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1. Introduction

The concepts of generalized topological spaces were first
introduced by A. Csaszar[3]. In [2], he obtained and
investigated the notions of u-semi-open sets, u -pre-open
sets, u -a-open sets, and u -B-open sets in generalized
topological spaces. Moreover, the concepts of BGTS were
introduced by C. Boonpok in [1] and studied (m, n)-closed
sets and (m, n)-open sets.

The concepts of fi-open sets, which is analogous to u-semi-
open sets, were introduced by D. Saravanakumar, N.
Kalaivani, and G. SaiSundra Krishnan [4]. They also
introduced the class of all fi-open sets denoted by GO(X), f-
interior, fi-closure, fi-boundary and fi-exterior operators and
studied their fundamental properties.

In this paper, the concepts of i, ,y —open (respectively

fan .y —Closed) sets in bigeneralized topological spaces are
introduced and characterized. Also, their properties and
relationships are investigated.

2. Preliminaries

Definition 2.1 [3] Let X be a set. A collection p of subsets
of X is a generalized topology (briefly GT) on X if it
satisfies the following: (O1) @ € u ; and (0O2) If {M;:i €
I} € p, then U, M; € .

If wis a GT on X, then (X, u) is called a generalized
topological space (briefly GTS), and the elements of u are
called u -open sets. The complement X\A of a u -open set A
is called u -closed set. A generalized topology u is said to be
a strong GT if X€ . If uis a strong GT then (X, u) is said
to be a strong GTS.

Definition 2.2 [2, 4] Let (X, u) bea GTS and A < X. Then
(i) w-semi-closure of A denoted by ¢, (A), is the
intersection of all u-semi-closed sets containing A. That is,
the smallest p-semi-closed set containing A.

(ii) p-semi-interior of A denoted by isi; (A), is the union of
all pu-semi-open sets contained in A. That is, the largest u-
semi-open set contained in A.

Definition 2.3 [4] Let (X, u) be a GTS. A subset A of X is
said to be a Ti-open set if there exists a p-open set U such
that U CAC ¢, (U). The family of all 7i-open sets is
denoted as TiO(X). A subset A of X is T-closed if its
complement X\A is Ti-open.

Definition 2.4 [1] Let X be a nonempty set and let y; and u,
be generalized topologies on X. The triple (X, uy, ) is said
to be a bigeneralized topological space (briefly BGTS). If
both w,and u, are strong generalized topologies, then the
BGTS (X, ui,uy) is said to be a strong bigeneralized
topological space (briefly SBGTS). Let (X, ui,u;) be a
BGTS and A, a subset of X. The u-closure of A and the u-
interior of A with respect to u,, are denoted by ¢, (A) and

i, (A) respectively.
3. OnN fimn) Open Sets

In [4], Saravanakumar, Kalaivani and SaiSundara Krishnan
introduced and defined fi-open sets in GTS. In this section,
f-open (resp. fi-closed) sets are defined in a BGTS.
Properties of these sets are introduced and studied. All
throughout this section, (X, uy, 1) is a BGTS and m and n
are elements of {1,2} where m=n.

Definition 3.1 Let (X, u,,, 4,,) be a BGTS. A subset A of X
is said to be fi(,, ,) —open if there exists a u,,-open set U of
X such that UCAC CSun(U)’ The complement X\A of

fm,n) —Open is said to be fi,, ,y —closed set.
To illustrate Definition 3.1, consider the next example.

Example 3.2 Let X = {a,b,c} with two GTs u; = {0, {a},
{c}, {ac}} and u, ={@, X, {a} {ab}}. Then the [ »-
open sets are @, X, {a}, {a,b}, {a,c} and {c}. And the fi, ;)-
open sets are @, X, {a} and {a,b}. Also the fi(; ,)-closed sets
are @, X, {b,c}, {c} and {b} and the i, ;,-closed sets are @,
X, {b,c}, {c}.
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The following remark follows from Definition 3.1.
Remark 3.3 Let (X, uy, u;) be aBGTS.

(i) If a u,-open set U is equal to CSun(U)' then U is
ﬁ(m,n)'open-

(ii) The empty set is f,, ) open in (X, uq, uy).

(i) X is fi(y, »)- closed.

Lemma 3.4 Let (X, u, 4;) be a BGTS. A and B are subsets
of X. If ASB, then ¢, (A) < ¢, (B).

