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1. Introduction

In the year 1942 Menger [21] introduced the notion of a
probabilistic metric space (PM- space) which was, in fact, a
generalization of metric space. The idea behind this is to
associate a distribution function with a pair of points, say
(p,q), denoted by Fp,q(t) where t > 0 and interpret this
function as the probability that distance between p and q is
less than t, whereas in the metric space, the distance function
is a single positive number. Sehgal [37] initiated the study
of fixed points in probabilistic metric spaces. The study of
these spaces was expanded rapidly with the pioneering
works of Schweizer and Sklar [7]. Jungck [13] introduced
the notion of compatible mappings and utilized the same to
improve commutativity conditions in common fixed point
theorems. This concept has been frequently employed to
prove existence theorems on common fixed points.
However, the study of common fixed points of non-
compatible mappings was initiated by Pant [29]. Recently,
Aamri and Moutawakil [1] and Liu et al. [34] respectively
defined the property (E.A) and the common property (E.A)
and proved interesting common fixed point theorems in
metric spaces. Most recently, Kubiaczyk and Sharma [15]
adopted the property (E.A) in PM spaces and used it to
prove results on common fixed points. Recently, Imdad et al.
[26] adopted the common property (E.A) in PM spaces and
proved some coincidence and common fixed point results in
Menger spaces.

1) Preliminaries: Before going to our main result we
require some more definitions and Lemma,

Definition 1.1 [8]: Let X be a non empty set and L denote
the set of all distribution functions. A probabilistic metric
space is an ordered pair (X,F) where F :X * X—L. we shall
denote the distribution function by F (p, g) or Fp,q;p,qe€
X and F(p, g, x) will represent the value of F (p, q) at x € R.
the function F p, q is assumed to satisfy the following
conditions :

LFEp,q®)=21vt>0ifandif p=q
2.Fp,q(0)=0foreveryp,qeX

3.Fp,q)=Fq,p(t) foreveryp, qeX

4. 1fFp,q(t)=1and Fq,r(s) =1itfollows that F qr (t +s)
=1lvp,qreXandt,s>0.

In metric space (X ,d) , the metric d induces a mapping F : X

* X—L such that F p, q (t) = H(t-d(p, q) ) for all p, g € X and

t € R, where H is the distribution function defined as
_f0,ifx < 0

HEo)= {1. ifx > 0

Definition 1.2 [8] :A mapping A: [0, 1] * [0,1] —[0,1] is
called t- norm if the following conditions are satisfied
(1)A(a,1)=aforallae]0, 1], A(0,0)=0,

2)A(a,b)=A (b, a)

(B)A(c,d)<A(a,b)forc>a,d>b, and
(4)A(A(c,d),c)=A(a,A (b, c)) forall a, b, c €[0,1]

Example 1[8] The following are the four basic t-norms:
(i) The minimum t-norm: Ty(a, b) = min{a,b}.
(ii) The product t-norm: Tp (a,b) = a.b
(iii) The Lukasiewicz t-norm: T (a, b) = max{a + b — 1, 0}.
(iv) The weakest t-norm, the drastic product:
_ (min{a, b}, if max{a b} =1
Tofa.b) I 0, otherwise

In respect of above mentioned t-norms, we have the
following ordering:
To<T <Tp<Tw

Definition 1.3 [21]: A Menger probabilistic space is a triplet
(X, F, A) where (X, F) is a PM-space and A is a t- norm with
the following condition

Fort+ts)>AF 5 (1), Fp (s) forallp,greXandt, s>
0.

The above inequality is called Menger’s triangle inequality.

Definition 1.4 [28] : A sequence {Xx,} in (X, F, A) is said to
be a convergent to a point x € X if for every € > 0 and A > 0,
there exists an integer N=N (& ,A) such that F, , (¢) =1-AV
n>N (g ,L).

Definition 1.5 [28] : A sequence {Xx,} in (X, F, A) is said to
be a Cauchy sequence if for every € > 0 and A >0 , there
exists an integer N=N (¢ ,A) such that F, . (¢) »1-AVn,
m>N (g,A).

Definition 1.6 [28] : A Menger Space (X, F, A) with the
continuous t- norm is said to be complete if every Cauchy
sequence in X converges to a point in X.

