International Journal of Science and Research (1JSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Comparison of Some Methods for the Solution of
Linear Fredholm Integral Equations of the Second
Kind

Zahid Rahman Zahid*, Mohammad Farooq Hakimi?

! ecturer of Mathematics Department, Paktia University, Gardez City, Paktia, Afghanistan
zahid1990.zr[at]gmail.com
2|_ecturer of Mathematics department, Kandahar University, Kandahar City, Afghanistan
faroog123hakimi[at]gmail.com

Abstract: This paper concern study of some solution technics for the explanation of linear Fredholm integral equations. In this
research paper our aim is to compare some new and traditional method that are using for solution of linear Fredholm integral
equations. Our essential goal in this paper is to investigate the advantage of each method for solution and solution process of a linear
Fredholm integral equation. This research article will focus on Fredholm determinant method, Adomian decomposition method,
Modified decomposition method, successive approximation method and direct computational method. Finally, we want to apply this

method on a problem and compare the result of the research.
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1. Introduction

Abel was an Italian mathematician; he presents integral
equation in 1825 with connection to the Tautochrone
problem for first time [31,32,38,39]. This problem concerns
with determination of the curve on which a particle sliding
and descends to its lowest point, such that the descending
time is function of its initial location.

An equation is called the integral equation (IE), where the
unknown function @(x) to be determined under the integral
symbol. The IE is a very useful tool in all branches of
mathematics [28, 31]. Integral equations have many
applications in various fields of physics. Many IBVPs
associated with ODEs and PDEs can be transmuted into
problems to solve some approximate IEs [23.27.28.40]. The
growth of technology and scientific knowledge has managed
to the creation of numerous laws of physics, which are re-
presented in mathematical form, usually expressed as
differential equations. Most technical complications can be
modeled as differential equations. Therefore, differential
equations play central and significant role in solving the
most applied complications. Most of the problems that occur
in the electrical circuit, the heat transfers and chemical
Kinetics in the medium can be characterized mathematically
as DE [28,29,38,39]. The standard form of an IE with
unknown function g () is

5z
0G) =y) + da| KGeO)ple)ds, @

Here K{x. %) is known as the kernel of the above IE, also
e(x) and F(x) are the bounds of integration. It is clear to
say that the @(x) happens inside the integral symbol. This is
needful to note that K(x. %) and w(x) are given functions
and 4 is parameter [1,28,31]. Here the essential objective is
to illuminate the unknown function g(x)} which may satisfy
equation (1) applying some solution methods. We shall
allocate remarkable diligences in discovering these methods
to discover solutions of the ¢ {x]).

Integral equations can be solving by analytical and numerical
methods, suchlike Adomian decomposition method (ADM),
modified decomposition method (MDM), successive
approximations method (SAM), direct computational method
(DCM) [18-21], [28,29,31,36] and some other methods.
Avazzadeh [9], Bakodah [10] and wazwaz [36-39] studied
comparison of some certain analytical solution techniques
for integral equations.

2. Types of the Integral Equations

An integral equation can be classified as a linear IE and non
linear IE as we have seen in the ordinary and partial differen
tial equations. It is clear that a differential equation can be
represent by an equivalent IE. Therefore, there is a good
connection between differential equations and IEs. The most
important and major classes of the integral equations are
Volterra integral equations (VIE) and Fredholm integral
equations (FIE). Also we can classify this tow classes as
homogeneous or nonhomogeneous; also linear or nonlinear.
In some practical problems, we face with singular form of
integral equations. Now we have to outline these types of IEs
as follows.

