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Abstract

In this paper, we study the uniqueness of solutions for impulsive fractional integro differential
equations with nonlocal conditions. The main results are discussed through the theory of fixed
point.
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1 Introduction

In this paper, we study the nonlocal impulsive fractional integro differential equations of the
form

cDα
0+y(t) = a(t)y(t) + f(t, y(t)) +

t∫
0

K(t, s, y(s))ds, t ∈ J = [0, b], (1)

x(t+k ) = x(t−k ) + yk, k = 1, 2, ...m, yk ∈ R (2)

y(0) = y0 − η(t), (3)

where cDα denotes the Caputo fractional derivative of order α, 0 < α ≤ 1, a ∈ C([0, b],R), f ∈
C([0, b]×R,R), K ∈ C([0, b]× [0, b]×R,R). The theory of fractional differential equations is a
new branch of mathematics by valuable tools in the modelling of many phenomena in various
fields of science and engineering. Indeed, we can find numerous applications in viscoelasticity,
electrochemistry, control, porous media, electromagnetic, etc. (see [14, 15, 18, 19]) and reference
therein [1, 3, 5, 20].
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Impulsive differential equations have become an important in recent years as mathemat-
ical models of phenomena in both the physical and social sciences. There has a significant
development in impulsive theory especially in the area of impulsive differential equations with
fixed moments and the references therein [7–13]. In [2, 4, 6] M. S. Abdo et. al., studied the
fractional integro-differential equation with Caputo fractional derivative and Ψ-Hilfer fractional
derivative, continuous dependence for fractional neutral functional differential equations.

S. Suresh and G. Thamizhendhi contributed to studied the existence and uniqueness of
solution for non-local impulsive fractional integro-differential equations. The arguments are
based upon contraction mapping principle and Krasnoselskii’s fixed point theorem (see [16, 17]
and the references therein).

In this paper is Organized as follows. In section 2, definitions and elementary results of the
fractional calculus are given. In section 3, the existence and uniqueness results for impulsive
fractional integro differential equations involving nonlocal conditions are proved.

2 Preliminaries

Let J=[0,b] and C(J,R) be the Banach space endowed with the infinity norm
||g||∞ = sup{|g(t)| : t ∈ J}, for any g ∈ C(J,R), we also Cn(J,R+) be space of all real valued
continuous function which are continuously differentiable on J.

Definition 1. The fractional derivative of order ϑ > 0 of a function f : (0,∞) → R is given
by

Dϑ
0+f(t) =

1

Γ(n− ϑ)
(
d

dt
)n
∫ t

0

f(s)

(t− s)ϑ−n+1
ds,

where n = [ϑ] + 1, provided the right side is pointwise defined on (0,∞).

Definition 2. The fractional integral of order ϑ > 0 of a function f : (0,∞)→ R is given by

Iϑ0+f(t) =
1

Γ(ϑ)

∫ t

0

(t− s)ϑ−1f(s)ds,

provided the right side is pointwise defined on (0,∞), where Γ(·) is the Gamma function.

Definition 3. The Riemann-Liouville fractional integral of order ϑ > 0 of the function f ∈
C(J,R) is given by

Iϑ0+f(t) =
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s)ds, t ∈ J,

where Gamma denotes the Gamma function.

Definition 4. Let n−1 < ϑ < n. The Caputo’s fractional operator of the funtion f ∈ Cn(J,R)
defined as

cDϑ
0+f(t) =

1

Γ(ϑ)

t∫
0

(t− s)n−ϑ−1 d
n

dtn
f(s)ds = In−ϑ−1

0+

dn

dtn
f(t), t ∈ J.
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In particular, in 0 < ϑ < 1, then cDϑ
0+g(t) = I1−ϑ

0+
d
dt
f(t), t ∈ J.

Lemma 1. If y ∈ C([0, b],R), then y satisfies the problem (1)-(2) if and only if y satisfies the
integral equation:

y(t) =



y0 − η(t) + 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y(s)ds+ 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y(s))ds

+ 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1
t∫

0

K(τ, s, y(s))dτds, t ∈ [0, t1)

y0 − η(t) + y1 + 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y(s)ds+ 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y(s))ds

+ 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1
t∫

0

K(τ, s, y(s))dτds, t ∈ [t1, t2)

y0 − η(t) + y1 + y2 + 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y(s)ds+ 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y(s))ds

+ 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1
t∫

0

K(τ, s, y(s))dτds, t ∈ [t2, t3)

...

y0 − η(t) +
m∑
i=0

yk +
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y(s)ds+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y(s))ds

+ 1
Γ(ϑ)

t∫
0

(t− s)ϑ−1
t∫

0

K(τ, s, y(s))dτds, t ∈ (tm, b]

(4)

3 Main results

To prove the existence and uniqueness results we need the following assumptions :

• (A1) a : J → R is continuous function.

