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SOME SPECTRAL PROPERTIES OF THE BANACH ALGEBRA
A x4 B WITH THE DIRECT-SUM PRODUCT

H. V. DEDANIA AND H. J. KANANI

ABSTRACT. Let A be a commutative Banach algebra and B be a closed sub-
algebra of A. Then A x B is a commutative algebra with co-ordinatewise
linear operations and the direct-sum product: (a,b)(c,d) = (ac + ad + bc, bd)
(a,c € A;b,d € B). In fact, it is a Banach algebra with a suitable norm; it is
denoted by A x4 B. Here, we study some important spectral properties of this
algebra.

1. INTRODUCTION

Throughout let A be a commutative algebra and B be a subalgebra of A. Then
A x B is a commutative algebra with co-ordinatewise linear operations and the
direct-sum product defined as

(a,b)(c,d) = (ac+ ad + be,bd)  ((a,b), (¢, d) € A x4 B).

This algebra will be denoted by A x4 B. Further, if A is a Banach algebra and B
is a closed subalgebra of A, then A x4 B is a Banach algebra with respect to the
norm ||(a,b)||1 = |la|| + ||b]] ((a,b) € A x4 B). Some basic properties, uniqueness
properties, regularity properties, and the Gel'fand theory of the Banach algebra
A x 4B have been studied in [3]. In this paper, we further explore this Banach alge-
bra to study its some spectral properties. These properties are spectral extension
property, topological divisor of zero, multiplicative Hahn-Banach property, Quasi
divisor of zero, topological annihilator condition, Ditkin’s condition, and Tauberian
condition.

Let 04(a) and r4(a) denote the spectrum and the spectral radius of a in A.
Let A(A) denote the set of all non-zero, multiplicative, linear functionals on a
commutative Banach algebra A. For a € A, the map a : A(A) — C is defined
as a(¢) = p(a). The topology on A(A) is the smallest topology such that @ is
continuous for each a € A. Let ¢ € A(A) and S be a non-empty subset A.
Define ¢, : A x S — C as po((a,z)) = ¢(z). Now let T be an ideal in A,
let ¢ € A(Z), and u € T such that ¢(u) = 1. Define p* : A xZ — C as
o ((a,x)) == plau) + p(x). Next, for F C A(A), define F™ := {p* : p € F} and
F, :={¢o : ¢ € F}. In the case F = A(A), we shall write AT(A) and A,(A) for
F7T and F,, respectively. We shall need the following result in proofs.
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Lemma 1.1. [4, Chapter-3] The Gel’fand space A(A x4 B) is homeomorphic to
AT(A) Y AL(B) equipped with the sum-topology. Moreover, the Shilov boundary
A(A x4 B) is homeomorphic to 07 (A)H 0,(B) equipped with the sum-topology.

2. SPECTRAL PROPERTIES IN COMMUTATIVE BANACH ALGEBRAS

Definition 2.1. [7] A norm |-| on A is a spectral norm if ra(a) < |a| (a € A).
The Banach algebra A has spectral extension property (SEP) if every norm on A is
a spectral norm.

Theorem 2.2. If A x4 B has SEP, then A and B have SEP.

Proof. Let | - | be a norm on A. Define |(a,b)|; = |a| + |b|. Then |- |; is an algebra
norm on A x4 B. Since A x4 B has SEP, we have

ra(a) = rax,s(a,0) <|(a,0)1 =[a| (a€A).
Thus | - | is a spectral norm on A, and so A has SEP. Next suppose that | - | is a
norm on B. Define |(a,b)| = ||a + b|| + |b| on A x4 B, where || - || is the Banach

algebra norm on A. Then, by [4, Lemma 3.2.2], | - | is an algebra norm on A x4 5.
Since A x4 B has SEP,

r5(b) = raxs(=b,0) < |(=b,b)| = [b] (b€ B).
Hence, | - | is a spectral norm on B. Therefore, B has SEP. O

Definition 2.3. [4, Definition 1.4.18] A non-zero element a € A is a topological
divisor of zero (TDZ) if there is a sequence (a,) in A such that ||a,| =1 (n € N)
and either a,a — 0 as n — oo. The Banach algebra A has topological divisor of
zero (TDZ) property if every element of A is a topological divisor of zero.