Volterra integral equations
The normal form of VIE is

upG) = 6 +1 | K. Op@ae @)

Here the integration limits are functions of x and the
unknown function {7} occurs under the integral symbol. If
we have that u{x} = 1, then equation (2) becomes

X

plx) = plx) + 2 [ Kz, t)plt) dt (3)

a
and this equation is called VIE of the second kind; whereas

ifulx) = U,}hen equation (2) becomes

wlx) + 4 f K(x £)p(t)dt = 0 4
o

which is the VIE of the first kind.
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Fredholm Integral Equations (FIES)
The normal form of Fredholm integral equations is
B

upG) = p@) + 1 [ Ker.Dpat D

el
Here the bounds of integral are constants, here the functions

wlx) and K(x #) both are real valued, also the function
@(x) happens inside the integral symbol [22]. If u(x} =1,
then (5) becomes as

o) = wid) + 2 [ K(x, ) o(t) dt (6)

and this equation known as FIE of second kind; whereas if
u(x) = 0, then (5) becomes
]

yilx) + 2 [ Kz t)p(t)dt =0 ()

Which is called FIE of the first kind. For more details, see
[1,22,28,31].

Remark

It is valuable to point out that IEs arising in physics,
engineering, chemistry, and biological complications. Many
IBVPs allied with the ordinary and partial differential
equations may be covert to integral equations of Volterra and
Fredholm types, respectively. If @{x}is presented in
functional form F{g () such that the power of @{x) is not
equal to one then the VIEs and FIEs are classified as
nonlinear integral equations [28,38,39,41]. As for examples,
the following IEs are Jrrlonlinear:

p(x) = plx) + .1[ K(x, t) @(t) dt
p(x) = plx) + 2 J‘ K(x. 1) cos (@(t)) dt

p(x) = plx) + .FlJ‘ K(z.t) log(@(t)) dt

Next, if in an IE we have y(x) = 0, then the resulting VIEs
or FIEs is called a homogeneous integral equation, otherwise
it is known as nonhomogeneous integral equation. So now
we will focus on solution technics of FIEs.

3. Methods for Solution of FIEs

Method of the Fredholm Determinants
The solution of the FIE (6) is provided by the following
formula

plx) = plx) + 2 J‘ RCx, £: Df(£)dt (8)

a
Here the kernel Rz, #1) is known as the
Fredholm resolvent kernel of equation (6) and is given

by

Dix, £: 1)
Rlax, ;) = ———— Q
(. £: 1) D )
Where D(1) #0and the numerator D(x.£:1) and
denominator D {1} are power series of i:
o (—1)"
Dl t:1) = Kie £) 4 ) —— By e, " (10)
m.
n=1
o (1"
D) =1 +Z —Ca ar (11)
n=1 :

Whose coefficients are stated as follow

Kix.t) HKizt) . Kizmt)
cx o oon |Hit,E) Hit.e) .. Kitt)
B (x.t) =J Kt t) Kl $) = Kigd)|dh .db }
= e, E : - : (12
I e ) KL £) - K(t,tf)
and
Bylx, t) = K(x, £)
K{tpty) K(typty) K(t. )
boopb (Kt t) Kitat) . KLt
Ch :J f K{tg. ty) Kt f;) Kty £,)| 0ty . dt,
N Tinas” E E : (13
n times Kty ty) Kty ts) Kt tn)

In equation () the numerator function D(x, £; 4} is known
as Fredholm minor, and denominator function D{1) is the
Fredholm determinant. When K{x £) is bounded or the
integral

b B
J‘ J‘ Ki(x £)dxds
a a

has a finite value, the series (10} and (11} converges for all
values of 4 and hence are analytic functions with respect to
a.

The recursion formulas are

B, (x. t) = C,K(x. £) —n[ Klx,s)B,_,(s.£}ds  (14)

v}
€, =J‘ B, ,(s.5)ds (n=1.2..),

a
Cp =1, Bylx. £) = K(x, £) (13)
Which are practically using for calculation of E,, and C,,
[20,21,24,25].