Volume 9 Issue 2, February 2020

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR20214200535

DOI: 10.21275/SR20214200535 916



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Definition 1.7 [24]: Let (X, F, A) be a Menger PM Space.
A pair (f, g) of self mapping on X is said to be weakly
commuting if and only if Frg, gr ()2 Fpy gy (1) for each x
eXandt>0.

Definition 1.8 [31]: Let (X, F, A) be a Menger PM Space .
A pair (f, g) of self mapping on X is said to be compatible if
and only if Frgxn gfxn, (t) —1 for all t > 0 whenever {x,} in
X such that fx,,gx, — z for some z € X asn - oo.

Clearly, a weakly commuting pair is compatible but every
compatible pair need not be weakly commuting.

Definition 1.10 [19]: Let (X, F, A) be a Menger PM Space .
A pair (f, g) of self mapping on X is said to be non-
compatible if and only if there exist at least one sequence
{Xn} in X such that

lim, ., fx, =lim, . gx, = z, for some z € X, implies that
limy, oo Frgx,, grx, (t0) (fOr some to > 0) is either less than 1
or non-existent.

Definition 1.11 [15] : Let (X, F, A) be a Menger PM Space
. A pair (f, g) of self mapping on X is said to satisfy the
property (E.A) if there exist a sequence {x,} in X such that
lim,, Lo fx, =lim, . gx, = z, for some z € X.

Clearly, a pair of compatible mappings as well as non-
Comatible mappings satisfies the property (E.A).

Inspired by Liu et al. [39], Imdad et al. [26] defined the
following:

Definition 1.12 [34]: Two pairs (f, g) and (p, q) of self
mappings of a Menger PM space (X,F, A) are said to satisfy
the common property (E.A) if there exist two sequences
{X}, {yn} in X and some t in X such that

lim, e fX, = lim, 0 gx, = limy, o px, = limy, o gx, = Z

Definition1.13. [24] Two finite families of self mappings
{A} and {B;} are said to be pairwise commuting if:

(l) AiAj = Ain, |,J € {1, Zm},

(ll) BiBj = BjBi, |,j € {1, 2...n},

(iii) AB;j=BjA;, i€ {1,2..m},j e {1, 2..n}.

2. Main Result

The following lemma is useful for the proof of succeeding
theorems.

Lemma 2.1 [14]: Let (X, F, A) be a Menger space. If there
exists some k € (0, 1) such that for all p, q, X and all x > 0,

[y pwdu > Jy7© pwydu
- - - (21)

Where ¢ : [0, ©) - [0, «) is a non-negative summable
Lebesque integrable function such that

f: @(u)du > 0 foreach ¢ e [0,1) thenp=q.

Proof. From (2.1.1)

[ odu >[40 pwydu

one can inductively write (for m € N)
-1
fr " oadu = [PV oydu 2 - - -

0
L odu

2 -- - folQ)(u)du asm— oo,
Therefore
[ gy - [ @u)du >0
0 0 -
And hence,

fy7 odu (77 odu - [ o@du)z 0

0 0
Or,

1
prlq(t)(D(u)du <0.
which amounts to say that Fp,q(t) > 1 for all t > 0. Thus, we
get p=q.

Remark : By setting ¢(t) = 1 (for each t > 0) in (2.1.1) of
Lemma 2.1, we have

0 o@du = F,q(kt) = F,q(©) = [ p@)du,
which shows that Lemma 1 is a generalization of the Lemma

2 (contained in [34]).

In what follows, A is a continuous t-norm (in the product
topology).

Lemma 2.2: Let (X.F, A) be a complete Menger Space and
let f, g, p and g be self mapping of X satisfying the
conditions:

(i) Pairs {p, f} and {q, g} satisfies the property E.A.

(if) B(y,) converges for every sequence {y,} in X
whenever T(y,) converges,

(iii) for any x,y € X and for all t > 0,
Lo oydu 2 [ pwydu - - - (2.2.2)
Where ¢ : [0, ) - [0, «) is a non-negative summable
Lebesque integral function such that

f: @(u)du > 0 foreachu € [0,1), where 0 <k < 1and

m(xy) =
minEEEfo,gy (t): fo,px (t)' Egy,qy (t)' fo,qy (t)' ng,px (t);
fo,gy (t) Egy,qy (t) fo,gy (t) fo,,px (t)
Fryqy () ' Fpype@®
Foyoy @ + Fragy (O Fra,gy (@) + Fpr gy ()

> )
(iv)  p(X) = g(X) (or q(X) = f(X)).

