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Abstract: Semiring theory is one of the most developing branches of Mathematics with wide application in many disciplines such as 

Computer Science. Coding theory, Topology space and many researchers studies different structure of semirings like complemented 

semirings, Boolean like semirings etc. In this paper, we discuss some properties of Completely regular semiring, In this paper, we have 

many proved criteria on the different structure of semirings, Anti-inverse (S,+) and quasi-separative (S,.) is proved through completely 

regular semiring application, completely regular semiring a + x = a is proved, as  Distributive, (S,+) is a Boolean ring. On the condition 

of completely regular semiring anti-inverse is proved as monosemiring and some other relations are proved. We determine the additive 

and multiplicative structures of a completely regular semiring by assuming different properties on the additive (multiplicative) 

structures.  
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1. Introduction 
 

The notion of semiring was first introduced by Vandiver 

[13], in 1934. Vandiver introduced an algebraic system, 

which consists of non empty set S with two binary 

operations addition (+)xand multiplication (.).The system (S, 

+,.) satisfies both distributive laws but does not satisfy 

cancellation  law of addition. The system he constructed was 

ring like but not exactly rings. Vandiver [13] called this 

system a „Semiring‟. The first steps towards completely 

regular semirings were done in J. Zeleznekow [11] where a 

good overview about additively regular semirings has been 

given. In the last decade, there have been different 

approaches to introduce a concept of completely regular 

semirings so that these inherit the structural regularity from 

their additive reducts. F. Pastijn and Y.Q. Guo[8] analyzed 

semirings which are composed of disjoint rings. A more 

generalized approach was chosen by Sen, Maity and Shum 

in [7] when they claimed that for each element 𝛼 of a 

completely regular semiring there has to exist an element x 

such that a = a + x + a, a + x = x + a and a(a + x) = a + x. We 

shall follow the terminology proposed by P.M. Drazin[10]. 

M.K. Sen, S. K. Maity[5] studied the  completely regular 

semiring. The research of separative semigroup was being 

began from the famous paper of Hoeitt and Zuclevman. 

Drazin [3] introduced the term „quasi-separativity‟ and 

studied connection between it and other semigroup 

properties. They proved some results on commutative 

separative semigroup. Venkateswarlu. [4] studied “Boolean 

Like Semirings”, Bedrich, Pondelicek [12] proved the least 

separative, separative congruence on a weakly commutative 

semigroup. Maity & Ghosh [1] studied on the class of 

idempotent semirings and also we follow the terminology 

proposed by Shobhalatha and Bhat [3] in an anti-inverse 

semirings. Heinz Mitsch [14] defined partial order relation 

on a semigroup.  

 

 

 

2. Preliminaries 
 

Definition 2.1: A semiring is a non empty set S on which 

operations of addition “+”xand multiplication “.” have been 

defined such that the following conditions are satisfied: x 

(i) (S,+) is a semigroup x 

(ii) (S,.) is a semigroup x 

(iii) Multiplication distributes over addition from either side. 

x 

Examples of semiring 

i) The set of natural numbers under the usual addition, 

multiplication. x 

ii) Every distributive lattice (L,V,^), (iii) Any ring (R,+,.) 

 

Definition 2.2: An element „a‟ of a semiring (S,+,.) 

completely regular if there exists an element x𝜖S,  satisfying 

the following conditions (i) x a = a + x + a, (ii) a + x = x + a,  

(iii) a(a + x) = a + x x 

 

Definition 2.3: A completely regular semigroup S, if for 

each element „a‟ in S there is an element „b‟ in S  such that 

aba = b and bab = a The elements a and b are then called 

anti-inverse. e.g.                                   
* a b C 

a a a c 

b a b c 

c c c a 

aaa =a, bbb = b since a and b are their own anti-inverses. ccc 

= ac = c, cac = cc = a, aca = ac = c, hence     a and c are anti-

inverses.  

