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Abstract: The title of this article is, finding factors of integrating or integrating factors for partial equation of
P(X, y) dx+Q (X, y) dy =0 . In general case, finding of these factors seem difficult, but in particular cases these factors exist
which are called factor of the first-order, factor of the second-order ......, here seven orders of factors with relevant proofs and problems
are studied. Finding of integrating factors with expressions classification method also discussed, it is mentioned into two problems and
—A A
——dx A J‘ d

—dy
inonetable. T =€ 9 s factor of the first-order. If —— is a function of x alone. f =@’ P s factor of the second-order. It is

8Q oP f Ig(z)dz

A :
used when — is a function of y alone. A=————, =e

ox oy

0] (Z) is a function of z alone. Thus Z = XY. f (X, y) = Xk y* is factor of the fourth-order, if the differential

is factor of the third-order. It is used when

A —_—
XN — yM

equation be as follow: y(Axmy” + BXqu)dX+ x(mey“ + DXqu)dy =0 ﬁ is factor of the fifth-order, if
XVl +Y

A
J'i_ du A
2M-xN) is factor of the sixth-order if ———————— is a function of x2+y2.

. h(u)=
XM +yN=0. h(u)=e 2(yM XN}

y?A

“Jxm +yNd . . . . X .
h (u) =e is factor of the seventh-order if ————————— is a function of — . For the factors of the third and fourth, ....

XM + yN y
orders, partial equation of Mdx + Ndy =0 is considered. The number of factors are more than seven, so it is prevented for not
increasing the pages and it is not written.

Keywords: integrating factors, Euler’s formula, exact differential equation, partial equation, homogenous equation, Delta (A) , exact

term, expressions classification, general solution, implicit linear differential function, partial derivative
Method
The research method is based on the books which are more foreign and published at recent decades.

1. Introduction guideline is described and drew in a table. Also Factors of
integrating is computed with several problems.

Integrating factor is one of the most important issue of )

ordinary differential equations. In general case, finding 2. Integrating Factor

integrating factors seem difficult, but in particular cases it

can be obtained. Integrating factor is a function if it If the differential equation of

multiplies to partial differential of P(x,y)dx+Q(x, y)dy=0....(1) is not exact or

P(X’ y)dX+Q(X’ y)dy:O""(l)’ it gets exact. In integrating we find the function which if multiplies to
exact differential equation Euler’s formula satisfies (  equation (1) substitute it to exact equation , this is called

oQ 0P _ o function of integrating factor or factor of integrating. We
& = E) If Euler’s formula does not satisfy, then it is assume that factor is ,u(X, Y), o
not exact or integrating equation. uP (X, y) dx + ,uQ(X, y)dy = 0_,_,(2) is  exact

In this article seven kinds of integrating factors with their ~ differential in which Euler’s formula is satisfied.

conditions and proofs are studied. . . .
Euler’s formula (Dehghani & Mirtalebi, 2009)

The other part of this article is the determination of . ouQ  ouP
. - : e (173 : 5) R Sl
integrating factor by expressions classification method. The OX oy
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Theorem: If the differential equation of (1) is not exact and
u (X, y) = C is its general solution, in this case one factor is
found for it (even infinity of these factors).

Proof: We take differential from both sides of U (X, y) =C

d=—d —d 0...
vl (2)

OX
We find the value of Y from the a—dX+a—udy 0
dx X oy
equation.
@
a_udy:_a_udxﬁﬂ__ﬂ_ E
dy OX dx ou Q
oy
From the comparison of (1) and (2) it is written as
ou
D X1 y _:P Xa
oy~ QUy) 5 =Pxy)
ou

au Q  ox oy x P
oy
If F(X,y)¢0is integrating factor, we multiply it to

equation (1).
F-P(x y)dx+F-Q(x,y)dy=0...(3)
du:ﬁ—udx+a—udy:0....(4) M
OX oy
From the comparison of (3) and (4), we conclude that
folu)du=k(u)-F(P(x,y)dc+
O(x.y)av)=0...(6)
The relation (5) expresses that F is a factor of equation (1).
If we multiply both sides of (5) to a function such as K (u) ,
we get
k(u)du=k(u)-F(P(xy)dx+Q(x,y)dy)=0...(6)
Which is an exact equation. Therefore K (u ) F is other

integral factor. Since K is arbitrary function of u, so there is
infinity integral factor for the equation (1) (Nikoukar, 2011).