Proof: Let A< B. Then, A € B < ¢ (B). This implies that
¢s,(B) is a p-semi closed set containing A. However,
AC ¢, (A) and that ¢, (A) is the smallest semi-closed set
containing A. Therefore, ¢, (A) € ¢, (B).

Theorem 3.5 Let (X, uy, 1) be aBGTS and A € X. Then A
IS fign ny OPeN ifand only if A < ¢, (i, (A)).

Proof: Let A be fi(,, ,) open in (X, uy, uy). Then there exists
a W, -open set U such that UCA < CSun(U)' Since U is y,,-

open then U = i, (U) <i, (A). Then Ac csﬂn(U) c
¢s,, (i, (VU)) S €5, (i, (B). Thus A G ¢, (i, (A)).
Conversely, let A csun(iﬂm (A)) and take U = i, (A).
Then i, (A)S Ac csﬂn(i#m (A)). Hence A is fig, ) Open
inX, uy, 12).

Theorem 3.6 Every u,-open set in X is fiq, ,)-open in a
BGTS (Xl Hy» /JZ)

Proof : Let A be a p,,-open set in X. Then i, (A) = A.
Since A € Cs#n(A) then A © Csyn(i#m (A)). By Theorem 3.5,

A IS .a(m,n) Open in (Xv HUq, #2)
Remark 3.7 The converse of Theorem 3.6 is not true.

To see this, consider Example 3.2. Note that X and {a,b} are
fi1,2)-0pen sets but not y;-open sets.

Definition 3.8 [1] A subset A of a BGTS (X, u4, 1) is said
to be pi(m n)-semi-open if A< ¢, (i, (A)).

Theorem 3.9 EVery fi(y, »)-0pen set is u,, »y-semi-open.

Proof : Let A be a fis,n)-open set. By Theorem 3.5,
Ac CSun(i#m (A)) where CSun(i#m (A)) is u,-closed. Since
every u,-closed set is u,,-semi-closed and that Cs,, (i, (A)
is the smallest u,-semi-closed set containing i, (A), then
CSun(iﬂm A) € ¢, (i, (A)This implies  that Ac
Cu, (U, (A))Thus Ais pi(p, ,)-semi-open.

Remark 3.10 The converse of the above theorem need not
be true as shown in the following example.

Example 3.11 Consider the GTs in Example 3.2. Then the
Kz,1y-semi-open sets are @, X, {a}, {b} and {a,b}. Notice
that {b} is w2 1y-semi-open but not fi, ;-open.

Lemma 3.12 Let (X, u) be a GTS and {4,: a € J} be the
collection of ASX. Then U, Cs, (A,)< ¢s, (Uagy A,).

Proof: Let X€ 4,. Since A, € Ugye(4,), it follows that x
€ Uge (Ay). Note that xe Cs, (Ag). Thus X€ Ugyg Cs, (4,).
By Lemma 3.4, ¢, (A,) S ¢, (Uaey(Ag))- This implies that
XE ¢5, (Uges(Ay)).  This  shows  that,U, Cs, (A,)<
Csu (Uaej Aa)-

Theorem 3.13 Let {A,: a € J} be the collection offi(, -
open sets in (X, uy, 4z). Then Uyes A, is alSOfi,, ,)-0pen set
in (X, py, p2)-

Proof: Since A, is fiim n)-0pen, there exists a u,,-open set
U, of Xsuchthat U, € A, < Cs,, (U,). This implies that

U U, c UAa e, U< CSun(U u).

a€] a€l a€/
Since U, is w,-open, Uy U, is also u,-open. Then,

Uae] Aq is ﬂ(m,n)'open setin (Xv M1, /"2)-

Corollary 3.14 The family of f,,)-open sets forms a
generalized topology on X.

Proof: Follows from Remark 3.3(ii) and Theorem 3.13

Remark 3.15 If A and B are two fi,, ,)-open sets in (X,
U1, Uz), then ANB need not be i, ,y-open in (X, uq, u,) as
shown in the following example.

Example 3.16 Let X= {a,b,c} and consider the following

GTs: u; = {0, X {ab}, {b,c}} and p, = {0, {b}, {c},
{b,c}}. Then the fi., »)-open sets are @, X, {a,b} and {b,c}.