 

Definition 2.4: A semiring S is called simple of a + 1 = 1 = 

1 + a for and a∈S. x 

 

Definition 2.5: A semiring S is called quasi-separative if for 

any a, b∈S, a
2
 = ab = b

2
 implies   a = b x 

 

Definition 2.6: A system (S,+,.) a Boolean semiring if and 

only if the following properties hold: x 
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i)   (S,+) is an abelian group. X 

ii) (S,.) is a semigroup. X 

iii) a(b + c) = ab + ac and x  

iv) abc = bac, for all a, b, c in S. x 

 

3. Some theorems on properties of completely 

regular semirings x 
 

Theorem 3.1 Let (S, +) be a completely regular semiring if 

a + x = a x 

 

Proof: Let (S, +) be a completely regular semiring. 

Consider, a + x = a + x + a + x => a + x + x + a => a + x + 

a => a x 

 

Conversly, if a + x = a then (S,+) be a completely regular 

semiring x 

i) Consider, a+x=a=> a + x + a = a + a => a + x + a = a x 

ii) Consider, a+x= a=>x+ a + x = x + a => a + x = x + a x 

iii) a+ x = a => a(a + x) = a.a => a(a + x) = a => a(a + x) = 

a + x + a => a(a + x) = a + a + x => a(a + x) = a + x  

 

Theorem 3.2: Let (S,+,.) be a completely regular semiring, 

then (S,+) is an Anti-inverse x 

 

Proof: We first suppose that S is completely regular 

semiring, Then for any a∈S, satisfying the condition a + x + 

a = a, and a + x = x + a, We need to prove that a + x + a = x 

and x + a + x = a, By the definition of  completely regular 

semiring, we have a + x + a = a impliesxa+a+ x = a suppose 

that (S,+) is band,  a+x =a and we can also implies that 

a+x+x=a, by the definitionxofxcompletelyxregularx 

semiring, wexhavexxx+xax+xxx=xax 

 

Similarly we have prove a + x + a = x, by the 

definitionxofxcompletelyxregularxsemiringxwexhavex 

ax+xxx+xax=xaximpliesx (ax+xxx+xa) + a = a which 

implies thatxax+xax=xa, then add x∈S on both side, such 

that a+a+x=a+xximpliesxax+xxx=xax+xxx+xx 

 

Fromxcompletelyxregularxsemiringxcondition a + x = x + a 

+ x, supposexthatx(S,+) is bandxax+xax+xxx=xxx+xax+xxx 

which alsoximpliesxthatxax+xxx+xax=xx, Thereforex (S,+) 

is Anti-inverse.  

 

Lemma: Letx(S,+,.)xbexaxcompletelyxregularxsemiring, a 

+ b + a = a => b + ax+xax=xax=>x b + a = a => b +  a + 1 = 

a + 1 => b + a + 1 + 1 = a + 1 + 1 => b + 1 + a + 1 = 1 + a + 

1 =>xbx+x1x=x1 

 

Similarly, a (ax+xb) = a + b => a.ax+xa.bx+x1x=xax+xbx+1 

=> a.a + a.b + 1 + 1 = a + b + 1 + 1 => a + a.b + 1 + 1 = a + 

1x+xbx+x1x=>xa(1x+xb)+x1x+x1x=xax+x1x=>xa + 1 + 1 

= a + 1 => 1 + a + 1 = a + 1 => 1 = a + 1 

 

Thereforex(S,+) xisxsimplexsemiring. 

  

Theorem3.3:xLetx(S,+,.)xbexaxcompletelyxregularxsemiri

ngxthenx(S,.) isxquasi-separative. x 

 

Proof: Letx(S,+,.)xbexaxCompletelyxregular semiring 

 

