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1. Introduction

It is well known that many number sequences have
important parts in mathematics. Especially in the fields of
combinatorics and number theory [15,16]. Recently, interest
has been shown in summing infinite series of reciprocals of
some special numbers, for example Fibonacci humbers [5],
[6] and [7]. It is not easy, in general, to derive the sum of a
series whose terms are reciprocals of Fibonacci, Pell, etc.
Numbers such that the subscripts are terms of geometric
progressions. It seems even more difficult if the subscripts
are in arithmetic progression [13]. Many problems related to
the sum of the terms of the Fibonacci series were first
proposed in [3]. After that Ken Siler proved
the) i, Fa_pSummations provided that a>b in [9].
Single-indexed or double-indexed ones could be summed,
for example, some summations of the Pell Quaternions and
the Pell-Lucas Quaternions were studied in [2], some
summations of the generalized Pell sequence were studied in
[10], some summations of the generalized dual Pell and
some summations of the generalized dual Pell Quaternions
were also studied in [14], but no generalizations were made.
In this publication, both these generalizations are made for
Pell, Lucas, Pell-Lucas, Jacopsthal, Jacopsthal-Lucas,
generalized Pell, generalized dual Pell, and generalized dual
Pell quaternion sequences and summing infinite series of
reciprocals of the Pell numbersare calculated.

2. A Reciprocal Series of Pell(P) Numbers

It is not easy, in general, to derive the sum of a series whose

terms are reciprocals of Fibonacci(F) numbers such that the

subscripts are terms of geometric progressions. However, in

[5] Good shows that);_, Fi = 7_2—\/3 a problem proposed by
271

Millin [12]. This particular series can be summed in several

different ways in [6].

Now, let's calculate infinite series of reciprocals of the Pell
numbers;

whereP, is then"term of the Pell sequence 1, 2, 5, 12, 29....
Write out the first few terms of (1),

ll+1_3l+1+1_19 1+l+l+l _ 647
Th2T2T 2 1271 2 12 408 408"
Now,
a7 _ 3,35 _ 3, B 5
A0E :+.me_: »p (2
which suggests that
1 1 1 1 3 Pa_,
PL+P:+P3+ +P:.=_2+2P:.=
3 P:I:_: on 1 3 P:I!—l_"
2 EP:I! If'||:|: P:I!—I - 2+ 2P:|:—I

sinceP,,. g, = Pm, Whereg, is then"term of the Pell-Lucas
sequence 2, 6, 14, 34, 82... Thus, we can prove (2) by
mathematical induction. If we compute the limit asn — ocofor
(2), then we have the infinite sum of (1), for (see[11])

3 Pzn_z 3 Pzn_z PZ"—l 3 T
lim (5 +552) = lim (5 + )=2+%
i \2 T 2Py ) T ne\2 T 2Py P ) 27 2
=s+2r
which simplifies to(3 — v2).

N

The limits used above can be derived from the well-known
Binet’s formulas

— N n
. =1"+s
r—s n !

wherer = 1 ++/2, s =1 —+/2are the roots ofx% — 2x —
1=0.

lim = lim 2 =—s=+2-1,

noew iy n2o(qpyg

. Pn+1 . An+1
lim = lim
n—oo n n—oo qn

=r=1+V2

sincer — s = Zﬁandf < —1. In an entirely similar manner,
we could show that

1 . Py, _ . Pony 1
yo L (1) lim = -5, lim =7r .
n=0 Pzn ’ n-ow Pon_q n—-oo on
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2.1 Pell Summations

Some summations of the Pell sequence are shown below;
2X R P = Prpiy— 1,
2¥R 1 Pog_y = Pop,

1438 1Py =3P — By -5
1438 Py =3P, — Py — 3,

'l‘l-z Pog =3Py — Py + L,
k=L
16 X8 1 Py = Qansz — 6,
16 EE:LEH;—L = Qan+r — =

16581 Pz = Gan — 2.

168 1 Pgoa=qany + 2.
After that, the question arises how can the general
sumyy_, Py, _,be achieved? It is almost impossible to find
this sum intuitively using these above sums. One is led
therefore to adopt a more mathematical approach to solving
the general case of all Pell series summations with subscripts
in arithmetic progression, namely,

n

Z Far-p
k=1

whereaand b are positive integers anda = b.

