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Abstract: Differential equations xzy” + xy’ + (X2 — p2 ) y= 0 in which p is an integer is known as p order of Bessel equation.

This differential equation is one of the most important differential equations in applied mathematics. The answers or solutions of this

s (Y

2k+p
equation are known as Bessel equation. The first solution to this equation is: J b (X) = Z— — Which is
S kIT(k+p+1)\ 2

called Bessel function of the first kind. If p is non-integer, the second solution to the above mentioned equation is:

© _\k 2k—p
J_p(x)zéﬁ?pﬁl)(gj So, the general solution to the above equation is: y=ClJp(X)+C2J7p(X)

However, if p is an integer, then the second solution with the first solution is not linearly independent but linearly dependent; thus, the

relation which is

called Bessel function of the second-order.

And with the first solution, it is linearly independent, so the

second solution is determined by the following
Do Jab) Loz,
| T
Yn(x):
jim 22 ()00 PT=I, () 655
p—>n sin pz

general solution in both cases is: y(x) = ClJp (X)+CZYn (X) All the differential equation of the second-order that can be

substituted into Bessel equation due to some appropriate replacements, we can easily find out their solution by Bessel equation.

Keywords: Bessel equation, Bessel functions of the first and second kind, differential equations of the second-order, differential equations

of the second-order solution

Method: The article is based on library research method and used reliable books in the ground.

1. Introduction

Bessel equation is considered one of the most important
differential equations in applied mathematics. It is first
defined by Daniel Bernoulli Irish Swedish mathematician
and physics scholar. Then the German astronomer Friedrich
Wilhelm Bessel investigated the general form of it and
applied his studies on the movement of the planet. After that
Bessel differential equation solution as series function which
is called Bessel function is used to solve the theorems of
vibration of stretched membrane, fluid movement, static
potential, wave propagation and etc. Hence, Bessel equation
is defined finitely, so differential equations which are
substitutable to Bessel equation, we can easily obtain their
solution by Bessel functions.

2. Bessel Differential Equation

We see the following differential equation (Bessel equation)
in the solution of heat, wave, potential with variables
separation method in polar coordinates system, cylindrical or

spherical.

X2y”+ Xy,+ (XZ _ pZ)y — 0

Bessel equation is a differential equation which finds out
with its series of solution. X =0Qis the only unusual order

point of it, so we solve it with Frobenius series method.
With assume

_ n+r
y= Z a‘nX
n=0

And to let it and its derivatives in Bessel equation, to two
values I, = P and F, =—p obtain for . Thus, when we
equal the coefficients X of approximation exponent to zero
we conclude that
an—Z

2

=O s a =———=—
% (r+n)2—p

n

, h>2

With letting of the first root Iy = P in this recurrence

...’a?)’a~2 at aO

equation and coefficients determination

and putting in series, the first solution as
L T — L ) R

4d{p+1)y  F(2N(p +1)(p+2)

yix)=a,x 'ill—
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1
Obtains. It is usual that a, = 20 considers, in this case it

p!
is determined with term Jp(x) and it is called Bessel
function of the first kind and p order, so

Jp(x):(;jp[;1_1!(p1+1)!(;jz +2!(p1+2)!(;j4 _j
or

X 2k+p

i) |

I'(n+1)=n

F(k + p+1) = (k + p)!thus, the last function is also
written as follow:

H0Sicipeg(3)

For determination of second solution it is enough to
substitute pto —p we specify this with J_ (X)

100 Sl

For second solution p =0 the first solution is satisfied. On

k

Z:kl k+p

k=0

Since therefore

the other hand the expression pr (X) for p=12,3,---

that means it is not computable for integer p . In other word
the Bessel generalized solution for non-integer P is not
equal to (Jamshedi, 2016)

y=c¢J, (x)+ch_p (x)
3. Bessel Function of the Second Kind

Bessel function of the second kind which is denoted with
Y, (X) is defined as the following series (Ghaniyari, 2007):

rJ__ [x jcosamr —J_,(x])

i - n=0,123..
I. [x|=£ =3 b e

l1im J, x)cos pr —J_ | x) = 0.1.2.5..m

= sn pr

Generally, the general solution to differential equation is as
follow:

cJ +c,J_ (X
y(X)— ( ) 2 P( )
¢, (X)+¢,Y, (x)
Bessel function properties

1) Ifwemake p=mell*, then J,(X) and J_,(X) is
linearly dependent with each other because

a I, (x)=(-1)" 3, (x)
2) %[xp\]p (x)] =xPJ,,(x)

p el
nel

) <X "3, (x)]=x "3, (x
9 3,(x)+23,(x) =3, (1)
9 3,(x) =23, (x)=~3,.,(x)
6) ZJ;(X):‘]p l(X)_‘]p+l(X)
7 szJ (x)=351()+ 3, (%)
pa ()] =x[ 35 (x) =35 (x)]
(Zada, 2006)

8) —[XJ
9) Jl(x):\/szinx , Jl(x):\/Txcosx

(Faryabi, 2009)

Bessel function specific states
For p =0 Bessel function obtains zero order.