Consider,xa
2
x=xab,xpostxaddingxbyx„b‟xwhichimpliesxasx

a
2
x+xbx=xabx+xbxbyxthexsecondxdefinitionxofxcompletel

yxregularxsemiring, a (a + b + a) + b = a(b + a + b) + b this 

can be writtenxas a(a+b) +xa.a+ b= a(b+a)+a.b+ b, if (S,.) is 

a band and third condition of completelyxregularximplies 

that a + b + a + b = b + a + ab + b implies a+ b = b + a(1 + 

b) + b fromxdefinition completely regular and b the simple 

semiring implies that a + b + a + b= b + a +b 

sincexSxisxcommutativexax+xax+xbx+xb=xbx+xax+xbimp

liesxax+xax+xbx=bx+xax+xbx(Sxisxaxband)xthenximplies 

a + b + ax=xbx+xax+xbxthereforexax=xb. Similarly, 

wexcanxshowxthisxif, xabx=xb
2
x thenxax=xb, x  

 

Consider ab = b
2 

preaddingxbyx„a‟xwhichx implies as a + 

a.b = a + b.bxfromx completelyxregularxsemiring a + a(b + 

a + b) =xax+xb (bx+xax+xb) implies that a + a(b + a) 

+a.bx= a + b(b + a)+ b.b then implies that a + b+ a + a.b = a 

+b + a + bx (from completely regular definition) implies a + 

b + a + ab = a + bx+xax+xbxthis Implies a +xbx+xa(1x+xb) 

= a + b from definition completelyxregularxandxbyxthex 

simple semiring implies that a + b +a = a + b + a +xbxsince 

S is commutative a + b+ a = a + a + b + b implies a +b  +a= 

a + b + b (S is a band) then implies a + b+ a = b + a + b.  

Thereforex ax=xb.  

 

Theorem3.4: Let (S,+,.)xbexanxcompletelyx regular 

semiring then „S‟xisxDistributive.  

 

Proof: Givenxthatx(S,+,.)xbexanxcompletelyx regular 

semiring. Thus aba = a for all a, b in S. To prove that S is 

distributive. It is enough to show that „+‟ is distributive over 

„.‟ (a.b)x+xcx=x(ax+xc).(bx+xc) for all a, b, c in S. 

Consider, (ax+xc).(bx+xc) = (ax+xc).b + (ax+xc).c implies 

that (ax+xc). (bx+xc) = (a.b)+x(c.b)x+x(a.c)x+x(c.c) which 

impliesx(ax+xc).(bx+xc) =x(a.b) +x(c.b) +x (a.c) + c then 

(ax+xc).(bx+xc) =x(a.b) +x(c.b) + (aca)(cac) + c implies (a 

+ c).(bx+xc)x= (a.b)x+x(c.b) + ac(ac)ac + cximplies (a + 

c).(bx+xc)x=x(a.b)x+x(c.b)x+xac(ca)acx+xcxthenximpliesx(

a + c).(bx+xc)x=x(a.b)x+x(c.b)x+ (acc) (aa)c + c implies (a 

+ c). (bx+xc)x=(a.b) + (c.b) + ac(cac) + c implies 

(ax+xc).(bx+xc) = (a.b) + (c.b) + acc + c (from condition of 

completely regular) (a + c).(bx+xc) = (a.b) x+x(c.b) 

x+xcacx+xcx impliesx (ax+xc).(bx+xc) = (a.b) + (c.b) + c + 

c implies that (a + c). (b + c) = 

(a.b)x+x(cbc)(bcb)x+xcx+xcxthenx (ax+xc).(bx+xc) = (a.b) 

+ (cbc)(bcb)x+xcx+xcxthenx(ax+xc).(bx+xc)x=x(a.b) + c.c 

(b.b) c. bx+xcx+xcximpliesx(ax+xc).(bx+xc)x=x(a.b)x+ c.c 

(bcb) +xcx+xcximplies (ax+xc).(bx+xc) x=x (a.b) + c.c.b + 

c + c implies (ax+xc). (bx+xc) =x(a.b) + c.b.c + c + c then 

(ax+xc).(bx+xc) = (a.b)+ xc + c + c therefore (ax+xc).(bx+c) 

=x(a.b)x+xc,xsimilarlyxwexcanxprovexall distributive 

condition, thisx impliesxcx+x(a.b) = (c + a). (c + b) for all a, 

b, cxinxS, xHencexSxisxdistributive. x  

 

