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Abstract

In this paper, we study the uniqueness of solutions for impulsive fractional integro differential
equations with nonlocal conditions. The main results are discussed through the theory of fixed
point.
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1 Introduction

In this paper, we study the nonlocal impulsive fractional integro differential equations of the
form

“Dgry(t) = a(t)y(t) + ft,y(t) + /K(tS?y(S))dSa teJ=1[0,0], (1)
st =x(ty)+ye, k=1,2,..m, y€R (2)
y(0) = yo — n(t), (3)

where °D® denotes the Caputo fractional derivative of order o, 0 < o < 1,a € C([0,0],R), f €
C(]0,b] x R,R), K € C([0,b] x [0,b] x R,R). The theory of fractional differential equations is a
new branch of mathematics by valuable tools in the modelling of many phenomena in various
fields of science and engineering. Indeed, we can find numerous applications in viscoelasticity,

electrochemistry, control, porous media, electromagnetic, etc. (see [14} [15], 18, [19]) and reference
therein [11 [3] 5] 20].
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Impulsive differential equations have become an important in recent years as mathemat-
ical models of phenomena in both the physical and social sciences. There has a significant
development in impulsive theory especially in the area of impulsive differential equations with
fixed moments and the references therein [7H13]. In [2, 4] [6] M. S. Abdo et. al., studied the
fractional integro-differential equation with Caputo fractional derivative and W-Hilfer fractional
derivative, continuous dependence for fractional neutral functional differential equations.

S. Suresh and G. Thamizhendhi contributed to studied the existence and uniqueness of
solution for non-local impulsive fractional integro-differential equations. The arguments are
based upon contraction mapping principle and Krasnoselskii’s fixed point theorem (see [16], [17]
and the references therein).

In this paper is Organized as follows. In section 2, definitions and elementary results of the
fractional calculus are given. In section 3, the existence and uniqueness results for impulsive
fractional integro differential equations involving nonlocal conditions are proved.

2 Preliminaries

Let J=[0,b] and C'(J,R) be the Banach space endowed with the infinity norm
l19]|oc = sup{|g(t)| : t € J}, for any g € C(J,R), we also C"(J,RT) be space of all real valued
continuous function which are continuously differentiable on J.

Definition 1. The fractional derivative of order ¥ > 0 of a function f : (0,00) — R is given

by
L d [ S
DV ft) = —(—=)" | ——=——d
o0+ (1) I'(n— 19)(dt> /0 (t — s)9—n+l >
where n = [J] + 1, provided the right side is pointwise defined on (0,00).
Definition 2. The fractional integral of order 9 > 0 of a function f : (0,00) — R is given by

B0 = g5 [ =97 sy

provided the right side is pointwise defined on (0,00), where I'(+) is the Gamma function.

Definition 3. The Riemann-Liouville fractional integral of order ¥ > 0 of the function f €
C(J,R) is given by
t

B 10 = g7 [(= 9" s, v

0
where Gamma denotes the Gamma function.

Definition 4. Let n—1 < ¥ < n. The Caputo’s fractional operator of the funtion f € C"(J,R)
defined as

t

c Y _ L _ o\ ﬁ — n—v-— £
DY) = g [0 = oy s = I ), v
0
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In particular, in 0 <9 <1, then DY, g(t) = [é+19% (t), te.

Lemma 1. Ify € C([0,b],R), then y satisfies the problem (1)-(2) if and only if y satisfies the
integral equation:

4

=)+ > v+ pgy [ (=9 als)uls)s + s / 77 7o, yls)ds

+ ﬁj(t —8)"7 [ K(7,8,y(s))drds,t € (tm,b]

~+

3 Main results
To prove the existence and uniqueness results we need the following assumptions :
e (4;) «a:J— Ris continuous function.
o (A2) f:J xR — Ris continuous such that
lf(t,u) — f(t,v)] <Y(lu—w]), teJ uveR.

for t € Jou,v € R, where ¢ : Rt — RT is nondecreasing continuous function with

$(0) = 0.
e (A3) K :JxJ xR —Ris continuous on D such that

/|K T,8,u(s)) — Ky(7,s,v(s))|dr < My(|u — v]),

do) =400, O0<az <R, D={(s):0<s<t<bland M is positive

constant.
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o (Ay) f:J xR — Ris continuous and there exists a constant L > 0 such that

F(tw) = (o) < Liju—ll, teJuveR

e (A5) K :J x J xR — R is continuous and there exists a constant L* > 0 such that

| K (T, s,u(s))| — K1(1,s,v(s))| < L*||lu—wl||, (t,s) € D,u,v € R,

Theorem 1. Assume that the hypotheses (A1), (As) and (Asz) hold. If 0 < HF“(LL"_?;’? < 1, then

the fractional integro-differential equation (1)-(3) has a unique solution in C(J,R).
Proof:

By Lemma 1, we know that the function y is a solution to (1)-(3) iff y satisfies
t t