Problem: Denote that f (X, y) =— 5 is an

X +Yy
integrating factor for the equation
(x2 +yi— x)dx— ydy =0..(1), then solve the
equation.

Solution: We multiply integrated factor to the equation (1).

—(x"+ " —x|dr— -y =
X —." T
01— 'm--;' Y lav=0.(2)
L Xty
Now we apply the Euler’s formula._ . . .
cQ _cF E_i.‘l_ X =_£ X
& &y gv vl x+y )| avlx+y)
_o—x-y  Iwy
(x*+3 | (x"+)° ]:
ég e —-v |\ &l
_ v Dy
(=27} (x?+37)

Since Euler’s formula is satisfied, in this case the equation
(2) got exact we solve it.

xdx ydy
dX_X2+ 2 2 2 2
yo X+y X2 +y?
We get integral from the both sides of equation (3)
2xdx + 2yd
fax== j Y = [ odx
X +y
The general solution is as implicit function (Suhrabi, 2012).

(56:6)

x—%Ln‘x2 +y2‘—c:0

1
—,— and — each
27 x? Xy

are integrating factor for the partial differential equation of
xdy — ydx =0....(1).

Solution: We make exact the equation (1) by integrating

Problem 2: Denote that functions

1 1
factor of —-. We multiply the factor —- to the equation
X X

(2):
1

1 1 1
=z xdy—F- ydy =0 —>;dy—? ydx =0....(2)

We apply Euler’s formula to the equation (2).

y
Euler’s formula P(X,y)__F E_@
Q(x,y):l oy OX
X
80 &1 1
& al:)
8r a8 1 &y 1
E_Tl_.‘?;=_ E _T:

1
There equation (2) got exact and the factor —- is

integrating (Nikoukar, 2011).
Generally, finding integrating factor is not easy, we can find
these integrating factors in particular cases which are called
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factor of the first, second, third and fourth order (Agayan,
2008).

3. Factor of the first-order

If we denote integrating factor with f (X, y) and assume

that the equation P(X,y)dx+Q(x,y)dy=0...(1) is
not exact, we multiply both sides of the equation (1) to
f (X, y) which assumed integrating factor.

f(xy)-P(x,y)dx+f(xy)-Q(x,y)dy=0..(2)
Since f (X, y) is integrating factor, then the equation (2) is

exact, we apply Euler’s formula on it.

o _ atP

ox oy

g _of Q

&(f'Q)_ax R+T-50 oQ  of oP
Z(f-P)==—-P+f-=

oy oy oy

o qof _[(Q _oP

Pay an f[ax ayj....(s)

We divide both sides of equation (3) by f.

e ne o= -
U 80 &P

pL oL =2
féy T jfox & éy
o of
i i =} = = + = & =} =
oLnf oLnf
If ——=0,then P——=0.
oy oy
0 oP oLnf
We assume that —Q——=A , - Q——=A
ox oy OX
aLnf —A ., N DY S
?-E—) Eu;f‘=—[—2aﬁ —:r]'dur ——Jﬁaﬁ — L =
A T
—|=idk— =2 "
Jg#=7
,Jédx
f=f1 (X, y):e @ is factor of the first-order. The

A
above factor is used in the case which —— is a function of

A
x . Actually —— is the condition of factor of the first-order

(Ferozkohi & Hashemi, 2013).
Problem 1: Integrate the following partial equation by
factor of the first-order, then solve it.

(2y2 +3x)dx+ 2xydy =0......(1)

First we apply factor of the first-order condition which is

A

Q

o —_— - -
R —;I_;—f—%! éll){l'b—%ll}':+3xﬁ
_E_ o T 2n B
Jy—-4y 2y 1 g=2x
TS 2o x P=2yt+x

A
Since —— =— (is a function of x), we find factor of the
X

first-order.

—J.édx jldx L
f=e'? =ex =e™=x—>f(x,y)=x
f (X, y) = X is integrating factor. We multiply x to the
partial equation (1).