We recall that Pell numbers can be given in terms of the
roots of the equation x? — 2x — 1 = 0[8], [11], [1]. If these
roots are

r=1++v2 and s=1-42
then

B = 7= and gp=r"+s"
: r—2

In these tenms
n n

n 5

Zp__ b Zrck-a_z ak-b
) ak—b 22\ 4 )

k=1 k=1

k=1
One can restate the summations on the right-hand side of the
equation by using the formula for geometric progressions,
n

Z pak—b — rn:—i:l{l I R T QRS rli’!—ln:}

k=1L
a b(.‘f‘“—l]
== — |.
ré —1
€9

There is an entirely similar formula forthe “s” summation.
Substituting into the original formula and combining
fractions, one obtains

iP 1 -:—a-(’"“_l] .:-a(sm_lJ
':;"_a_g-,‘ﬁ " ra_1J) ° s8—1

k=1

L Sl:rl:i’!+lz—ﬂ' _ rl:sl:ﬂ+|:—ﬁ' _ rl:i’!+|:—l5' + sI:i"!+|:—l:i'
242 s8r2 — g8 —p2 1]
gpa=0 _p8g8-b _ a-b sc—a)

sOpf — g8 — 8 4+ 1

Various simplifications result using the definitions
of B,and g, in terms ofrandstogether with the relationrs =
—1, the product of the roots in the equationx? —2x — 1 =
Obeing the constant term—1. For example,

a I:E'+rﬂ I:I:'_

-5 —r?s?(r B s~ P)=(-1)°"2, 242,
The denominator can be transformed into(—1)¢ — g, + 1.
Using these relations the reader may verify the final formula
is

n

Z (-1°P,, _y-Poineri—p + 12 PP 4P,
ak-b {_'J_:]E — g, +1

=1

Thus, we found the sum of the Pell sequences starting
witha — bindexed element continuing witha. With this
formula particular cases can be handled.

Special casel: Leta = 3 = bandn = 4

4 . - - -
ZP- _(1°P -, + (-1°B + B
=3 — |:—J.:|!—fj'!+l
—985—13860—32—10

= = 1060
—14

This result also is checked by actually summing the
series:Py + P; + P+ Py =0+ 5+ 704985 = 1060. In a
similar way, we give sums of Lucas, Pell-Lucas, Jacopsthal,
generalized Pell, generalized dual Pell and generalized dual
Pell quaternion sequences respectively.

2.2 Lucas(L) Summations

ZLEL = Z ak—- E+Z ak-b

{ J-] cr'—a I'|:li'!+l.l—rJ { L]E_blb + I'r.'—i:l
(-1 -1, +1 '
whereL,, =r" + s r = %g s = —1 V5 .Let's show this

formula fora > b.

Special case 2: Leta = 5,b = 3andn = 4
. (—1)5Ly; — Lo — (—1)%L, + L,
Z Ly_a =
k=1

(—1)5—Lo+1
—3571 — 39603 — 4 + 3
= o = 30925

This result may be checked by actually summing the
SEI‘ies:LZ + L7 + L12 + L17 = 3 + 29 + 322 + 3571 =
3925.

2.3 Pell-Lucas(q) Summations

n n n
— ak-b ak—
"=J. k=L

k=1L
Qaln+10-b — (—1)%-
(D —gq  +1
whereq, =" +s"r=1++2,s =1—+2.
this formula fora = b.

—-1)° Gan-b — E;Irl'ir + -5

Let's show

Special case 3: Leta = 4 = bandn = 3,
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Z (—1)%qg — gy — (=1)%g, + g,
Gag-4 = (—1)% gt 1
1154 — 39202 — 34 + 2

= - = 1190

This result also is checked by actually summing the
series:qo + q4 + qg = 2+ 34 + 1154 = 1190.