The Adomian Decomposition Method

The Adomian decomposition method (ADM) was presented
and expended by G Adomian in [2-8], [11,16,17,32], [37-
39]. This method can be applying to an extensive class of
ODE, PDE, integral equations and integro-differential
equations [15,26,30], [33-35]. Here we want to introduce
briefly the Adomian method. The ADM consists of
decomposition for the function @(x) into a sum of infinite
number of components provided by the following series

plx) = Z @ (), (16)
orin experr!:j[:ed form
plx) = pplx) + @y (x) + @, () - (a7)

Here the components @,(x)}, n =0 can be determined
recurrently. The ADM concerns itself to find out the
@p @y @2, .0 Separately. The determination of
@p. @40 @2..0 CaN be accomplished in a simple manner by
using a recurrence formula, that commonly contains simple
integrals. To form the recurrence formula, we have to set the
value of ¢{x) from series (16) into the FIE (17) to get

==

Z Pnizx) = Pl +AJ‘E K(x, £) (Z :pﬂ(t]) de, (18)
n=0 = n=>o

or in expanded form

‘PD{X:] + ':Pj_{x:] + (P:{Hf:] +
=y + AJ‘ K(x, £) oo () + @, (2) + 12, (19)

the initial component @) is identified by all those terms
that are without the integral symbol. This shows that

Volume 8 Issue 6, Jun 2019

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20198328

10.21275/ART20198328

1192



International Journal of Science and Research (IJSR)
ISSN: 2319-7064
Impact Factor (2018): 7.426

@;(x), j = 0 for ¢(x) are totally determined by substituting
the recurrence formula

o (%) = W(x), @n.e(x) =1 [[K(x O@n(O)dt,nz 0, (20)
or

Pol) =t.f:'fx::;
pilx) = JJ‘ Kz £)go(t)dt,

Pa(x) = JJ‘ Kz £) @, (t)at,

palx) = AJ‘ Kz, £) g, (£)de, (21)

and so on. From formula (21), all of the components
polx)., @,(x), @,(x), @.(x)... are totally determined.
Finally the solution @ (=) of FIE (6) is achieved in the series
form with use of the series (16).

It is clear that the ADM converts the IE into an elegant
determination of calculable components. This is important to
note that the achieved series converges very quickly to exact
solution if it exists. The idea of convergence for the
decomposition series was considered by Cherruault and
several other researchers to approve the quick convergence
of the consequential series [12-14], [30].

The Modified Decomposition Method

As detailed earlier, the ADM offers the solutions in series

form. Here ¢, j = 0 are easily calculated if w(x) in the FIE
b

plx) = plx) + J{j Kx, t)p(t)de, (22)

is a monomial or binomial. However, if the function ()
consists of a combination of two or more of polynomials,
trigonometric functions, hyperbolic functions, and others, the
evaluation of g j= 0 needs extra work. As previously
stated, the MDM depends essentially on the division of
wlx) into two parts, so that the MDM cannot be used if
wlx) is composed of a single term. The MDM will be
briefly outlined here, but will be used in this section of
paper. The standard employs the recurrence formula

pox) = W),

]
Prelx) = 2 f K(x t)p,(£)de, k= 0, (23)
a
here the solution () is presented by
plx) = Z @y () (24)
n=>0

with aid of formula (23), all of ¢, {x), n = 0 can be easily
achieved. The MDM shows an insignificant variant in the
recurrence formula (23) to determine the components of
@ () more easily and rapidly. In several cases, ¥{x) can be
defined as the sum of two partial functions - (x) and
Y. (x), presented by

Plx) = P lx) + gl (25)

In equation (25), we present a qualitative change in the
construction of the formula (23). The MDM recognizes the
initial component @, (=) from a part of wix), i.e. w,(x) or
w,lx). The other part of wi(x) can be added to @, (x)
existing in the typical recursion formula. The MDM allows
the use of the modified recursion formula:

‘Pn{ﬁﬂ = t,.!:,_'f,x:], )
() = () +1 [ KCe, ) (£)dt,

]

Prelx) = 4 f Kix, £, (#)de, k= 1. (26)
o

This evident that the modification of the typical recursion

formula (23) and modified recursion formula (26) rests
solely on the creation of @y{x} and w,{x} only. The
remaining components g;, j = 2 stay unchanged in both
recursion formulas. While this variation in the construction
of @y(x) and ¢4 (x) is very small, however this can show
that it accelerates the convergence of the solution and
reduces the volume of computations. Moreover, reduction in
the number of terms in w, (x) affects not only on @, (x), but
also the remaining components. Here we highlight two key
facts. First, by suitable choice of 1, (x) and v+, (=}, the exact
solution ¢z} can be achieved by using a small number of
iterations, and occasionally by evaluating just two
components. The achievement of this adjustment rest on only
on the suitable selection of w, Cx} and . (%}, and this can
be done by trials. A canon that can service for the
appropriate selection of #r; and ¥, cannot yet be found.
Secondly, if w{x) contain a single term, in this case it’s not
possible to use MDM.

