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Abstract: We review two main results of Riemann Zeta function; the analytic continuity and the first functional equation by the means
of Gamma function and Hankel contour. We observe that an additional term is considered in both results. We justify the non-trivial

location of Zeta non-trivial zeros subject to an approximation.
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1. Introduction

In 1859, Bernhard Riemann published an eight-page paper,
in which he estimated “the number of prime numbers less
than a given magnitude” using a certain meromorphic
function on C. But Riemann did not fully explain his proofs;
it took decades for mathematicians to verify his results, and
to this day we have not proved some of his estimates on the
roots of ¢. Even Riemann did not prove that all the zeros of
¢ lie on the line Re (s) = 1/2. This conjecture is called the
Riemann hypothesis and is considered by many the greatest
unsolved problem in mathematics ™% * 71

The difference between the analytic continuity of Gamma
and Zeta

o

{(s) = Z n%, Rels) =1
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Clearly, t7=0 is the lower Ilimit of the integral
representation of I'(s) . Now, considering the Hankel
Contour approach we can certainly provide the analytic
continuity for all s except s =0,-1,-2...see [2, 3, 4 and 10]

Riemann considered the same approach % 321410l
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Now, since we already assumed the limit of the geometric
series

Rels) = 0.
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We may wish to reconsider that

T=nt and n - o =t # 0. Otherwise we are letting
T = o0 X 0 which is undefined

In view of that; obviously t = 0, is not a lower limit of the
integral representation of {(s) . Consequently;

E—1
;’(s]!"{s]=" —{;_1] dt. nalready — o (1.1)
=0
Through the representation above, the one cannot provide
any analytic continuity by the means of Hankel contour
since there will be always a gap around t = 0.

If we assume that

{(s)ris) = (12)

o
We are assuming an additional term around t = 0

For that, we may expect some accurate conclusions but not
sharp. A straight forward approach toward locating the non-
trivial zeros can be considered from the following
observation:

For a non zero real valued number t if

L+ +F =0, t = 0.then
1 (2m + 1=

AT

That is if we assume the analytic continuity from (1.1) and if
we let {(s) = {(1—5s)=0.

, tE=0.nt #£0and m € E
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Then
_ _ tS_L+ t—S
{sris) + {1 —siri1 —s) = w dt =10
=0
We can let the right hand side equal zero elements wise
tS_L _I_ t—S — U
1566



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2019): 7.583

1 Cm+1ln
s= —4+i—  tF=0Int #F0andm € &
2 Int

This implies that
The non-trivial zeros lie on the critical line Re(s) = =

Next;

We consider the Hankel Contour that is we assume the non
sharp version (1.2). We briefly state and prove the analytic
continuity and the first functional equation

Riemann Zeta Functionintegral Formula and First
Functional Equation [1 - 10]

Lemma 1the Riemann Zeta function
everywhere, except at a simple poles =1
Proof

rs) = J‘ e T tdr =nf J‘ e
o o

Multiplying by ¢(s), implies
¢l
(@re = [
o ©
To extend this formula to C\{1}, we integrate(—t)*/(et —
1 over a Hankel contour: a path from +co inbound along the
real line to e > 0, counterclockwise around a circle of
radius € at 0, back to € on the real line, and outbound back to
+oo along the real line, around the circle, tcan be
parameterized byt = ee'®,0 < 6 <2m and € is a small
arbitrary positive constant that we will let tend to 0:
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f{ 2 — dt = 2i sin{ns)I'(s){(s) (1.3)

Lemma 2

() = 2t sin (3) P - )¢ =)

Proof

Here we consider a modified Hankel contour: consisting of
two circles centered at the origin and a radius segment along
the positive reals. The outer circle has radius (2n + 1)7 and
the inner circle has radius e < m. The outer circle is
traversed clockwiseand the inner one counterclockwise. The
radial segment is traversed in both directions. Then by
employing the residue theorem

oo

(_t)s_l s—s—1q; s s—=1
] dt = 2°m sm(7)2n

n=1

14
Plugging in equation (1.1) we then prove the functional
equation

Q{S]_73 2= J.

o (3)r-)0-3)

Remark

From Lemma 1, the integral along the real axis in both
directions does not depend on €. Similarly; the integral
along the modified Hankel contour in Lemma 2 does not
depend on the path. The only significant note is the integral
around the small circle vanishes subject to € = 0.