Theoremx3.5:xLetx(S,+,.)xbexaxcompletelyx regular 

semiring, and iff (S,+) Anti-inversex isx(S,+) isxa 

Monosemiringx 

 

Proof: Letx(S,+,.)xbexaxcompletelyxregularx 

semiringx 

Letx(S,+)xisxAnti-inverse.x 

Consider,ax+xxx+xax=xxx=>xa(ax+xxx+xa)x=a.xx=>a.ax

+xa.xx+xa.ax=xa.x==>a(ax+xx) 
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x+xa.ax=xa.xx=>xax+xxx+xa.ax=xa.xx=>x a(1x+xa) 

+xxx=xa.xx=> a+xx=xax   

Thereforex(S,+) isxMonosemiringx 

Conversely, 

Considerxax+xxx=xaxx=>xa(ax+xx)=xaxx=>xa.ax+xa.xx=

xa.xx=>xa(ax+xxx+xa)x+xa.xx=x 

a.xx=>xa(ax+xxx+xax+xx)=xa.xx=>xax+xxx+ax+xxx=xxx

=>xax+xxx+xax=xx   Thereforex(S,+) isxAnti-inverse. x 

 

Theoremx3.6:xLetx(S,+,.)xbexaxcompletely 

regularxsemiring,xthenx(S,+)xisxsimplexsemi ringxiffx(S,.) 

is idempotent 

Proof:xLetx(S,+,.)xbexaxcompletelyxregular semiring, x  

Ifx(S,+)xisxsimplexsemiringxthenxax+x1x=x1xprexmultipl

yxbyx„a‟xthen,xa(ax+x1)x=xa.1x 

impliesxa.ax+xa.1=xaximpliesxthata.ax+xax=xathenxbyxsec

ondxconditionxofxcompletelyx 

regularxwhichxcanxwrittenxasxa.ax+xax+xbx+xax=xaximpl

iesxa.ax+x(ax+xb)x+xax=xaxfromxcompletelyxregularx 

conditionxa.ax+xa(ax+xb) 

x+xax=xaxwhichximpliesxa.ax+xa.ax+xax=xaximpliesxthat

xa.ax+xax+xa.a=axthereforexfrom 

completelyxregularxconditionxa.ax=xatherefore(S,.) 

isxidempotent. x 

Conversely,xIfx(S,.)xisxidempotent,xwexcan 

provexthisxasx(S,+) isxsimplexsemiring.x  

Letxa.ax=xaximpliesxbyxcompletelyxregularx 

a(ax+xbx+xa)x=xaximpliesxa(ax+xb)x+xax=xa 

thenximpliesxthatxax+xbx+xax=xaxthisximpliesax+xbx+xa.

ax=xaximpliesxax+xa.ax=xaxthenx 

a(1x+xa)x=xa.1xfromxleftxcancellation 

1x+xax=xaxthereforex(S,+) isxsimplexsemiring.  

 

Lemma:xLetx(S,+,.)xbexaxcompletelyxregular 

semiring,xthenxitxprovedxasxabax=xbabxsuchxthatxabax=x

(aba)(bab)(aba)x=xa(bab)(aba)bax=xa.b.a.b.ax=xb.a.a.a.bx=

xbabx 

 

Theoremx3.7:xLetx(S,+,.)xbexaxcompletelyxregularxsemiri

ng,xinxwhichx(S,.)xisxdefinedxbyxa.bx=xaabxforxallxa,bxi

nxSxthenx(S,+,.)xisxaxBooleanxsemiring.  

 

Proof:xLetx(S,+,.)xbexaxcompletelyxregularxsemiring,xsin

cexa.ax=xa.a.ax=xaxandxa.0x=x0.ax=x0xforxallxaxinxS,xF

orxa,bxinxSxbyxconditionxofxcompletelyxregularxwexcanx

sayxthatxa.b=xb.axsimilarlyxbyxusingxsamexconditionxwe 

can provex(S,.) isxaxcommutativexsemigroup, consider 

a.b.c = a.(bbc) = a.a.b.b.cx= a(aba)bbc = a.a(bab)b.c = 

a.a.b.b.c = ababc = a.b.c  

 

Thereforex(S,.)xisxaxcommutativexsemigroup.  