2.4 Jacopsthal (J) Summations;

- (2P — a4 (D £ ],

Z B (—2)5—j. +1

_ —32.43691 — 1398101 +12 +1 — 45100
—32-=-31+1

whereJ,, = %(r” —s")r=2s=-1,j,is a Jacopsthal-
Lucas sequence. Let's show this formula fora > b.

Special case 4: Leta =5,b = 3andn = 4

Z (- ﬂsfr f::"":_z]:fs‘hr:
.IirEr. 3= { 2]5_};5 +1
—32.*1-369L — 1398101 +12+1
= Tlet = 45100
—32-31+1

This result may be checked by actually summing the
45100.
2.5 Jacopsthal-Lucas (j) Summations;

Ya=(3rm -2

k=1

{_zjcfcr!—a — Jalnsriop — {_ ] _.fi;- + ja-b
(-2 —j, +1 '
where j, =r"*+s", r=2, s=-1, j, isa Jacopsthal-

Lucas sequence. Let's show this formula for a = b.

Special case 5: Leta = 5 = bandn = 3,

3 .
Z . (=208 —Jis = (=25 + ]y
R=LJ5N—5 (—2)°—j, +1
—32,1025 — 32767 — 31+ 2
= = 1058.

—62
This result also is checked by actually summing the
series:jy + js + jio = 2+ 31+ 1025 = 1058.

2.6 Generalized Pell(P) Summations;

The generalized Pell sequence is defined by
P,=2P, ,+PF,, (n23) (3)

withP, = q, P; = p, P, = 2p + q,wherep, qare arbitrary
integers[10]. That is, the generalized Pell sequence is

Single-indexed and double-indexed summations of the
Generalized Pell sequence(P,,) were studied in [10], but no
generalizations were made. Let’s do it now:

1 1
Z Py :_'_(Z = nak—b _Z Elsr.'i;—i:l)
“Velis k=1
where P, s r—p+q(r—2)—p+— S5=p+
q(s—2)=p+;, 7.5 =ep. One can restate the

summations on the right-hand side of the equation by using
the formula for geometric progressions,
n

FZ pak-b — Flrr.'—i:l{l T R G SIS rur!—].u:}

k=1
- a(:’"“ - 'J_]
=r.r .
ré—1
(1954

There is an entirely similar formula for the “s” summation.
Substituting into the original formula and combining
fractions, one obtains

C 1 et —1 s 1
;Pck-a= h_'ﬁ(rlrc_ﬂ (r"" -1 ]_ S'SE_E( s%-1 ])
: 1 ren semo 1

J_ [?‘"{SE Ei"‘+|: B rESEi"‘+E B r.l'.'.i"!+|:—ﬂ'+5|:i"!+l'.'.—ﬂ':l

242 gyl g —p@ L]
S(g9pa- a_rcsc—a_rc—ﬂ_l_sc—a]]

slpd — g —p2 4+ 1
Various simplifications result wusing the definitions
ofP,andg,in terms ofr,r,s,andstogether  with  the
relationrs = —1.For example,

g .an+a-b

Fsly an-b)

— Spagan+a-b — rcsc{ﬁ,cn—b — 5s
=(—1)%.2v2.Pyp_p
The denominator can be transformed into(—1)* — g, + 1.
Using these relations the reader may verify the final formula
is
n

Z P.. .— I:_.J':]I:P:.I:i’!—iil_ Pclﬂq.j_l_a —':—1:]
ak-b— CDe—q, +1

“FoptFap

k=L
With this formula particular case can be handled.

Special Case 6: Leta =3,b=2andn = 2.
Z _ {_.L]EPJ__P_— +P_:+PL
L k-2 — ':—].:]3 - s +1

_ (12p +5¢)4(169p + 70q) +(2p-5q)- p ~13p + 5q

14
This result may be checked by actually summing the
series:P; + P, = p + (12p + 5¢q) = 13p + 5q.

2.7 Generalized Dual Pell(DE) Summations;

The n-th term of the generalized dual Pell sequence is
defined by

Dl =P, +:P,,,.