Theorem 2.4. If A and B have TDZ property, then A xq B has TDZ property.

Proof. Suppose that A and B have TDZ property. Let (a,b) € A x4 B. Then
a+b e A. Suppose that a +b # 0. Since A has TDZ property, there exists a
sequence (a,) C A such that ||a,| =1 (n € N) and an(a +b) — 0 as n — oc.
Then ((an,0)) is a sequence in A X4 B such that [[(an,0)||1 = |lan]| =1 (n € N)
and (an,0)(a,b) = (apa + anb,0) — (0,0) as n —> oo. Therefore, (a,b) is a
TDZ. If a+b = 0, then a = —b # 0. Since B has TDZ property, there exists a
sequence (b,,) in B such that ||b,] = 1 and b,b — 0 as n — oo. In this case,
((0,b,)) is a sequence in A x4 B such that ||(0,b,)|1 = ||bn]| = 1 and (0, b,)(a,b) =
(=bnb,byb) — (0,0) as n — oo. Thus, in all cases, (a,b) is a TDZ in A x4 B.
Hence A x4 B has TDZ property. O

Definition 2.5. [7] A commutative Banach algebra A has Multiplicative Hahn-
Banach Property (MHBP) if, for every commutative extension B of A, every ¢ €
A(A) can be extended to some element of A(B).

Theorem 2.6. A x4 B has MHBP if and only if both A and B have MHBP.

Proof. Let A x 4B have MHBP. Let C be a commutative extension of A, then C x 45
is a commutative extension of A x4 B. Let ¢ € A(A). Then ¢ € AT(A) WA, (B).
Since A x4 B has MHBP, there exists 77 € A(C x4 B) = AT(C) & Ay (B) such that
=t on Axy4B. Now, if j € As(B), then we get ¢(a) = ¢ ((a,0)) = 7((a,0)) =0
on A. This is not possible. Hence, 77 must be in AT(C). Therefore, there exists
@ € A(C) such that 7 = @% on C x4 B. Also, 7 = ()T = ¢T on A x4 B, implies
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@ = ¢ on A. Thus ¢ is an extension of ¢. Hence A has MHBP. Similarly, it can
be proved that B has MHBP.

Conversely, assume that A and 5 have MHBP. Let C be any extension of A x4 B.
Then C is an extension of both A x4 {0} and {0} x4 B. Let 7 € AT(A)H A, (B).
Then either 77 € AT(A) or 77 € A,(B). Suppose that 7 € AT(A). Then 77 = p*
for some ¢ € A(A). Since C is an extension of A, by the hypothesis, ¢ can be
extended to some element @ of A(C). Then 7 = ¢ € A(C) and 7 = ¢T = p* on
A x4 B. Similarly, if 7 € A,(B), then also it can be extended to some element of
A(C). Thus A x4 B has MHBP. O

Definition 2.7. [6] A commutative Banach algebra A has Quasi Divisor of Zero
(QDZ) property if there exists an open subset G of A(A) such that
(1) (A) C G;
(2) For every open subset U of G, there exist @ € A and a non-empty, open set
V C U such that

v _J O ifpeU*
“(‘P)—{ 1 ifpeV.

Theorem 2.8. A x4 B has QDZ property iff both A and B have QDZ property.

Proof. Let Axy4B has QDZ property. Then there exists an open set GcC A(AxgB)
which satisfies the following properties.

(1) 0% (A) e os(B) < (G).
(2) For every open subset U of G, there exists (a,b) € A x4 B and a non-empty
open subset V' of U such that

wiit-{ ) LT

Let G4 = {p € A(A) : ¢t € G} and Gz = {9 € A(B) : v € G}. Then G4
and Gp are open sets in A(A) and A(B), respectively as such that G, UGp, = G.
Also, from (1) above, we get A C G4 and OB C G. Now, let U C G4 be open.
Then U will be open in G. Hence, by (2) above, there exist (a,b) € A x4 B and
a non-empty open set V' C U™ such that (a,b)" =0 on (U")¢ and (a,b)" =1 on
V. Now, if ¢ € U, then o™ € (U')¢ and (a+b)"(p) = p(a+b) = p*((a,b)) =0
on Uc. If p € V, then ¢ € VT and (a + b)"(¢) = ¢7((a,b)) = 1. Hence A has
QDZ property. By similar arguments, it follows that B has QDZ property.