Then the pair (p,f) and (g,9) share the common property
(E.A).

Proof : Suppose that the pair (p,f) enjoys the property
(E.A.),then there exist a sequence {x,}in X such
that

lim,, o, px, = lim,_, fx, = u, forsome u € X.
Since p(X) < g(X), for each x, there exists y, € X.
Such that px,, = gy,, and hence

limn—mo GVn = limn—wc bx, =

Thus in all, we have px, - u, fx, —»u and gy, - u.
Now we assert that qy, — u.

To accomplish this, using (2.2.1) with x = x, and y = y,, we

get
fOFPXn,qyn(kt) o(u)du > J‘Om(xnrYn) (Z)(u)du
Where,

miniFy, . (©),

m(xn' yn) =
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fon’pxn (t)' EQYn:an (t)' fon’QYn (t)’ %Yn,vpxn (t)'
Frenayn®-Foynayn ©
fon-qyn ®

’

Frxngyn @-Frxnpxn & Fayngyn O+ Frxyqyn
) 2 )

fon,gyn ® + prn,gyn ® )
2

ngn-l’xn ®

Let, lim,_.,q(,) =V

Also, let t >0 be such that F,,(.) is continuous in t and kt.
Then, on making n — oo in the above inequality, we get
[0 g0y du >

0
i 4y 60 F o (O, P 0, P ©), o 0, Lot FusnO

Fyu (t)-Fu,u ®) Fu,v(t)+ Fyp ®) Fyu )+ Fu,u(f)
)

Fyu(t) ! 2 2

@(u)du

or, [ p@du 2 [ o@)du
This, implies that v = u ( in view of Lemma 2.1) which
shows that the pair (p,f) and (qg,9) share the common

property (E.A).

To prove this, on using (2.2.1) with x =z, y = y,,, we get

fOF”Z'qy"(kt) d(uw)du 2

Theorem 2.3: Let f, g, p and g be self mappings of a
Menger space (X, F, A) which satisfy the inequality (2.2.1)
together with the conditions :

(i) the pairs (p, ) and (g, g) share the common property
(EA),

(ii) f(X) and g(X) are closed subsets of X.

Then the pairs (p, f) and (g, g) have a point of coincidence
each. Moreover, f, g, p and g have a unique common fixed
point provided both the pairs (p, f) and (q, g) are weakly
compatible.

Proof. Since the pairs (p, f) and (g, g) share the common
property (E.A), there exist two sequences {X,}

and {y,} in X such that

limn—»oo px, = limn—»oo fxn = limn—»oo 9Yn = limn—»oo QYn =
u, for some u € X.

Since f(X) is a closed subset of X, hence lim,,_, fx, =U €
f(X).

Therefore, there exists a point z € X such that fz = u.

Now, we assert that pz = fz.

Ffz,qyn (t)'Fg)’n;q)/n(t) Ffz,gyn(t)'Ffz,,pz (®) FQJ’n'gJ/n )+ Ffz,,qyn(t) Ffz,gyn(t)"' FPZn!]J’n ()

mini 7 gy OF 7 p7 ) Fgyn, qyn (0, F 7,y 5 @, Fgyp pz (£,

0
On taking n — oo, reduces to

fOsz,u (kt) Q)(u)du 2

Fraqyn®

Fouu@). Fyupu) Fuu(®).Fy,pz ()

Fgynpz(® ’ 2 2

B(u)

min {Fu,u (t)nFu,,pz ®), Fuu ®), Fyu ®), Fu,,pz (t),

F,

0
prZ'u(kt)(Z)(u)du > fﬁz.u(t) (Z)(u)du

0 0
Now on appealing Lemma 2.1, we get pz = u and hence pz
= fz. Therefore, z is a coincidence point of the pair (p, f).

Since g(X) is a closed subset of X, therefore lim,,_,, gy, =
u e g(X) and hence we can find a point

we X such that gw =u

Now we show that qw = gw.