Exact equation (2xy2 +3X2)dx +2x%ydy =0....(2)

0Q OP .
We apply Euler’s formula (8_ = 6_) to the equation (2).
Yy

X
0 =2x"y. £=i[21'23']=413'
g dx
P=2.1:L':—3.1':._ £=i[2n':—31‘:]=41}'
gy &y

Now we find a function which is equal to the left side of the
equation (2).

(2xy® +3x*)dx+2x*ydy = 0

du :a—udx+a—udy=0
OX oy

We conclude from the comparison of both equations that: we

: . ou 20
integrate from equation — =2X“Yy with respect to y.

Since Idu :2J.X2ydy is integrated with respect to y
hence x assumed the proof of U= X2y2 +(p(x)....(3),

and q)(X) is constant. We derive from the equation (3) with

respect to Xx.

cu 207 +@'(x)
| 7 =20 el

e . delx) .
=@ (x)=3x »——=3r

E” eI 3 . {ﬂ'
Y =<7+ 38 With the problem consideration

do(x)=3x"dx — J'dg-;'[.t] =3J' vdr+c—so(x)=x +¢
We let the (p(X) value into the equation (3).

u=u (X, y) = X2y2 +x%4¢C is the solution of equation
(2) (Agayan, 2008).

Factor of the second-order
If we multiply the integrating factor of f (X, y) to linearly

partial  differential  equation of the first-order
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P(x,y)dx+Q(x,y)dy=0...(1), it substitutes it to

exact equation.

The

equation got exact, we apply Euler’s formula to the equation

f(x,y)-P(xy)dx+f(x,y)-Q(x,y)dy=0..(2)

).
6Q of
i(f.Q):i.Q+f.@ —Q f—
o.-Q of-P ox Ox Ox oy oy
x oy 0 ot P o P Q
L(rp)=tprt T T Tp [P R (g
oy oy oy OX oy oy oOX
We divide both sides of equation (3) to f.
o o
g (Q Pyt f, (0Q 0P
f ox foy ox oy OX oy oX oy
aLnf Q_(;‘Lnf _ [0Q oP
oy ox oy
oLnf
f =0.
(Halim, 2014)
RQ_ok
plthf _Q P anf _ox &y _A g pf —Sdy > [dLnf = [y
&y x oy oy P P
— Lnf =|=d
[ 5o
Igdy cQ coP
f =e’P " is factor of the second-order. Factor of the A Ex v A-(1+2x0) 2-2x 2(1+x) 2
A P IR Ny N v
second-order is used in the case which E is a function of y P P ya y(l+x) y(+w)
(Ferozkohi & Hashemi, 2013). ] 2 A )
Since —=—— (— s a function of y), so factor of the
Problem 2: Integrate the following partial differential ] y P
equation with consideration of factor of the second-order, ~ second exists.
then solve it. [2ay —jgdy aL L
—@P’ _ply a2ty o ¥
(y+xy*)dx—xdy =0.....(1) f=e" =e”’ =e""=e Y%
Solution: First we apply factor of the second-order 1
oQ 0P f =—5 s factor of the second-order. We multiply the
condition. A =6___
X
- 2 partial equation (1) by y‘2
¢ che
—(—=x)=—F=-1
cx che
AP =] .
= =i[3'+_1:1" |=1+2xp
E'J-I E-J.' | g
0=—x P=y+x’
1 1 1 1 X
—2(y+xy2)dx——2xdy =0 —>(—+ xjdx——zxdy =0...(2) P=x+=, Q=—=
y y y y y
\ ) —
p Q
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0 _ef 1 )\ _ 1

==X |77

. @P @o a axl ) 37
Since —=— = , thus equation (2}is exact ) .

oy ox P& 1) 1

The exact differential function iz i .

For the solution of equation (2) we shall find a function such
as u (X, y)which the exact differential of it, is equal to the

left side of the equation (2), in this case from the comparison
of equation with the exact differential function of U it is
written as:

au 1

v X+=...(3)

y
We integrate for finding u function with respect to x.

du :(x+1de....(4)

y
ou X ,
5y
5 § —¢'(y)=0—>
¥y

We let the value of (/)( y) into the equation (5).

(87-88:4) u=u(x,y)=%x2+%x+c

Problem 3: Make exact the partial equation of
2ydx + xdy = O....(l) with consideration of factor of the
first-order, then solve it.