• (A2) f : J × R→ R is continuous such that

|f(t, u)− f(t, v)| ≤ ψ(|u− v|), t ∈ J, u, v ∈ R.

for t ∈ J, u, v ∈ R, where ψ : R+ → R+ is nondecreasing continuous function with
ψ(0) = 0.

• (A3) K : J × J × R→ R is continuous on D such that

t∫
s

|K(τ, s, u(s))−K1(τ, s, v(s))|dτ ≤Mψ(|u− v|),

where
R∫
0

ds
ψ(0)

= +∞, 0 < x < R, D = {(t, s) : 0 ≤ s ≤ t ≤ b}and M is positive

constant.

3

International Journal of Science and Research (IJSR)

Licensed Under Creative Commons Attribution CC BY

ISSN: 2319-7064

www.ijsr.net

ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Volume 8 Issue 7, July 2019

Paper ID: ART20199407 10.21275/ART20199407 394 



• (A4) f : J × R→ R is continuous and there exists a constant L > 0 such that

|f(t, u)− f(t, v)| ≤ L||u− v||, t ∈ J, u, v ∈ R.

• (A5) K : J × J × R→ R is continuous and there exists a constant L∗ > 0 such that

|K(τ, s, u(s))| −K1(τ, s, v(s))| ≤ L∗||u− v||, (t, s) ∈ D, u, v ∈ R,

Theorem 1. Assume that the hypotheses (A1), (A2) and (A3) hold. If 0 ≤ ||a||∞bϑ

Γ(ϑ+1)
< 1, then

the fractional integro-differential equation (1)-(3) has a unique solution in C(J,R).

Proof:

By Lemma 1, we know that the function y is a solution to (1)-(3) iff y satisfies

y(t) = y0 − η(t) +
m∑
i=0

yk +
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y(s)ds+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y(s))ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
0

K(τ, s, y(s))dτds, t ∈ J.

Let y1, y2 ∈ C(J,R) and for any t ∈ J such that

y1(t) = y0 − η(t) +
m∑
i=0

yk +
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y1(s)ds+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y1(s))ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
0

K(τ, s, y1(s))dτds, t ∈ J.

and

y2(t) = y0 − η(t) +
m∑
i=0

yk +
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y2(s)ds+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y2(s))ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
0

K(τ, s, y2(s))dτds, t ∈ J.
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Consequently, by (A1),(A2) and (A3), then for t ∈ J , we have,

|y1(t)− y2(t)| ≤ 1

Γ(ϑ)

t∫
0

(t− s)ϑ−1|a(s)||y1(s)− y2(s)|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1|f(s, y1(s))− f(s, y2(s))|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
s

|K(τ, s, y2(s))||K(τ, s, y2(s))|dτds

≤ 1

Γ(ϑ)

t∫
0

(t− s)ϑ−1 sup
s∈J
|a(s)||y1(s)− y2(s)|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1ψ(|y1(s)− y2(s)|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1Mψ(|y1(s)− y2(s)|)ds

≤ ||a||∞b
ϑ

Γ(ϑ+ 1)
|y1(t)− y2(t)|+ 1 +M

Γ(ϑ)

t∫
0

(t− s)ϑ−1ψ(|y1(s)− y2(s)|)ds

≤ 1 +M

1− ||a||∞bϑ

Γ(ϑ+1)

1

Γ(ϑ)

t∫
0

(t− s)ϑ−1ψ(|y1(s)− y2(s)|ds

< ε+
M

1− ||a||∞bϑ

Γ(ϑ+1)

1

Γ(ϑ)

t∫
0

(t− s)ϑ−1ψ(|y1(s)− y2(s)|ds

where ε = 1+M

1− ||a||∞bϑ

Γ(ϑ+1)

> 0.

|y1(t)− y2(t)| ≤ψ−1

ψ(ε) +
M

1− ||a||∞bϑ

Γ(ϑ+1)

1

Γ(ϑ)

t∫
0

(t− s)ϑ−1ds


≤ψ−1

ψ(ε) +
M

1− ||a||∞bϑ

Γ(ϑ+1)

ba

Γ(ϑ+ 1)

 ,
where ψ(.) is a primitive of 1

ψ(.)
and ψ−1 is called the inverse of ψ(.)
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It follows that ψ−1

[
ψ(ε) + M

1− ||a||∞bϑ

Γ(ϑ+1)

ba

Γ(ϑ+1)

]
→ 0.