(0= 0 =00+ D ue gy [0 aslwlodis + i [0 0 wlohas

%/ (t — 5)" /K(T,s,y(s))des, tel

0 0

Let y1,y2 € C(J,R) and for any ¢ € J such that

n@) =0 =20+ 3w+ / (t= 5" aloh(5)ds + s [[(6= 9" Fls.m(s)ds

t

%/t—s19 1/K(7'S y1(s))drds, te J.
and
() == (0)+ Y+ s [0 = 9" alsm(s)ds + s [(E= 9" Fsms)s
. t - t
+mg/(t_s)ﬁ O/K(T s.ya(s))drds, te
4
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Consequently, by (A1),(A2) and (A3), then for ¢ € J, we have,
1 t
() = 1al0) < i [0 9" alls) ~ sa(o)lds
[(9)
0

t

1 -1
+ W/(t — )77 f(s,y1(s)) — fs,y2(s))|ds
1 N
* m/(t— 5)’ S/|K<T’3’92(5))HK<T> s,y2(s))|drds

< o [ (=97 supla(o)s(s) - )l

g7 [ €= 9" 0 (s) = (o)l

0

t
1

5 / (t = )" M|y (5) — ya(s)|)ds

0

< 2o 0 ~ w0+ Ty [0 9 el - s

t

1+M 1 .
= ||a\|oow () /(t— 8)P M (|y1 (s) — ya(s)|ds
1- T(9+1)
t
M 1 A
F llalloob? T'(19 /(t — )" (|ya(s) — ya(s)lds
1- r(ﬁin ()
0
where € = _h:{‘ibﬂ >0
INCESY)
! 19 1
e 1— Ha||o<>b19 I'(v) / ds
i T(9+1)
M b
<Pt [d(e) +
llalloct?” )
L 1= (19+1) P(ﬁ + 1>

where t(.) is a primitive of ;7 7 and ™1 is called the inverse of ¥(.)
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It follows that ¢! {@b(e) + H%mba F(f;il) — 0.
=T

Consequently, y1(t) = y»(t), for
t € [0,b]. So, y(t) € C(J,R) is unique solution to fractional integro differential equation (1)-(3).

Theorem 2. Assume that the hypotheses (A1), (A4),(As) are satisfied. Let A and n be two
positive real numbers such that 0 < A <1 and

lalloo + L L'b .,
(er) (19+1)I’(19))b =

P p*h 9
ol + <F(19 0 T O+ 1)r(19)) =1 =N,

Then the fractional integro-differential equation (1)-(3) has a unique solution continuous on

[0,b], where p = {max|f(¢,0)| : t € J} and p* = {max |K(7,s,0)|(r,s) € D}
Proof:

Let the operator M : C(J,R) — C(J,R) be defined by

t t

(My)(t) = 1o — n(t) + Zyk - / " a(s)us)ds + g [(0= 9" s

and defined By = {y € C(J,R) : ||y||lec < N} for some N > 0. Now, we need to prove that
the operator M has a fixed point on By C C(J,R). This fixed point is the unique solution of
(1.1)-(1.2). In order that, the proof in two steps:

Step 1: We show that M By C By.

By the hypotheses, then for any y € B and for ¢t € J, we have

t

MO < bl = 100+ 3 b + g5 [ = 90" als)loto)lds

1
()

1 9—1 /
+W0/(t—s> O/WT, 5. y(s))|drds
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t

m 1 -
< |yo|—|n<t>|+z|yk|+mf<t—s>ﬁ 1 allocl[9] s
1=0 0

" ﬁ / (t = 5) " (|F (s, 5(5)) = F(5,0)| + | f(s,0)])ds
+ ﬁ / (t—s)"" / (1K (7, 5,5(s)) = K(7,5,0)| + [K(7,5,0)|d7ds
Plollaty | (N4
< lyo| — In(t |+Z|y|+ D F(19+1)(LN+p)+m(LN+p)

- p*b o (llalle+L L7 g
= lyo| — In(t |+§jwu+( §+U*yg+nmm)b'%(m0+n(ﬁ+nmm>bN

—(1=MAN+AN=N.

It follows that || Myl||o < N,this implies that My € By which leads to M By C By.
Step 2: we shall show that M : By — By is a contractions, then for any y,y* € By and for
t € J, we can write

t

[(My)(t) = (My") ()] < ﬁ/(t = )" a(s)lly(s) — y"(s)lds

1 / 9—1 *
+ 5 / (t = )" | f(s.y(5) — (5,97 (s))lds

L | ! *
+W0/(t—s)19 0/|K(T,s,y(s))—K(T,s,y (s))|drds

=T+ YN T )WY I T e Y
lallo+ L L% ) )
b _ *
(F(19—|—1) &+ DT () ly =l
=My —v|

Since A < 1, we get
My = My [lo < lly — 7.

This implies that M is contraction mapping. As consequence of Banach contraction principle,
there exists a fixed point y € C'(J,R) and My = y which is the unique solution of (1)-(3) on J.

7

Volume 8 Issue 7, July 2019
Www.ijsr.net

Licensed Unde C tlve Commons Attribution CC BY
Paner 1D ART20100407 10 21275/ART20100407 209



International Journal of Science and Research (IJSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

4 Conclusion

We study the existence and uniqueness of solutions of the nonlocal impulsive fractional integro
differential equations. The main results are proved by using the fixed point theorems. Further,
the problem (1)-(3) to study the existence of solutions for Caputo-Hadamard fractional integro
differential equations involving fractional impulsive conditions.
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