P2 405+ 2012 + 50,29 £120...( = ysing equations (3) and (4), we get
20) By + qFnpi o ) DE=(p+:Cp+q)R +lg+ep)P_,. =2
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withDf = q +ep, DY =p+e(2p +q), D) =
(2p + q) + e(5p + 2q),where €2 =0, ¢ # 0[10]. That is,
the generalized dual Pell sequence is
(DR g+ ep.p+2(2p + q), {9,; +q) + =(5p + 2q).
(S5p +2¢) +c(12p +5¢), ... [p + e(2p +q) )R,
+lg+eplP_yn .

No studies have been previously conducted on the sum of
the generalized dual Pell sequence. Let’s do it now:

n n
Z DZ, _, = (Z = pak-b _Z E.s“;“i’) .
k=L k=L
where Dﬁz%,r=1+\/§, s=1-+2, 7=

(p—2q+eq)+r(q+ep)s=@—-2q+eq) +s(qg+
ep), r.s =—1, 7.5 = ep. One can restate the summations
on the right-hand side of the equation by using the formula
for geometric progressions,

]

FZ pak-B — :F.:l"':_a{']. 4@ pplagda g . _H,.ur!—Ln:}

k=1 _ . E:I(:',.I:i"!_l]
=r.reT .
ré—1
There is an entirely similar formula for the “s” summation.
Substituting into the original formula and combining
fractions, one obtains

ZE (—lJ - (—l)
r?gﬁ T ra_1, 5% st —1

J_ |:rl::sﬂ I:i"‘+|2 b sI::".,IZ—IEI' _ rl:i’!+|2—l? + rl:—l:':]

22 sEpl— g8 —pd ]
s{rﬂsﬂﬂ+ﬂ—ﬂ _ r.r.'sr.'—ﬂ _ sl:i’!+l:—ﬂ' _I_ sl:—ﬂ':]:l

gipf — g8 —pE 1 1

Various simplifications result using the definitions
ofDfandq,in terms ofr,7 s,and § together with the
relationrs = —1.For example,
Folpan+a- b grcscrwc—b — J"':SE{F:I"E“_E' _ S—Sr:r!—i:')
=(-1%.242.12,_,.

The denominator can be transformed into(—1)* —q, +
1.Using these relations the reader may verify the final
formula is

e S P AL B
D5 —ga+1

Wlth this formula particular cases can be handled. Now we

also show that the formula works whena = b.

Special Case 7: Leta = 2 = bandn = 4

ZD _ (=1)’Dg - D§ — (-1)°D?, + Df
2k=2 = (1D?—q, +1

= {[(169p + 70q) + £(408p + 169q)]
—[(29p + 12q) + €(70p + 29q)]
+[(5p — 12q) + e(=2p + 5¢)] — [(p — 2¢) + ql}/4
= (36p + 12q) + £(84p + 36q).
This result also is checked by actually summing the series:

DY + D¢ + Df +Df
=lp—2q) +=ql + [p+:=(2p + ¢)]
+ [(5p + 2q) + =(12p + 5q)]
+[(29p + 12q) + =(70p + 294g)]
=(36p + 12q) + =(84p + 36q).

2.8 Generalized Dual Pell Quaternion (DF) Summations;

The n-th term of the generalized dual Pell quaternion
sequence is defined by

Dfr: =F,+iF,, +jPy . + kP,
whereP,, is the n-th Gen. Pell number,i? = j? = k? = ijk =
Oandij = —ji = jk = —kj = ki = —ik = 0. The scaler and
the vector part of D are denoted by

SD: = Pnﬂ.ﬂd .LIEE = :-Pn+1. +.IPE‘!+: + kPﬂ"'g

Thus, the generalized dual Pell quaternionDfis given
byDf = § pk T VDi.The Binet’s formula for the generalized
dual Pell quaternion sequence is
Frt —gs"
D =——
. r—s
where
F=1(p—gs) +ilp(2 —s) +g] +[p(5 - 25) + (2 -
)] + k[p(12 — 55) + (5 — 2571,
§=(gr—p) +ilplr — 2) — gl +jlp(2r —5) +q(r-
2)] + klp(5r — 12) + q(2r — 5)1,
r=1+42, s =1 —+2[14].
Following summations of the Pell quaternion sequence(QRB,)
are shown in [2];
g:]. Q'F.'? d E.?:]. QPZS d E.?:J. QP:.?—J. 2
and following summations of the generalized dual Pell
quaternion sequence (D”) are shown in [14];