See that {a,b}n{b,c}= {b} but {b} is not fi(; »y-open in (X,
H, 12)-

Theorem 3.17 Let A be a fi(,, »)-open set and let B be any
set such that AcBc Cs#n(ium (A)). Then B is also afiy, n)-

open set in (X, ty, Uz).

Proof: If A is a fi¢, ) -open set then by Theorem 3.5 A
c CSun(i#m (A)). Since AcB, it implies that Cs,,n(ium (A)) c
Cs,, (iy,, (B)). This shows that B isfi(,, ,,)-open.

Let the family of fi,, ,,-open sets (resp. fi, ,)closed sets) of
X be denoted as fi,, ,yO(X) (resp. fig, »)C(X)).

Remark 3.18{i(; »)O(X) is generally not equal to fi¢; 1)0(X).

To see this, consider Example 3.2. Then fi(; ,)0(X) = {9, X,

{a}! {a,b}, {a,C}, {C}} and ﬁ(Zl)O(X) = {¢1 X! {a}, {a!b}}
Thus fi1,2)0(X)# fz,1)0(X).

Theorem 3.19 Let (X, uq, u;) be aBGTS and let ASX. Ais
fm.n)-closed if and only if b5, (Cu,, (A) EA.

Proof: If A'is fi(y,,)-closed then X\A is fi(,, ,y-Open. By
Theorem 3.5 it follows that X\A < CSun(i#m (X\A)). Thus
XA <, (i, X\A) = ¢, K, (A) = X
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isun(cﬂm (A)). Hence, X\Ac X\ isun(c”m (A)), which implies
that iSun(C#m (A)) €A.  Conversely, suppose that
is, (i, (A)) EA. Then X\ASX\ i (¢, (A)

¢, X\, (A)= ¢, (i, (X\A)).  Thus XA ¢
CSun(iﬂm (X\A)). Therefore, X\A is fi(,, ,)-open implying
that A is fi(, ,)-closed in (X, py, 13).

Theorem 3.20 Let (X, uq, 4,) be a BGTS and let AcX. If
is,. (F) SACF, then Ais fi(,, »)-closed for any u,,-closed set

Fin (X, uy, 12).

Proof: Let is#n(F) CACF, where F is p,,-closed. The
X\FEX\A eX\ig, (F) € ¢, (X\F). Let U=X\F. Then U is
U, -0open and U €X\AC CSM(U)' Then X\A isfi(,, »)-open.
Hence, A is fi, »)-closed.

Remark 3.21 The converse of the above theorem is not true
as can be seen in the following example.

Example 3.22 Let X = {a,\b,c,d} with two generalized

topologies p, = {0, {a}, {a,b}, {a,c}, {a,b,c}} andy, = {0,
X, {a}, {b} {a,b}}. Then the fi,-closed sets are @, X,
{b.c.d}, {c.d}, {d}, {c}, {b.d} and {b}. See that the ji(; ;-
closed set {b} is contained in u;-closed set {b,d} but the
isﬂz ({b,d}) is not contained in {b}.

Theorem 3.23 Let {4,: a € J} be the collection of i, ,,)-
closed sets in the BGTS (X, uy, u). Then Nyep A, is also
ﬁ(m,n)_C|Osed in (Xv U1y .UZ)

Proof: Let A, be i, ,)-closed in (X, uy, uy). Then X\4, is
Aanny-open. By Theorem 3.13, Uge X\A, is alsOfgy, »)-
open. This goes to show thatU,e; X\A, = X\Nyey Ay iS
fnny-open. Hence Ngej Ag 1S fln ny-closed in (X, py, i)

Theorem 3.24 Let (X, py, u;) be aBGTS and ASX. Then
(M is, (¢u,, (A)) is fin ny-Closed;
(ii) s, (i, (A)) 1S fign ny-opEN.

Proof: Let AcX.
(i)Then the L'Sﬂn u,, (islln (¢, (AN))<= islln (cu,, (cu,, (A)).
By Theorem 3.19 is, (cu,, (A)) s [y n)-Closed.

(i) The ¢, (i (D) = 5, Gy (0 A)))

g CSHn (l}lm (Csﬂn (l#mA))))
Thus by Theorem 3.5 ¢;, (iy,, (A)) is fiim n)-Open.
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