
|R(e )| < 4(cos 2) (3)
. 6 a
|R(e19)| <4 |sin§| cos - 4)
valid for 0 € [a, 21 — «a].
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For our convenient, we shall write

£6) = [R(e®)] + (=)'

s0r=4(on2) +()

1/2

2

Thus 9(e?) can be written as
]
9(e1®) = (f ( ))
9(0)
Proof of (a) of the theorem:

From the equation (2)
2 2

f(H)S4(sin§) +(%) < 72g(8)

Therefore,

9(e'?) = (f(e))l/z s%

9(0)
Also, from the inequality
7T_aScoszzsin(ﬂ_a) Sn—a (5)
2 2 2
and from (3), we get
(4 + ﬂ2)1/2 cos% 4 cos%

S_

9(e'?) <

. a
T g msing
Then the two bounds on 9 give
9(e'f) 1 1 6
<nm1n —aa SE
COS 2 COSj sm7
This gives,
6
|19(ele)| |cos < — |

Velume 8 | ssue 5, May 2020

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR21117192200 DOI: 10.21275/SR21117192200 1814



I nternational Journal of Science and Research (1JSR)
I SSN: 2319-7064
SJIF (2019): 7.583

Proof of (b) of the theorem:

We write z = e'?; a = e'*. We shall assume, as we may, that

0

sin 0 (6)

or equivalently, that s is closer to rr than 6. Note from the definition of f, g and from (1) that

f(6) =90 +c

sin| >
sin-| =
2

where,
c=—4% (sin%)2 +(7T_:#
Then
o) = (1+ )"
S0,
14+ )= (14—
n[8(e®®) — 9(e*)] = ( g( )2 ( g(s)L
¢ c
(1+g 9)) +(1+m)
- clg(s) — g(6)]
1 1
9(0)g(s) (1 + ﬁ)z + (1 n ﬁ)z
Here, ]
19(s) — g(8] = 4 |sin (S . 9) sin (S ; 9)
= 2" ~ e Sinicosg + Cosising
2 2 2 2

. . s a
< 4le’s — €| min {smi,cosi}

(We have used the fact s, 8 € [a, 2m — a] and (6)). Also

lc] < 4(sin%)2 + (g)

<a(sml) + (2

< n2g(6).

2
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Then
9(ei®) — 9(e™) _ 41* min {sin%,cos%}
= 1

eie _ eis

g (1+ ﬁ)z

41t% min {sin %, cos %}

(f($)g(sN*?

If @ > gthen using
F7 === T py(s)
n 2n
and

( (s))%>2|s'ns|>25'nn
in= in—
N 1

we deduce that

9(e?) —9(ets w2
‘ ( ) ( ) < =\/§7‘[2
el@_els . E
sin
4
Now, ifasg, we use
1 mT—a ZCOS%
Z > > .
(f)7 2 ——2——%,;

(g(s))% > 2 |sin%|

to deduce

9(e'?) —9(e")
eiH _ eis

< 41 <272

Therefore, in both cases, we have established that

9(e'?) —9(e")
eiH _ eis

<212
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Thus,
[9(2) —9(a)| < V2n?|z —al m

Proof of (c) of the theorem:

From (b)
[9(2) — 9(a)| < V2r?|z — al
1
2
<+2m Zﬁnzﬂ(a)
) (a)
Thus
1 1
—Eﬁ(a) <9(z) —9(a) < Eﬁ(a)
This implies

119 <9J <319
S9(@) < 9(2) < 59(a)

and therefore
9(z)
(a)

<

<

N| =
N W
]

)
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