DP E r:+.-: 'E.;!=LDPE—1: g:LDPh

Now, we calculate the sums the B2 _ Df:k_b:
n n
Z DE,_, = (Z & pak-b _ Z : sck—h)

k=1 k=1
One can restate the summations on the right-hand side of the
equation by using the formula for geometric progressions,
n

;,;Z pak-b f.?"':_a{'l I T T NS rm—].n:}

k=1
P i:'(rl:n_l]
= — |,
ré—1
(1954

There is an entirely similar formula for the “s” summation.
Substituting into the original formula and combining
fractions one obtains

Lt —1 L |
ZDM °= (ﬁlr:_ﬂ(r“—'L]_glsc_ﬂ(s“—l ])

k=1
l :';:{Sﬂrﬂi’!+ﬂ—ﬁ' an+a-o + :',.I:—IE':]
232 gyl —gf@ —pf 4 ]
s{rﬂ an+a—p rESE—E _ SEi"!+|’..'.—E' _|_ SE—E]]

— 5yt _p

gipl — g8 —pigp ]
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Various simplifications
ofDfandg,in terms ofr,
relationrs = —1.For example,

r“sﬂ rl:i’!+|:—l5'

result using the definitions
7, s,andStogether with  the

an+a—-b — J"ES':':J’“J’":”_E' _ = cr!—b]

— &rlg is

=(—1)%.242.D%, ;.

The denominator can be transformed into (—1)¢ —gq, +
1.Using these relations the reader may verify the final

formula is
n g nF . R .
z P _ (1) Dgn_p — Dgineryp— (1) Dy + Dy
ak-b— 1 —qu+1

k=L
Let's confirm the sumY"_, D5, _,in [14] with the general
formula that we found. This summation corresponds
toa = 2andb = 1.

$ o, (o0 Bres= Dty = 002, 4 0F
o (1) —g. +1

_ D?ﬂ — Dg

-2

whereDf = pDf + qD®;,DFis the n-th dual Pell quaternion.

This is the same as the result in [14].

Special Case 8: Leta =3,b=2andn = 3.
i ps. _ Z1D?DE—Df, — (-1 D2, + Df
] Fk-2 {_1]3 — ga n 1

= {(2548p + 1050q) + i(6146p + 2548q)
+ j(14840p + 6146q) +Kk(35826p
+ 148404)1/14
= (182p + 75q) + i(439p + 182q) + j(1060p + 439g)
+ k(2559p + 10604).
This result may be checked by actually summing the series:
DY + DY+ D2 =[p+(12p +5¢) + (169p + 70q)]
+il(2p + q) + (29 +12¢) + (408p + 1694)]
+il(5p + 2q) +(70p + 29g) + (985p + 408q)]
+k[(12p + 5q) + (169p + 70q) + (2378p + 9834]]
= (182p + 75q) + i(439p + 182q) + j(1060p + 439g)
+ k(2559p + 10604).

3. Conclusion

In this paper, the finite Pell sums and infinite Pell sums have
been considered. In addition, Lucas, Pell-Lucas, Jacopsthal,
generalized Pell, generalized dual Pell, generalized dual Pell
quaternion sums have been made. These finite sums found
are almost identical, showing slight differences in markers
and coefficient originating from the denominator. So, these
results may lead us to the following potential question: Can
a single formula be formed for the finite sums of special
number sequences? One possible indication regarding the
issue is that this formula works out in thecases except for the
ones that make the denominator zero. It is of great
importance to pay attentionalthough this is a rare case. An
example of this is given as in the below:

The a=4, b=2,n=3 values in the Jacopsthal (J)
summations and the Jacopsthal-Lucas (j) summations.
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