 

Consider,a.(bx+xc)x=xa.a(bx+xc)x=xaabx+xaacx=xa.bx+xa

.cximpliesxa.(bx+xc) x=xa.bx+xa.cx(a + b). c = c. (a + b) 

since (S,.) is commutative, implies a + b).c = c.a + c.b 

impliesx (ax+xb).c =xa.cx+xb.c thusxa.(bx+xc) =x(ax+xb).c 

Since a +xax=x0xforxallxaxinxS,xeveryxelementxof S has 

additive inverse,xa.b.cx=x (aab).c implies a.b.c = (aab) 

(aab)c =x(aba)a (bab) (aba) (aba) (bab)c =xa(baa) b(aba) 

(baa) (bab) (acc) = b(aaa)baabc = b.a.(aba).b.c 

=xb.a.a.b.cx=xb(aba)cx=xb.a.cx 

Hence (S,+,.) isxBooleanxSemiring. x  

 

Theoremx3.8:xAnxelementxofxaxsemiringxS is quasi 

completely regularxifxandxonlyxifxfor each a∈S, there exits 

an elementxx∈Sxsuchx thatxax=xax+xxx+xa, x 

(1.1.1) a(ax+xb) x=xax+xb 

(1.1.2) a(ax+xb) x=xab(ax+xb) 

(1.1.3) a(ax+xb) x=xb 

(1.1.4) a(ax+xb) x=xa 

(1.1.5) a(ax+xb) x=xab 

 

Proof:xFirst, wexsupposexthatxaxisxcompletely regular. 

Then byxquasi- completelyxregular, therexexistx an element 

x∈S suchxthatx 

(1.1.1) Considerxa(ax+xb)x=xax+xbximplies, by second 

condition of completely regular a(a + b) = aba + bab 

implies a(ax+xb) x=xab(ax+xb) 

(1.1.2) a(ax+xb)=xax+xbximplies,xbyxfirstx condition of 

completely regular,x a(a + b) = a + b+ a + b then 

impliesxthatxa(ax+xb)x=xbx+xax+xax+xbx implies 

a(ax+xb) =xbx+xax+xbx therefore from second 

condition ofx completely regularxa(a+b)=b 

(1.1.3) a(ax+xb)x=xax+xbximplies,byxfirstx condition of 

completely regular a(ax+xb) = a+b+a+bxthen 

impliesxthatxa(ax+xb)=xax+xax+xbx+xbimpliesxa(

a+b)= ax+xax+xbxtherefore formxsecondxcondition 

of completelyx regularx a(ax+xb) x=xax+xbx+xax 

such thatxa(ax+xb) x=xa 

(1.1.4)  a(ax+xb)x=xa(abax+xbab) 

=xa[ab(ax+xb)]x=xab[a(ax+xb)]x =xab(ax+xb) 

=xb[a(ax+xb)] =xb(ax+xb) therefore, a(ax+xb) 

=xb(ax+xb) 

(1.1.5) a(ax+xb)x=xa(abax+xbab)=a[ab(ax+xb)] 

=xaab(ax+xb)x=xab[a(ax+xb)]x= 

ab[b(ax+xb)]=xabb(ax+xb)x=xa(bbax+xbbb)x=xa(b

abx+xb)x=xa(bx+xb)x=xab sincexSxisxaxband. x 

 

Theoremx3.9: Letx(S,+,.)xbexaxcompletelyx regular 

semiring, satisfying thexidentityxax+xbx+x1x=xabx for all 

a, b inxS. 