To accomplish this, on using (2.2.1) with X = X,, y = w, we
have

fOFPanqw(kt) (Z)(u)du > J‘Om(xnrw) Q)(u)du

min iRy, (£), Fy,u (), Fy,qw @®, Fyqw (), Fyu (©),

Fyu(t)

Fou )+ Fyu(0) Fu,u(®)+Fpz () }

Fu,pz ®) 2 2 @(u)du
Where, m(x,, w) =
minizﬁfonjqw ®),
fonvpxn (t)' F;]W,qw (t)l fon-qW (t), F.'QW.PXn (t)'
fon'qW (t) Fgw,qw (t)

fon,qw ®) !
Fan.gW (t). Fan;PXn (t) Faw .gw )+ Fan,qw ) fon,gw )+ Fpxp,gw 0) }

Faw pxy @) ! 2 ’ P

Which on making n — oo, reduces to

fOFu,qw (kt) @(u)du >

Fyu ®). Fu,qw (t)
Fu,qw ®)

Fuu@®) - Fuu @) Fugw )+ Fy u (8) Fy gw ®+ Fygw ®)

f Fpw (0 2
0

[ oaydu 2 [ pudu

on employing Lemma 2.1, we get gw=uand gw= gqw
Therefore, w is a coincidence point of the pair (g, g).

Since the pair (p, f) is weakly compatible and pz = fz,
therefore pu = pfz = fpz = fu.

Again, on using (2.2.1) with x = u, y = w, we have

fOFPu.qw (kt) (Z)(u)du > fom(u,W) (Z)(u)du

2 O(w)du

Where, m(u,w) =

min[@Ffu,qw (t): Ffu,pu (t): F;;W,qw (t): Ffu,qw (t): F:qw,pu (t):

Fru,gw (t). Fgw qw )
Fry quw () !

Ffu gw (t) Ffu pu (t)
Fgw,pu (t)

Or,

qu gw ®+ Ffu qw ) Ffu,gw )+ Fpu gw ®) }
’ 2 ’ 2

fOF"“ (Kt d(u)du >
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- Fpu () Fy i (8)  Fpu (O Fp s () Fy (O 4 Fpu u (6) Fpuy 0 ()4 Fpy 0 (8)
j‘mm ‘»{Ffu u ®), Fou pu ®), Fuu ®), Fouu ®), Fy pu ®), Fpu - © , Fu,,pu © y 3 y
0

?(uw)du

Or
, Also the pair (g, g) is weakly compatible and qw = gw,

foppu,u(kt) (D(u)du > fonu,u(t) (D(u)du hence
qu =qgw = gqw = gu.
On employing Lemma 2.1, we have pu = fu = u, which

shows that u is a common fixed point of the pair (p, f). Next, we show that u is a common fixed point of the pair (q,

g). In order to accomplish this, using (2.2.1) withx =z, y =
u, we get

fOFpZ,qu (kt) @(u)du 2

Frrau(®-Fouqu®  Frpgu(®.Fry 00 (®)  Fouogu O+ Fry 0 (6) Fry gu 0+ Fog qu (8)
fmin Mﬁpfz’gu v FfZ'pZ " Fgu’qu “© FfZ'qu © Fgu,pz @ ! 'gFfz.qug(tjq ! = Fgu.pz?tsp ! £l ( )2 fa ( )' et . (Z)( )d
u)au
0

Or,

fOF”"’“ (kt) O(u)du 2

j-min Q{‘Fu,gu ), Fyu ), Fqu qu (t), Fu,,qu (), Fqu u @), Fu,qu ;t);?Fq(l;:')qu © ’ Fu'unEt)‘ Fétt’ju © ’ Fq“'qu (t)2+ 2 © ’ Fu”qu 2 Fu,gu ©

u,qu u,u (Z)(u)du

0
Or, [10] D. Mihet, A generalization of a contraction principle in

fOF"'q“ (kt) B(u)du > fFu.qu ® B (w)du probabilistic metric spaces (l1), Int. J. Math. Math. Sci

0 5 (2005), 729-736.

[11] D. Mihet, Fixed point theorems in fuzzy metric spaces
using property E.A., Nonlinear Anal., 73 (2010), 2184-
2188.

[12] Dr. kamal Wadhwa, dr. ramakant bhardwaj and Jyoti
panthi, Common fixed point theorems of integral type
in Menger PM Spaces, Network and Complex
Systems, vol.3, No.6(2013), 10-16.

Using Lemma 2.1, we have qu = u which shows that u is a
common fixed point of the pair (g, g). Hence u is a common
fixed point of both the pairs (p, ) and (g, g). Uniqueness of
common fixed point is an easy consequence of the inequality
(2.2.1). This completes the proof.
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