A

—dx

Solution: f =e IQ is factor of the first-order. The

A
factor of the first-order condition —— is a function of the x

alone.
A:@_E:%_i(zy)zl_zz_l A:_;lzl
OX oy Ox oy -Q X X

A1
Since _Q = — is a function of x, thus factor of the first-
— X
- Ad>< ld
order exists. f =e JQ :eIX Coelm
We multiply partial equation of 2ydx + xdy =0 by x.
2xydx + x*dy =0....(2) P(x y)dx+Q(x,y)dy=0

We apply Euler’s formula on equation (2) which denotes the
equation exactness.

0Q 0
P=2xy , Q=X —==—(x*)=2x
y . Q OX 8x( )

do(y)

t— | =
ERCISET S
6:{ i

di=—dx+—dyv =0
e cv

jdu :J‘[x+%de+(p(y):>u :%x2 +%.x+(p(y)....(5)

Since it is integrated with respect x, y is constant and (0( y)

is also constant. For finding (p(y) value we derive from
equation (5) with respectto y.

=0—>dg IOdy—>¢(y):

l—>.[d¢)(y):

For solving equation (2), we shall find a function such as
u (X, y) which its differential equation be equal to the left
side of equation (2).
The U exact

ou ou
du =—dx+—dy 0...(3
oy ( )

differential equation formula is.

From the comparison of (2) and (3) it is written as:
(We integrate from this equation with respect to Xx)

au =2Xy — du = 2xydx
OX

Since it is integrated with respect to x, thus y is constant.

Idu :I2xydx+go(y) —>u=xy+¢(y)..(4)
We derive from the equation (4) For finding the (o(y)
value with respect to y.

ou
o —=x"+¢'(y)

a_ —>¢'(y)=0->9(y)=
oy

On the other hand, with consideration of question

We let (p(y)value into the equation (4) (Kerayechian,
285). 68%29}

Factor of the third-order
If the equation M (X, y)dx+ N (X, y)dy =0 be partial

Ig(z)dz

u—u (x,y)=xy+c

and g integrating factor, then ;£ =¢€ is the factor of
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the third-order. The factor of the third-order condition

is from z, thus zZ = Xy.
X-N-y-M X
Proof: g is integrating factor, so the following equation is
exact.

1M (X, y)dx+z-N(x y)dy=0..(2)
ouN =8,uM
OX oy

Hence Euler’s formula satisfies.

We derive partial of both sides.
ouN _ou ., N

= H—
ox  OX ox H%N+ Ny M

oM _ou Ma 6M ox ox oy oy
y oy o
@,ﬂ) w21y 2u @,ﬂzg[M@,N@]____(g)
x oy &y ox ox oy p\ @y &
Now if g is a function of Z =Xy, in this case Z =Xy is
_ oz oz ou
written as — = X and 8_: Yy we let the value of —
0
and /al into (3).
OX
cu i oo cu g

du  cu o- ol cif
CH _oft c= oMl _  cH

0 0
We let the value of 9K and 9 into (3).
6y OX
x oy n o X oy u oz
fLN,fM
o M-yN _ON oM ou_ox o 4
H dz ox oy 4 XM —yN
A oN
If —— s a function from z. A = ————assume
XM —yN OX
A
as —=g(z),then
XM —yN
a—ﬂ dz—>f Ig )dz — Lnu = jg )dz - u= glue

U

In this case factor of the third is proved (Simmons, 2014).
Problem 4: Integrate the following partial differential
equation with factor of the third-order, then solve.

(2yCosx — xySinx)dx +2xCosxdy = 0....(1)

Solution: For finding which is a function of z

XM —yN

we go through as follow:

e &z ox  ox oz
N _oM M = 2yCosx — xySinx N = 2xCosx
ox oy
N _ i(2xCosx) =2(1-Cosx—x-Sinx) ™M i(2yCosx— xySinx) = 2Cosx — xSinx
oX OX oy
AZ@—@—ZCOSX 2xSinx —(2Cosx — xSinx) = —xSinx
ox oy

{x- M = x(2yCosx — xySinx) = 2xyCosx — x”ySinx

YN =y-2xCosx

XM — yN = 2xyCosx — x?ySinx — 2xyCosx = —x*ySinx

Now we let the value of XN, A and yM intothe __ 4

XM —yN
A —XSinx 1 1
XM —yN —x°ySinx Xxy z
Factor of the third-order is
1
7)dz =d
ﬂ:ejg( )d :ejz z :ean :Z:Xy

We multiply the equation (1) by XY .