 

Proof:xLetx(S,+,.)xbexaxcompletelyxregularx semiring to 

prove that a+b+1x=xabx 

 

Consider,     I  

i) a+b+a=a=>a+b+a+b=xa+b=>a+b+a+b+1=a+b+1x => ab 

+ ab +1 = a+ b+1 => ab + 1 + ab = a + b + 1 => ab = a + b 

+ 1 

 

ii)xConsider,xa(ax+xb)x=xax+xbx=>xa.ax+xa.bx=xax+xbx

=>xa.ax+xa.bx+x1x=xax+xbx+x1 

=>ax+xabx+x1x=xax+xbx+x1x=>xabx+xax+x1=xax+xbx+

x1x=>abx+x1x+xabx=xax+xbx+x1x+xab 

=>xabx+x1x+xabx=xax+xbx+xabx+x1x=>xabx+x1x+xabx

=xax+xb(1x+xa)x+x1x=>xabx+x1x+xabx=xax+xbx+x1x=

>xabx=xax+xbx+x1x 

 

Theoremx3.10:xLetx(S,+,.)xbexcompletelyx 

regularxsemiring,xDefinexaxrelationx‟≤‟xonx„S‟suchxthatx

ax≤xbxiffxax+xbx+x1x=xabxforxallxa,bxinxS, If „e‟ be the 

additive identity, (S,+) is simple semiring then (S,+,.) 

partially orderedxsemiring.  
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Proof: Letx(S,+,.)xbexaxcompletelyxregular xsemiringx 

Definexaxrelationx„≤‟ onx„S‟, suchxthatxa ≤ b iff a + b + 1 

= ab forxallxa,bxinxSx 

 

Considerxaax=xax+xax+x1x=>xax=xax+x1x+xax=>xax=xa 

=> a ≤ a.  Hencex„≤‟ isx reflexive.  

 

Letx ax≤x bxandxbx≤xax=>xax=xbx 

 

Consider, ab = a + b + 1 => ab = b + a + 1 => ab = b + 1 => 

ab +xbx=xbx+x1x+xb=>b(ax+xe) = b => a + e = b => a=b 

 

Hencex„≤‟ xisxAntisymmetricx 

 

Letxax≤xb, xbx≤xcxthenxax≤xcx 

 

Consider,xabx=xax+xbx+x1x=>xabx+xcx=xax+xbx+x1x+x

cx=>xax+xbx+x1x+xcx=xax+x1x+xcx=>xax+xcx+xbx+x1x

=xacx=>xax+xcx+x1x=xac=>xax≤xc 

Hencex„≤‟ isxtransitive. x 

Ifxax≤xbx=>xax+xbx+x1x=xabx 

TPTxacx≤xbcx 

Consider,xabx=xax+xbx+x1x=>xac.bx=xacx+xbcx+xcx=>x

ac.bcx=xac
2
x+xbc

2
x+xc.c.1x=>x 

(ac)(bc)x=xacx+xbcx+xc.1x=>x(ac)(bc) x=xacx+xbcx+x1 

Therfore acx≤x bc  x 

Similarly, xwe canxprovexthatxcax≤ xcbx 

Ifxax≤xbx=>xax+xbx+x1x=xab, x 

Tox provex thatx ax+xcx≤x bx+xcx  

abx=xax+xbx+x1x=>abx+xcx=xax+xbx+x1x+xcx=>xabx+x

cx+xcx=xax+xcx+xbx+xcx+x1x=>x 

abx+xacx+xbcx=x(ax+xc)x+x(bx+xc)x+x1x=>x 

abx+xacx+xbcx+xc
2
x=x(ax+xc)x+x(bx+xc)x+x1x+xc

2
x=>(a

x+xc)(bx+xc)x=x(ax+xc)x+x(bx+xc) 

x+x1xSimilarlyxwexcanxprovexthat cx+xax≤xcx+xbx      

 (S,+, . ,≤) xisxaxpartiallyxorderedxsemiring. x 

 

4. Conclusion 
 

InxCompletelyxregularxsemirings,thexalgebraicxstructurexo

fxmultiplicativexsemigroupx(S,.) determine the additive 

structure of (S,+) and vice versa. In a completely regular 

semirings satisfies the condition a+ x = a, and 

monosemiring, antiinverse, and partially orderedxsemiring 

satisfying the identity a + b + 1 = ab for all a, b in S. This 

work is supported by the Visvesvaraya Technological 
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