Claim

€ - 0. In other words e will remain non-zero no matter how
small it is.

Proof

Certainly; there exist a connection between t and €, since t
can be parametrized around the small circle by t = ee®, this
implies [t| =€ # 0 (sincet = nt,n — o).

According to our claim, we will keep track on € along the
steps of the proofs of Lemma 1 and Lemma 2. We will let
the integral around the circle.

P —mi i8yE
t =ce® = ie J‘ M

i .
gff" —1

efdg
=0

r —mi gyt
- J‘{Ee .e }

] — g-1 _, &1
e df — fls, ele £

=0
For shorthand and since the function f (s, €) will not directly
contribute in our approach, we can simply omit it. Now, we
consider the slight modification on Lemma 1 and Lemma 2,
due to the additional term e5=! , the result in (1.3) will
reduce to
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(-0t i

jg pr— dt = ¥~ + 2i sin(mws) I'(s) { (s),
c

Similarly, the functional equation in Lemma 2 will be also

modified and viewed asnon functional equations. Since we

assumed the additional terms of € we have to add restrictions

for accuracy.
ns

{ls) ="t + 22n% Lsin (?)T{L —-s){l1

2 14
—s5), Rels) =1, 4
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= E—.g _
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+ 2"~ sin (rr{ 5 S]) ris)éls), Rels) =0

Theorem assuming the analytic continuity of {(s) and

IFils) = {{1-5)=0. them Re(s) =

Proof
For simplicity we write
ns
— 881 s -
Als) = 2°n sln{ 5

Jra-s¢a-s

At =9 = 2rsin () r ) 9

Let s = x + iy satisfying {(s) = ¢{(1 —s) = 0O,then
fls) —Als)(1 —5) = &2
{(1-5)—Al1l —5){(s) = e
Adding the last two expressions yield
(s} — A —5) +{01 —5) — AL — 5){(s)
= t_s—l._l_ t_—s
Now, if the left hand side of the expression above equals
zero implies the right hand side also equals zero, solving for
s € C\{1}:
e e~ =10
ime (Zx — 1) + Zm + Unm
2ine '
Ine =0 and me £
Since y is real valued then the term multiplied by i will

vanish that is x = % or if we write
[:‘ Ine (2x — 1) +(2m + 'l]n']

2Ine

y=

s=x41i

That is

(2m + Ln
2Ine ]

s=x+41i [
The real part of s will reduce to x = %

Consequences
For e sufficiently small; we can consider the following
equations:

(s) = L 4 2°n"Lsin (?)F{l — s w6
—zg), Rels) =1,
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+ 2¥~fsin (@J ris)i(s), Rels) (1.7)
=0 )
{(s) ="+ 2°m*tsin (?)f{l—s]g’{l (18)

— 51, 0 < Rels) =1
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=&t F + 21"~ sin (%J ristiis), o (19)
< Rels) < L
1
(D+{l-s)=0ats=5+1y
(2m+ 1rn
J:T ,for some non zero real number £, me I
{(-2n)~0, n € I

Now, letting e — 0 is an approximation of {(s) over C\
{1}. Clearly; the approximation does not divert the purpose
of Riemann, since the non-trivial zeros will definitely lie on
the critical line. Moreover; computing Zeta Zero through
The Euler-Maclaurin summation formula, The Riemann
Siegel formula and The Odzyklo-Schélange algorithm
remain accurate, and every imaginary part of nontrivial zero

can be viewed as
_ @m+Dr
- 2Int

,for some non zero real number t,m € Z.

2. Conclusion

We justified the location of the non-trivial zeta zeros subject
to assuming the analytical continuity and subject to
considering {(s) = {(1—5s)=0 simultaneousily.
However this does not change the fact that the analytical
continuity is not sharp nor all of its consequences: the
functional equation, the trivial zeros and the non trivial
zeros. The only sharp result is the location of non-trivial
zeros on the critical line subject to assuming an
approximated analytic continuity.

But since the one can manipulate the error, Riemann Zeta
function remains an accurate approach to investigate the
main objective of Riemann: the distribution of prime
numbers.
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