(2xy°Cosx— x’y’Sinx) dx + 2x”y - Cosxdy =0....(2)

For finding the equation (2) solution we find a function
which its exact differential is equal to the left side of
equation (2).

du :a—udx+a—udy 0
OX oy

. . ou )
To find U function we use from E =2x°yCosx. Then

ou
We integrate from 5 = 2x*yCosX equation.

du = 2x*Cosxydy — jdu = 2x2Cosxj ydy = x*y*Cosx + ¢(X)

Since it is integrated with respect to y, so x and q)(X) are
constants.
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Factor of the fourth-order
If the differential equation has general denotation as:

y(Ax™y" +Bx"y®)dx+x(Cx"y" + Dx"y)dy =0....(1)

If AD-BC=#0. This equation includes integrating
factoras f (X, y)= x“y*

The method for finding integrating factor is that we multiply
non integrating equation of (1) by x¥ yl , then we obtain the

0Q OoP
value of k and A from the equation 6_Q - =
X

oy

Problem 5: Determine the integrating factor of this
differential equation.

(xzy— xy“)dx+(2x3 —x2y3)dy =0....(1)

Solution: We write the equation (1) with its general
denotation form. y (x2 -~ xy3)dx + x(2x2 - xy3)dy =0

Now we form the term AD —BC , if it is not equal to zero,

then it has integrating factor.
A=1, B=-1 C=2 D=-1
AD-RC=1-(-1)—-(-1)-2=1=0
Therefore that partial equation (1) includes integrating factor
as f (X, y) = x“y*. We multiply the equation (1) by

XKyt
X<yt (xPy —xy* Jdx+k*y* (2 = x*y*)dy =0
N (Xk+2 y/1+1 _ Xk+1yl+4)dx+ (2Xk+3y/1 _ Xk+2y/l+3)dy -0

oP

0
For finding the value of k and A we use from the equation —Q —-——=

aQ a k+3,,4 k+2,,4+3
—=—(2x - X
OX 6x( y y )
o°_0
ay oy
oQ oP

ox oy

2(k +3) yi . Xk+2 —(k + 2) Xk+1yﬂ+3 — 0

(Xk+2 y4+1 _ Xk+1yi+4) _ (/1 +1) xk+2 yz —(l + 4) Xk+1y4+3 =0

——Ez(Zk —A+5)Xtyt —(A-k+2)xy*? =0

and Xk+1yi+3 + O 7

2k—-21+5=0
is integrating factor
-k+41+2=0

of f (X y)=x"y". (Aqayan, 2008)

Factor of the fifth-order

If the equation Mdx+ Ndy=O....(1) be homogenous,
this means the terms M and N are same grade and

Since  x**’y* %0 then

A=-9, k=-7 {

XM +yN =0, in this case the is an

XM + yN
integrating factor of equation (1).

Problem 6: Find an integrating factor to the following
partial equation.

(x2 + yz)dx—4xydy =0

Solution: Since the coefficients of X and dy are
homogenous functions with 2 order, M = X2+y2 and
N =—4xy, thus

XM + yN = x(x2 + y2)+ y(—4xy)= x(x2 —3y2) #0

so integrating factor is

x(x*=3y*)

0

Factor of the Sixth-order
OoN oM

oy
————— Mdx+Ndy=0...(1) b
2(yM —xN) Xy (1) e

a function of (X2 + y2 ) in this case one integrating factor

If in equation

of equation (1) is as follow:

A
h(u):ejz(yM*N)du A_ON_oMm

ox oy

Proof: If integrating factor is h(u)as U=x>+y>, we
multiply function h(u) into the equation (1). The

h(u)- Mdx + h(u). Ndy = 0....(2) is integrated ,s0 we
apply Euler’s formula.