Conversely, suppose A and B have QDZ property. Then there exist open subsets
G4 C A(A) and G C A(B) satisfying the properties in the definition of QDZ.
Then G = Gj‘ U Gpe and

A xyB) = 0T (A)Wa,(B) C GLUGH = GLUGg, = G.

Let U C G be open. Then the corresponding sets Uy and Ug are open in G4
and Gp, respectively. Hence, there exist a € A and b € B such that @ = 0 outside
U4, a = 1 on some non-empty open subset V4 of Uy, b = 0 outside Ui and b=1on
some non-empty open subset Vi of Ug. Then (a—b,b)" = 0 on U® = (UH)U(Ugs)©
and (a —b,b) =1 on V= VX U Vgo C U. Hence A x4 B has QDZ property. O
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Definition 2.9. [6] Let Z be an ideal of a commutative semisimple Banach algebra
A. A separating net for T is a net (gx)rea of quasi divisors of zero in A such that
(1) sup{ra(gx) : A € A} < o0;
(2) lim r4(agy) =0 (a€I);
A—ro0
(3) There exists an element b € A such that gxb = g (A € A).

Definition 2.10. [6] A commutative Banach algebra A satisfies Topological An-
nihilator (TAN) condition if there exists a dense set D C 0.A such that, for every
@ € D, the keryp admits a separating net.

Theorem 2.11. A x4 B has TAN property iff both A and B have TAN property.

Proof. Let Ax 4B has TAN property. Then there exists dense subset D of (A x 4B)
such that ker 7 (77 € D) admits a separating net. Let D4 = {p € A(A): ot € D}.
Then D4 is a dense subset of dA. Let ¢ € Dy. Then ¢t € D. Hence ker ot
admits a separating net say ((ax,bx))rea. Then (ay + bx)rea is a separating net
for ker . Thus A has TAN property. By similar arguments it follows that B has
TAN property.

Conversely, assume that A and B have TAN property. Then there exist dense
subsets D4 C A and Dg C 9B such that ker p (¢ € D4UDg) admits a separating
net. Let D = D U Dg,. Then D is a dense subset of 87 (A) U d,(B). Let 7j € D.
Then either 77 = ¢ for some ¢ € D4 or 7] = 1), for some 1) € Dg. If 7 = o™, then
ker ¢ admits a separating net (ax)aea. Hence ((ax,0))rea is a separating net for
ker 7. Similarly, if 7 = 1, then ker ¢ admits a separating net (by)xea. In this case,
((=bx,bx))ren is a separating net for ker7]. Hence A x4 B has TAN property. O

Lemma 2.12. Leta € A and b € B. Then (a,b) € C.(A(A x4 B)) if and only if
(a+b)" € C(A(A)) and b € C(A(B)).

Proof. This follows from the definition of the support. O

Definition 2.13. [1, Definition 4.1.31] Let A be a commutative Banach algebra.
Then A satisfies
(1) Ditkin’s condition at ¢ € A(A) if for every a € ker(yp), there exists a
sequence (a,) in A such that a, € C.(A(A)), ¢ ¢ suppa, and a,a — a
as n — 00.
(2) Ditkin’s condition at infinity if for a € A, there exists a sequence (ay) in A
such that a, € C.(A(A)) and a,a — a as n — .
(3) Ditkin’s condition if it satisfies Ditkin’s condition at every ¢ € A(A) and
at infinity.

Theorem 2.14. A x 4B satisfies Ditkin’s condition iff both A and B satisfy Ditkin’s
condition.