Consequently, y1(t) = y2(t), for
t ∈ [0, b]. So, y(t) ∈ C(J,R) is unique solution to fractional integro differential equation (1)-(3).

Theorem 2. Assume that the hypotheses (A1), (A4), (A5) are satisfied. Let λ and η be two
positive real numbers such that 0 < λ < 1 and

(
||a||∞ + L

Γ(ϑ+ 1)
+

L∗b

(ϑ+ 1)Γ(ϑ)

)
bϑ =λ,

|y0|+
(

p

Γ(ϑ+ 1)
+

p∗b

(ϑ+ 1)Γ(ϑ)

)
bϑ =(1− λ)N.

Then the fractional integro-differential equation (1)-(3) has a unique solution continuous on
[0,b], where p = {max |f(t, 0)| : t ∈ J} and p∗ = {max |K(τ, s, 0)|(τ, s) ∈ D}

Proof:

Let the operator M : C(J,R)→ C(J,R) be defined by

(My)(t) = y0 − η(t) +
m∑
i=0

yk +
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1a(s)y(s)ds+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1f(s, y(s))ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
0

K(τ, s, y(s))dτds.

and defined BN = {y ∈ C(J,R) : ||y||∞ ≤ N} for some N > 0. Now, we need to prove that
the operator M has a fixed point on BN ⊂ C(J,R). This fixed point is the unique solution of
(1.1)-(1.2). In order that, the proof in two steps:
Step 1: We show that MBN ⊂ BN .
By the hypotheses, then for any y ∈ B and for t ∈ J , we have

|(My)(t)| ≤ |y0| − |η(t)|+
m∑
i=0

|yk|+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1|a(s)||y(s)|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1|f(s, y(s))|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
0

|K(τ, s, y(s))|dτds
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≤ |y0| − |η(t)|+
m∑
i=0

|yk|+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1||a||∞||y||∞ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1(|f(s, y(s))− f(s, 0)|+ |f(s, 0)|)ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
0

(|K(τ, s, y(s))−K(τ, s, 0)|+ |K(τ, s, 0)|dτds

≤ |y0| − |η(t)|+
m∑
i=0

|yk|+
bϑ||a||∞N
Γ(ϑ+ 1)

+
bϑ

Γ(ϑ+ 1)
(LN + p) +

bϑ+1

(ϑ+ 1)Γ(ϑ)
(L∗N + p∗)

= |y0| − |η(t)|+
m∑
i=0

|yk|+
(

p

Γ(ϑ+ 1)
+

p∗b

(ϑ+ 1)Γ(ϑ)

)
bϑ +

(
||a||∞ + L

Γ(ϑ+ 1)

L∗b

(ϑ+ 1)Γ(ϑ)

)
bϑN

= (1− λ)N + λN = N.

It follows that ||My||∞ ≤ N ,this implies that My ∈ BN which leads to MBN ⊂ BN .
Step 2: we shall show that M : BN → BN is a contractions, then for any y, y∗ ∈ BN and for
t ∈ J , we can write

|(My)(t)− (My∗)(t)| ≤ 1

Γ(ϑ)

t∫
0

(t− s)ϑ−1|a(s)||y(s)− y∗(s)|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1|f(s, y(s))− f(s, y∗(s))|ds

+
1

Γ(ϑ)

t∫
0

(t− s)ϑ−1

t∫
0

|K(τ, s, y(s))−K(τ, s, y∗(s))|dτds

≤ bϑ||a||∞
Γ(ϑ+ 1)

||y − y∗||+ bϑL

Γ(ϑ+ 1)
||y − y∗||+ bϑ+1L∗

(ϑ+ 1)Γ(ϑ)
||y − y∗||

≤
(
||a||∞ + L

Γ(ϑ+ 1)

L∗b

(ϑ+ 1)Γ(ϑ)

)
bϑ||y − y∗||

= λ||y − y∗||

Since λ < 1, we get

||My −My∗||∞ ≤ ||y − y∗||.

This implies thatM is contraction mapping. As consequence of Banach contraction principle,
there exists a fixed point y ∈ C(J,R) andMy = y which is the unique solution of (1)-(3) on J.
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4 Conclusion

We study the existence and uniqueness of solutions of the nonlocal impulsive fractional integro
differential equations. The main results are proved by using the fixed point theorems. Further,
the problem (1)-(3) to study the existence of solutions for Caputo-Hadamard fractional integro
differential equations involving fractional impulsive conditions.

