International Journal of Science and Research (1JSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Trace of Negative Integer Power of Real 2x2
Matrices

Ankita Prajapati’, Sateesh Thadani?

L 2|nstitute of Engineering & Technology, SAGE University, Indore, India

Abstract: The purpose of this paper is to discuss the theorems for the trace of any negative integer power of 2 x 2 real Matrix. We
obtain a new formula to compute trace of any negative integer power of 2 x 2 real matrix A, in the terms of Trace of A (Tr A) and
Determinant of A (Det A), which are based on definition of trace of matrix and multiplication of the matrix n times, where n is Negative
integer and this formula gives some corollary for Tr A™ when TrA or DetA are zero.
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1. Introduction Tr(d) = (a + d) (2.1)
|A| = (ad — be) 22

Traces of powers of matrices arise in several fields of A® = [a h]l[a b]

mathematics, more specially, Network Analysis, Number e odbe d

Theory, Dynamical systems, Matrix Theory, and Differential Az = [3' +bc ab+bd

Equations [1] ac+cd bc+d

2. Main Result Trid™) =a” +2bc+ d° (2.3)

Theorem 1: For even negative integer n and 2x2 real matrix Adj (A2) = [ be + d° —(ab + bd)

A, A —(ac+ed) &% +be

1 Oz (—17" 47| = (a® +bel. (be + d° )-(ac + cd). (ab + bd)
Tr{A™™) = WZT'n[n —(r+1ln—-(r+2)].. |4%| = a® d® — 2abed + b7 "
r=0
ww ween o Jup torterms |4 | Tr A" |A%] = (ad —bc)® = |Al° (2.4)
- 1 -
2 b Tr(A™2) = 3 [Tr (Al (2.5)
Proof: Consider a matrix A = [C d] where a, b, c, d are
real.
Tr(A™%) = - [ (TrA)* - 2| Al] &y /1) (2.6)
i = [ a* + 3a%be + 2abed + bed® + bie’ a®b + 2ab®c + 2b%cd + a°bd + abd® +hd3]
) a®c + ated + 2abe? + acd® +2be’d 4 cd® a“be + 2abed + 3bed® + bPe® + d*
Tr(A*) = a* + 4a’be + 4abed + 4 bed”® + 2b%c® + d° (2.7
Adj (&%) = [ a“be + 2abed + 3bed® + be® + 44 —(ab + 2ab%c + 2b%cd + a°bd + abd® +bd!]]
saLa)= —(a%c + a®cd + 2abe® + acd® 4+ 2be®d + cd?) a* + 3a"be + 2abed + bed® + bie?
|4* | = a*d* + 62’ b c*d® + b*c? — 4 ab®c?¥d — 42%bed?
A% | = (ad)* — 4(ad)® (bc) + 6(ad)” (bc)® — 4(ad)(be)® + (bec)*
4% = (ad —be)* = |al* (2.8)
'I:I.I.'z . .
4 1 4 2 TriA™ = 1 z 1) n[o—(r+1)]n - {r+ 2]
TriA™) = m [2* + 4a~bc + 4abed + e o r! : A
4 bed® + 2b7c® + d] wwseee2 [Up to Trerms J|AT|(Tr 4)%%F
Tr(a™) = — [Tr (A%)]
A eorem 2: For odd negative integer n and 2x2 real matrix
E Th 2: For odd negative integ d 2x2 real i
Tr (%) = =% [ (TrA)* — 4Det A, (Tr 8)° A, .
+218 Ny 29) (-1,
- 1 (-1
Continuing this process up to n terms we get =TAF Z o n[n— (r+ 1)][n
r=0 )
—(+2)].......[uptorterms ]|A" |(Tr A)"~2r
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Proof: Consider a matrix A = [a b] where a, b, ¢, d are 4-L = ;[ d —b]
real ¢ d ‘ (ad-bey—e
. -1~
Tr(d) = (a + d) (3.1) A ) =g g @)
_ 1 1
aga =7 7] (3.2) Tr(a™) = g Tr (@)
JAl=(ad — bc) (3.3) Tr(A™") =% [Tr(4)] (3.4)
4 = [ a® + 2abc +bed  a®b +bc +abd + bd®
: a“c + acd + be® + cd® abc + 2bed + d°
Tr(A®) = 2® + 3abc + 3bed + d° (3.5)
abc + 2bed + d? —(a°b + b%c + abd + bd®)
Adj(a®) = [ . . . ] i6
i(4%) —(a"c+acd + be” +ed) a® + 2abc + bed (3-6)
|4% | = (abe + 2bed + d*Mabe + 2bed + d2) — (a%c 4 acd + be® + ed®). (a°h + bPc + abd + bd®)
|42 | = (ad)?® — 3(ad) *(bc) + 3(ad)(bc)* — (be)?
|4* | = (ad —be)® = |Al® (3.7)
Tr(A™) = L [a® + 3abe + 3bed + d7] [5] Pan, V. (1990) Estimating the Extremal Eigenvalues of

[ad-bci)?

Tr(a™) = — [(Tr (4%)]
Tr(A™%) = % (TraA)? —3|ALTrA] By (1]} (3.9)

Now continuing this process, we get

m-1 r
Tr(A "= ;n i) z% nln-(r + 1)][n - (r + 2]]

=0

e v . [Up to rterms ]|AT[(Tr AP 2 (3.9)

Corollary: For any negative integer n and 2x2 real matrix
A,

1 Tr(A™ 4+ B =Tr(A™Y) 4+ Tr(B~YH

2) Tr(A™B~%) = Tr(B™%. A™Y)

3) Tr(A™S B 5= Tr(A ). Tr (B™Y)

4y Tr(cA™Y) cTr{a™h)

5) Tr(AT.B~%) = Tr(A~L.BT)

3. Conclusion and Future Work

After to discuss Theorem 1 and Theorem 2, corollaries 1, 2,
3, 4 and 5 we are able to find trace of any negative integer
power of a 2x 2 real matrix. In future, we can be developed
similar results for 3x3 real matrices.
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