-SG5 a6 -3

For p =1 Bessel function obtains one order.

iwals) <ial] vl il

In Bessel function J, (X) and Jl(X) more apply in which

Jl(x)z

OMB

Jo(X)is even function and J;(X) is odd function
(Ferozkohi & Sarhang, 2009).

Differential equations which are substitutable to Bessel
differential equation

There are some differential equations which substitute to
Bessel differential equation with some appropriate
replacements, with that solution the equation is found out.
The subject of this article is to introduce this kind of
equations that describe as follow:

Differential equations X2y" + Xy’ + (/12X2 - pz) y=0

Differential equations which have the above form due to

replacement of AX=t, it is substitutable to Bessel
equation.

Proof
t=Ax , dt=Adx

,_dy dy dt 3 dy
dx dt dx  dt
d’y dt _,d%
4 l l e
YT aC T ae
With replacement y”,y’, X values to the above equation,
we get to

y =
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(T[] (18t ppy=0

d’y ,  dy

t?—— 0

a dt ( P )y

The last equation denotes Bessel equation with function Yy
and variable t so, its general solution is

y(x)=c p (%) +6Y, (x)

or

y =cJ, (Ax)+c,Y, (Ax)

(Paryab, 2010)

Differential equations 4X°y" +4xy’ + (X —p? ) y=0
Differential equations which have the above form due to

replacement of \/;21: it is substitutable to Bessel
equation.

—x ‘g
2
L ody dv odt 1 -Lay
y=—=——=—x
ax odt odax 2 At
Lodty odidvy d1 fay)
V=—mg=— — |=—| =X *— |=
dt dtl dt | dtl2 dt |
1 Z2dy 1 td%v a1 21 L d%
-l 1" ———=——X " +—-X —
4 dt 2 drs  dx 4 4 4t

With replacement y”, y’, X values to the above equation we
get to

t20|—2/+tﬂ+(t2 -~ pz)y =0

dt dt

Which Bessel equation is from function y and variable t.
So, the general solution with consideration of the above p
value as follow

y=cJ,(t)+c,Y,(t)
or
y=cJ, (\/;)-FCZYn (\/;)
(Nikokar, 2010)
Differential equations X°y" + Xy’ + 4(X4 -p° ) y=0

The above differential equations due to replacement t = x?
it is substitutable to Bessel equation.

. dt

f=x —=2x
e
,_dv_dv dt _, dv
v —=dx—=
rﬁ n’r rﬁ at
o dv ddv) d ",j aﬁ“
e (ﬁ' m T dr }

2P 0,4y ”r’=2£+41.-3‘f~"

dt  df ax dr  dr
With replacement of y”, y', X , we get to

-

,d? d d
4x* dzy 2x2d—)t/+2x2—y+4(x4—p2)y:
d? y . dy
t*— 0
d dt ( P )y

So, the general solution is as follow:
y=cJdp(t)+C,Y, (1)

or

y=cJp (X°)+5,Y, (X*)

(Nikokar, 2010)

Differential equations Xy" + (1+ 2 p) y'+xy=0
The above differential equations due to replacement
ofy = X~Pu , it is substitutable to Bessel equation (function
u from X).

y=X"u=y =—px " u+x"u’
y'=p(p+1)x P Pu—2px " u'+ x Pu”
With replacement Yy, y', y in the given equation, we get to
x’p’l(xzu"+xu +(x -p ) ) 0
or
2,.m ' 2 2 _
XU+ xu'+(x* = p*Ju=0
Which is Bessel equation with function U and its general
solution is as follow:

u=cJ,(x)+c,Y,(x)

And the general equation solution
xy"+(1+2p)y +xy =0 is:
y=x"(cd,(x)+cY, (x))

(Nikokar, 2010)

Differential equations " +(1+

1-4p°
4x* ]y:O

, it is substitutable to Bessel

1
With replacement of Y = X2U

equation.
1 1 1
el r 1 35 T r
y=xu , ¥YV=—XH+XU
2
3 1 1
" 1 5 T3
V =——X “U+x U +xtu"

With replacement of y", y in the equation, we get to

1 1 3 l
X2u" + X 2u’—lx 2u+ 1+l 4p x2u=0
4 4%?

5 3

20" 20! 1 2 1 2 3
X2U"+X2U'+| ==+ X"+=—p° |xX?2u=0
4 4

[xzu”+xu +( pz)u]zo

XPu"+xu'+(x* = p?Ju=0
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The last equation is Bessel equation with function U and the ~ And the general solution of it is as follow:

general solution of last equation is
u=cJ, (X)+c,Y,(x) y= = GJ 4 2(( M) A 2[( M)
1% p 2°n b+2 b+2 b+2 b+2
And thiz general solution of the given equation is (Nikokar, 2010)
— y2
y=Xx (Cl‘] P (X)+ C,Y, (X)) Differential equations
(Ayoubi, 2010) X2y” +(1_ 2 p) Xy’ + (azbzxza n pz _c2a2 ) y=0
Differential equations With replacement of z=bx® , y=xPu , it is
x2y" +(1-2p)xy'+ p° (X2p +1-p? ) y=0 substitutable to Bessel equation.