L)

Shlu)N
él.ll.

h [_.T: +17 ] =h(x) 2x

A

e

[

= (u)-N+hiu)-

[ K]
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oh(u)yN | ON
= =h'(u)-2xN +h(u)& oh(u)N  an(u)M

ah(u)M oM x oy

———=h'(u)-2yM +h(u)—
5 =1 ()29 +h(u) T

:>h’(u).2xN+h(u)%=h’(u)2yM +h(u)%—>h’(u)(2xN—2yM):h(u)(%—%]

N _om

h'(u)  ox oy h'(u)_dth(u)_}dth(u)_ A

h(u)_2(yM—xN) h(u)_ du du _2(yM—xN)
dLnh(u)=—d

— dLnh(u) 2(yM —xN) u

We integrate from the both sides of above. Problem 7: Find an integrating factor for the equation

Jdth(u):jmdujth(u):lj A gy xdx+y(4x’y*+4y* +1)dy =0..(1) with factor of

27 yM —xN the sixth-order, then solve the exact equation.
lj A Solution: First we find A
Integrating factor — h(u)=e* ™" 2(yM =xN)
N=4x’y’*+4y°+y, M =x
%:i(x) =0 , N :i(4x2y3 +4y° + y) =8xy’ = A :@—%:&W
oy oy OX  OX ox oy
A 8xy® 8xy® 1 1

2(yM =xN)  2(yx—4x®y* +4xy° —xy) _2»4xy3(x2+y2)__X2+y2_ u

1 1
()= g gt 13

Hence integrating factor is — > - We multiply the equation (1) by

X°+y X*+y
xdx +4y3(x2+y2)+y X

dy=0 dx+| 4y*+—2 |dy=0
X2+y2 X2+y2 y _)X2+y2 (y X2+y2j y

xdx + ydy 3y, 1
Tyz+4y dy_0:>5_[

The equation solution is as implicit function.

2Xd§+2¥dy+4jy3dy=c
X“+y

1 Proof: We multiply the integrating factor which are h(u)
—Ln‘x2+y2‘+y4:c X . .

2 and U =— into partial equation (1).
Factor of the seventh-order

If in partial equation Mdx + Ndy = 0....(1) the term h(u) Mdx + h(u) Ndy =0

—A X We apply Euler’s formula.
be a function of —, the integrating factor is as
Mx + Ny

+
u =§’ h(u):eIH(u)du.
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oh(u)N =c’ih(u)M

OX oy
oh(u)N  oh(u) oN oN
= N+h(u)—=H h! N+h(u
™ N Hh(u)—-="(u)- (u)-N+h(u)—
WM _ ) 4wy ™~ by ()b -M +h(u) M
oy oy oy
ah(;()N :h'(u)-ﬁ+h(u)%—§
. Y :h'(u)EN+h(u)%:h'(u)£_%m h(u) M
(v) :h'(u)[_lj.m +h(u) ™M g g v
oy y
’ 2
(u)| SN+ M | =h(u)| 2L ) ___ A —y 4
y oy oy  ox h(u) 1nyiXm XM+yN
y Y
' 2 2
h(u):dth(u)_>dth(u): —y?A ~ dLnh(u) - YA 4
h(u) du du XM + yN XM + yN
_ _y2A _ 7J‘xyz+A
th(U)—ImdUSh(U)—e M+yN
N oM & o/,
Problem 8: Integrate the following partial equation with ~ A (—3xy)——(5y )=—3y—10y=—13y
factor of the seventh-order. o 2 8x 2
5y*dx —3xydy =0....(1)
Solution: M =5y? and N =-3xy. In factor of the
seventh-order the function shall be from % .
_y? _13y° 3 A g Bl B, 5o
YA __W3y' 13y 18 Ly elmn® _gali o _gnot ()3
XM +yN  5xy°—3xy~ 2xy 2 X
y
X % _ _ i[lﬂf‘l'—]'(ﬁ']Zi—ﬁZdﬂﬁl
y is integrating factor (Paryab, 2010). X ¥ J'.'r .T"I
1 - | xelx — vex) = —mﬁ ﬂ?-:n*:fm?'ll'
X +1. R o \ X

Integrating factors determination with expressions
classification

The integrating factors of some equations can be find with
expressions classification, investigation and determination of
common integrating factor such as the coefficient of each

functions i, 1 1 or — > integrates in the term
Xy y X X +y
of xdy—ydx=0.
— | -"I
l[mﬁ—uﬁ] —mﬁ yax =d| l
X 1‘ | 1‘{
L (dy—yr) = T ZIE_ X ]
¥ J" L)

If equation includes the term Xdy— ydx, one of these

function shall be introduced as integrating factor of equation.
This determination method of integrating factor is called
classification.