References

[1] A. Ali, K. Shah and D. Baleanu, Ulam stability results to a class of nonlinear implicit
boundary value problems of impulsive fractional differential equations, Advances in Difference
Equations, 5, (2019), 1-21.

[2] M. S. Abdo, A. M. Saeed, S. K. Panchal, Caputo Fractional Integro-Differential Equation
With Nonlocal Conditions in Banach Space, International Journal of Applied Mathematics,
32(2) (2019), 279-288.

[3] M.S. Abdo, A.M. Saeed, H.A. Wahash and S.K. Panchal, On nonlocal problems for frac-
tional integro-differential equation in Banach space, European J. of Scientific Research, 151
(2019), 320-334.

[4] M.S. Abdo and S.K. Panchal, Fractional integro-differential equations involving Ψ-Hilfer
fractional derivative, Adv. Appl. Math. Mech., 11 (2019),1-22.

[5] M. S. Abdo and S. K. Panchal, Some New Uniqueness Results of Solutions to Nonlinear
Fractional Integro-Differential Equations, Annals of Pure and Applied Mathematics, 16(2),
(2018), 345-352.

[6] M.S.Abdo and S.K.Panchal, Existence and continuous dependence for fractional neutral
functional differential equations, J. Math. Model., 5 (2017), 153-170.

[7] A. Anguraj, P. Karthikeyan, M. Rivero, J.J. Trujillo, On new Existence Results for
Fractional Integro-differential Equations with Impulsive and Integral Conditions, Com-
put.Math.Appl., 66 (12),(2014),2587-2594.

[8] M. Benchohra, J. Henderson and S. K. Ntouyas, Impulsive Differential Equations and In-
clusions, Hindawi Publishing Corporation, 2, New York, 2006.

[9] V. Gupta, J. Dabas, and M. Feckan, Existence results of solutions for impulsive fractional
differential equations, Nonauton. Dyn. Syst., 5, (2018), 35-51.

[10] P. Karthikeyan and R. Arul, Existence of Solutions for Hadamard Fractional Hybrid Dif-
ferential Equations with Impulsive and Nonlocal Conditions, Journal of Fractional Calculus
and Applications, 9(1) (2018), 232-240.

[11] V. Lakshmikantham, D. D. Bainov and P. S. Simeonov, Theory of Impulsive Differntial
Equations, Worlds Scientific, Singapore, 1989.

8

International Journal of Science and Research (IJSR)

Licensed Under Creative Commons Attribution CC BY

ISSN: 2319-7064

www.ijsr.net

ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Volume 8 Issue 7, July 2019

Paper ID: ART20199407 10.21275/ART20199407 399 



[12] Z. Liu, X. Li, Existence and uniqueness of solutions for the nonlinear impulsive fractional
differential equations, Communications in Nonlinear Science and Numerical Simulation, 18
(2013), 1362-1373.

[13] K.I. Isife, Existence and uniqueness of solution for some two-point boundary value frac-
tional differential equations, Journal of Fractional Calculus and Applications, 10(1), (2019),
24-32.

[14] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York,
London, 1974.

[15] I. Podlubny, Fractional Differential Equation, Academic Press, San Diego, 1999.

[16] S. Suresh and G. Thamizhendhi, Some results on fractional semilinear impulsive integro-
differential equations, Malaya Journal of Matematik, 7(2), (2019), 259-263.

[17] S. Suresh and G. Thamizhendhi, Some Results on Sequential Fractional Integro-Differential
Equations with Anti-periodic Boundary Conditions, International Journal of Mathematics
Trends and Technology (IJMTT), 65(4) (2019), 149-154.

[18] A. M. Samoilenko, N. A. Perestyuk, Impulsive Differential Equations, World Scientific,
Singapore, 1995.

[19] Y. Zhou, Basic theory of fractional differential equations, Singapore: World Scientific,
2014.

[20] W. Zhou, X. Liu, J. Zhang, Some new existence and uniqueness results of solutions to semi-
linear impulsive fractional integro-differential equations, Advances in Difference Equations,
2015(38) (2015), 1-16.

9

International Journal of Science and Research (IJSR)

Licensed Under Creative Commons Attribution CC BY

ISSN: 2319-7064

www.ijsr.net

ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Volume 8 Issue 7, July 2019

Paper ID: ART20199407 10.21275/ART20199407 400 


	Introduction
	Preliminaries
	Main results
	Conclusion