1
v=x"u=yv'=px ut+xu

With replacement of xP=zand y=x"u , it is " S , .
_ p _ y =1"=p(p-1)x" ‘:a+2pr"'1:f +x"u
substitutable to Bessel equation. . y ) )
dy du With replacement of Yy, y', y values in the equation, we
— r_ — -1 p
y=xu=y =—"=px"u+x"— get to
dx ax ) X°u"+xu'+a* (b*x** —¢* Ju=0 (*)
" __ 1 p-2 2 p-1 dU p d u a
y = p( p-— )X U+ 2ZpX &+ X e Now we use from replacement z = bx
On the other hand -— b :>d__ﬂg; a1 _ﬂﬁ.iﬂbf‘lﬁ
) dz - & dx dz dx =
XP=2=—=px"" d 2
i 3 tan @
i =ala-1)bx"" —+a' b x" —
du_du dz_  ,.du d dz”
—_— —_ - ” - %* -
dX dz dx dz With Zeplacement of U”,u’,u values we have in * relation
2 2 d u dU 2 2 _
3 u p(p 1)Xp23u p2XZp—2(;l2'l VA F"FZE-F( —C )U—O
X z VA
and

The last equation is Bessel equation with function U and
variable Z so, the general solution of the last equation is
= u=cJ,(z)+c,Y,(2)

. n v men GO : : P
V' =p(p-1) Flu+2pttrt And the general solution of the given equation is

dz y= xp[clJc(bxa)+czYn(bxa)]

p[p—l]x:"': ﬁ+p:f"': d’u (Nikokar, 2010)

_ 5y I
V' = pif 1“+p_fp—1_

d- d=?

With replacement of y”,y’,y values in the equation, we  Differential equations

etto d? d
d , x2—¥+x—y—(x2+p2)y=0

230 | 52 2p d U+Xp du (XZp_ 2)u -0 dx dx

P dz? dz P N The above equations with replacement of W=iX , it
or substitutes as follow:

2

,d’u _du A7y, 9y ( —p )y 0

= +2—+(2 - p*)u=0 daw?  dw
dz? dz

Which is Bessel equation with function y and variable W.

So the above general equation solution is
vix)=qd,(ix)+e,T, (ix) (Brothers, 2013)

The last equation is Bessel equation with function U and
variable z and the general solution of the last equation is

u=cJd,(z)+c,Y,(z)

And the general solution of the given equation is Differential equations
:xp[cJ X" )+c,Y, xp} d? d
y 1 p( ) 2n( ) x—¥+a—y+k2xy:0
(Nikokar, 2010) dx dx
Differential equations y” +ax"y =0 The above equations with replacement of y =X"Z , it is
\/g 1 1 substitutable to Bessel equation.

2 1
With replacement of z = —(Xb+2)2
b+2

is substitutable to Bessel equation.

, y=X2U ,it
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. dy o
y=x"z —=x"—+mz
m -
d°y z o Y = ) u—
—— =X —+m —+m —+pln-1)x"z
v - dx

We replaced the last values, we get to

L dz [ L } } d-
¥ gyt — w2 —+
e [ v
mn=11x" "+ 'y =0
e dZ L S I
X F—m—?uu E—[mr—mu—lﬁ—kl :|.1. z=0

" s . .
r—H{a+2nx—+|\w+bxHa-1ln|z=0
(a+2mx—+] (a=1)n]

We place a+2n=1 so getto
d’z _dz

X* =+ x—+(k*=n?)z=0
dx dx

The last equation solution is

z=cJ,(x)+c,Y,(x)

And the general solution of the given equation is
y =x"c,J, (kx)+x"c,Y, (kx)

(Khalili, 2012)

4. Results

What we have found out about differential equations which
are substitutable to Bessel equation is, the differential
equations of the second-order do not have specific method
of solution such as method of decay, parameter solution
method, Cauchy-Euler equation method, series solution each
of them are the method of differential equation solution of
the second-order. Because Bessel equation includes certain
and proved solution which is known to Bessel function. In
this case, each differential equation of the second-order that
could be substituted due to some appropriate replacement to
Bessel equation, the solution of that equation is found from
Bessel equation with ease.

5. Discussion

The differential equation substitution of the second-order to
Bessel equation which happens due to some appropriate
replacement, causes the solution of that equation is found
out from Bessel equation solution. However, the other
method of differential equations solution of the second-order
is not such a thing. Every solution method includes a series
of certain rule to obtain equation solution. Therefore, one
which includes less conditions and rules, finding solution
with that is easy.

6. Conclusion

I have found from the article differential equations which are
substitutable to Bessel equation; to find out many
mathematical terms, we shall pass a series of theorems and
hard proofs till to find their solution. If the terms have
approximation in form, structure and some other
specification, we shall proceed too hard proofs singularly to

find resolution for each of them. Through substitution of the
same terms we could easily find their solution from the
proved term. Such as, Bessel equation, Lagrange equation,
Hermite equation, Laguerre equation and many other
equations which are obtained their solution with long proofs.
Equations which have approximation with one of these, we
can find their solution from the equation answer.
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