Problem 9: Obtain the general solution of the following
equation.

xdy—(x4+x2y2+y)dx:0

Solution: We classify the equation expressions as
xdy — ydx = x? (x2 + yz)dx
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Since the division of equation by X* + y2 integrates both

1
sides, thus > > is integrating factor.
X +Yy
xdy — ydx
T = XX
X +Yy

We integrate from both sides of last equation.

The general solution;
J- xdy —ydx
X2+ y?

x3+c

Ixzdx e Tant Y
X

1
3

Problem 10: Determine the general solution of the
following equation. (y +x* ) dx—xdy =0....(1)

Solution: First we  classify the  expressions

ydx — xdy + x*dx = O with division of both sides by x?,

the following term gets. The two left side of each is equal to
dx —xd

T+ xdx = 0....(2) , in this

exact differential of >
X

case the last equation is exact differential.

de_Xdy:_Xdy_de:_d(lj ngX:}d(Xs)
X2 X2 x) 3
We integrate from both sides of equation (2).

pa

. 1 1
1“d1':r—}—[d' z '+—l.rif =
J 5 J |n_.1',f 3-
v 13 4
€c>——+-X =r—}3'=§x—rx

X
In the following table some integrating terms of a
differential equation are listed.

Equation expressiond Integrating factor Exact terms
1 d (lj
X2 X
1
)
xdy — ydx 1 y
Y2 4 y2 Tan™ (%)
1
= Yy
Xy Ln <
1 Ln|xy|
Xy
xdy + ydx 1 -1
, n>1 n-1
(xy) (n-1)(xy)
1 L, (o
1y ELn(x +y?)
ydy + xdx 1 ]
——, n>1 TG
(x2+y2) 2(n—1)(x +y )
aydx + bxdy X2ty xy"

(Jamshidi, 2004)

4. Result

In general cases, finding integrating factors seem difficult
but there are particular conditions which denote how to
obtain these factors. If an equation of the second-order
includes solution, it probably has integrating factor, but for
the complexity of factor form or being non initial the
integrating factor cannot calculate easily.

There are more than seven integrating factors under the

: - . —A :
particular conditions such as if —— be a function of x

alone. So integrating factor exists and itis f (X) =€

The other method for finding integrating factor is
expressions classification, for example if we multiply the

1
partial equation of Xxdy—ydx=0 by —then gets
X

xdy — ydx

y—zy =d 1. By integrating of it unknown function
X X

is obtained.

5. Discussion

There are nine integrating factors which form under the

A
particular conditions. If E is the only function of x. Then

jédy . . i A
f(x)=e"" " isintegrating factor of the first-order. If 5

A
2y
is a function of y alone. Then f (x)= eIP is integrating

factor of the second-order. If

m:g(z) is a

d
function of z, thus z=xy. f(z)= ejg(z) * is integrating

factor of the third-order. If the non-integer differential
equation be as

y(Ax'“yn + Bxpyq)dx+ x(meyn + Dxqu)dy =0,
then f (X, y) = Xky’1 is integrating factor of it. The other
factors are also like this.

Besides the nine forms for integrating factors the other
method is expressions classification with the consideration
of table guideline after multiplying to a partial differential
function, it can be written as an exact expression, by
integrating the unknown function of y is found.
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6. Conclusion

If the Euler’s formula does not satisfy to differential
equation Pdx+Qdy =0....(1) the equation is not exact

or integer, it means that a function such as U (X, y) cannot

be found which the exact differential of it, is not equal to the
left side of equation (1). In this case a function shall be
found by multiplying it to the equation (1) integrate that. In
general conditions there is no theorem which creates
integrating factor for all partial differential equations,
therefore with respect to the particular conditions of partial
equations, functions are created which is integrating factor.

The number of these factors are at least nine. These
integrating factors are different with respect to the
expressions structure of partial differential equation.

The other method to find integrating factors is expressions
classification of partial equation which is written as exact
term with respect to the classification guideline and usage of
equation table, then by integrating unknown function is
found (equation is solved).

In this article | researched about integrating factors from
external and internal sources which discussed about
differential equations at recent decades. Finally, | explained
seven kinds of integrating factors obviously with proof and
problems solution. 1 hope this article be helpful for
mathematics learners.
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