Proof. Let A x4 B satisfies Ditkin’s condition. Let ¢ € A(A) and a € ker .
Then (a,0) € kero™. Since A x4 B satisfies Ditkin’s condition, there exists a
sequence ((an, b)) in A x4 B such that (a,,b,)" € C.(A(A x4 B)) (n € N),
ot ¢ supp(an,b,)” and (an,b,)(a,0) — (a,0) as n — oo. Then (a, + by,) is
a sequence in A such that (a, + b,)" € C.(A(A)) (n € N), due to Lemma 2.12,
¢ ¢ supp(an + by)" and (an + bn)a —> a as n — oco. Thus A satisfies Ditkin’s
condition at every ¢ € A(A). By similar arguments, it follows that B satisfies
Ditkin’s condition at every ¢ € A(B).
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Next we show that A and B satisfy Ditkin’s condition at infinity. Let a € A.
Since A x 4B satisfies Ditkin’s condition at infinity, there exists a sequence ((ay, by,))
in A x 4B such that (a,b,)" € C.(A(AxqB)) and (ay, by,)(a,0) converges to (a,0)
asn — oo. Then (a,+0by,) is a sequence in A such that (a,+b,)" € C.(A(A)) due
to Lemma 2.12 and (a,, + b,)a — a as n — oo. Therefore, A satisfies Ditkin’s
condition at infinity. By Similar arguments, it follows that B satisfies Ditkin’s
condition at infinity.

Conversely, assume that both A and B satisfy Ditkin’s condition. Let ¢t €
AT(A) and (a,b) € ker p*. Then a+b € ker(p). Since A satisfies Ditkin’s condition
at , there exists a sequence (a,,) in A such that (a,,) C C.(A(A)), ¢ ¢ suppa, and
an(a+b) — a+basn — oo. Since B satisfy ditkin’s condition at infinity, there
exists a sequence (b,) in B such that (bAn) € C.(A(B)) and b,b — b as n — oc.
Then ((an—bp, by,)) is a sequence in Ax 4B such that (a,—by,b,)" € C.(A(AxqB))
due to Lemma 2.12, p* ¢ supp(a, — bn,b,)" and (a, — bn,b,)(a,b) — (a,b)
as n —» oo. Hence, A x4 B satisfies Ditkin’s condition at every T € AT(A).
Similarly, it follows that A x4 B satisfies Ditkin’s condition at every ¥, € As(B).

Next we show that A x 4B satisfies Ditkin’s condition at infinity. Fix an arbitrary
element (a,b) € A x4 B. Since both A and B satisfy Ditkin’s condition at infinity,
there exist sequences (a,) in A and (b,) € B such that (@) € Co(A(A)), (by) €
C.(A(B)), (a+b)a, — a+band b,b — b. Therefore (a,,—by,b,)" € C.(A(AxB)
and (an — by, by)(a,b) — (a,b). Hence A x4 B satisfies Ditkin’s condition at
infinity. (]

Definition 2.15. [5, Definition 8.1.2] A commutative Banach algebra A is said to
be a Tauberian algebra if the set {a € A:a € C.(A(A))} is dense in A.

Theorem 2.16. A x4 B is Tauberian iff both A and B are Tauberian.

Proof. Let A x4 B be a Tauberian algebra. Let a € A and € > 0. Since A x4 B
is Tauberian, there exits (ag,by) € A xq B such that (ag,by)" € C.(A(A x4 B))
and ||(a,0) — (ag,bo)||1 = |la — aol| + ||bo]| < €. Then (ag + bg)" € C.(A(A)) and
[[(ap + bo) — al|| < |la — aol| + ||bo]| < €. Therefore, A is Tauberian. Now, let b € B
and € > 0. Since A x4 B is Tauberian, there exits (ai,b1) € A X4 B such that
(a1,b1)" € Co(A(A x4 B)) and [/(0,b) — (a1,b61)llv = lJaal| + [|b = b1]| < €. Since
(a1,01)" € C.(A(A x4 B)), by Lemma 2.12, by € C.(A(B)) and ||b — b1|| < e.
Therefore, B is Tauberian.

Conversely, suppose that A and B are Tauberian algebra. Let (a,b) € A x4 B
and € > 0. SinceAA and B are Tauberian, there exist ag € A and by € B such that
ap € C.(A(A)), by € C.(A(B)), |l(a+b) —aol| < €/3 and ||b— bo|| < €/3. Therefore,
by Lemma 2.12, (ag — bg, by)" € C.(A(A x4 B)). Also

||(a’b)—(a,0—b0,b0)||1 = ||a_a0+b0||+|‘b_b0“
[I(a +b) = aoll + [[bo — bl + b= bo| < e

A

Therefore A x4 B is a Tauberian algebra. |
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