The Successive Approximations Method (SAM)

The Successive Approximations Method, also known as the
Picard iteration method. This method offers a structure that
will used to solve IVP or IEs. This method can solve every
problem by discovering successive approximations to the
solution by beginning with an initial supposition as g@g{x],
titled the initial approximation. As we will see, the initial
approximation is any real valued function and will be used in
the recursion formula to define the next approximations. The
utmost usually used values for the initial approximations are
zero, one or x. Of course, other real values can be taken as
well. Consider the following FIE

]

plx) = plx) + J{j Kix, t)plt)dt, (27)
trl

The SAM presents the recursion formula

@o(x) = any selected real value function,

@i x) = wlx) +.1J‘ K(x, ), (£)de, n= 0. (28)

By using the limit, the solution is

plx) = lim Pt (). (29)

It is remarkable to note that the ADM allows the usage of a
repetition formula as follow
wol(x) = all terms that are outside the integral sign,

Pi(x) = f‘lJ‘ Kix £)@o(t)dt,

p2(x) = 1 f K(x,£) @, (t)dt

Praslx) = @ulx) + AI K(x, £, (£)dt. (30)

The difference between (28) and (30) can be summarized as

1) The SAM provides successive approximations of the
wix), however the ADM provides successive
components of @(x]),
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2) The SAM makes it possible to use a choosy function with
real values for the initial approximation ¢, while the

ADM allocates all terms that are not under the integral
symbol for g, (x). Remember that this allocation was

adjusted when using the MDM.
3) The SAM provides the solution in exact form, if it

available,
plx) = lim g, (). (31)

4) But, the ADM provides the solution in the form of an
infinite series of components by

plx) = Z Pn ). (32)
n=0

This solution converges quickly to the exact solution if such a
solution is available. The SAM, or the iteration method will
be illustrating by evaluating an example at the end of
methods.

The Direct Computational Method (DCM)

In this section of the paper, we will apply the DCM to solve
the FIEs. This method approaches FIEs in a direct way and
provides an exact solution in closed form for the given IE. It
is important to note that we can apply this method for the
separable andr'degenerate kernels [28,38,39], of the form
Klx,2) = Z g (ki (2). (33)

k=1
The DCM can be applied as following manner:
o At the beginning of this method we substitute (33) into the
FIE of the form

ol) = wle) + [ Kx, D)ole) dt.

o After from the substitution of kernel (33) in FIE (34) we
have the following form for equation (34)

o) = 96 + g, [ h(Oplelar

(34)

+g,(x) J‘ hy () @t dt + -

+gn () j h, ) dt .

e In view of equation (35) all of the integrals at the RHS
depends only on the variable £ with constant bounds of

integration for variable £ This show that every integral at
the RHS of (35) is equal to a constant value. Based on this,

equation (35) becomes
plx) = Plx) + dayg, (x) +Aayg,(x) +--
+la, g, =), (36)

wherever

a; =I hlt)pltlde, 1=i=n (37)

o |f we substitute the equation (36) into equation (37), we
obtain a system of n algebraic equations that may solved
for determination of &;, 1 = i = n. Setting the achieved
numerical values of ; into equation (36) the solution
@(x) of the FIE (34) is facilely obtained[38].

To accede our aim of the comparison between above
discussed methods, we illustrate this comparison by

(33)

discussion on the solution of following FIE, applying the
above methods.

Example: We want to study the solution of the following
integral equation by above methods.

5 1t
plx) = g5t EJ; xtp(t)de (i)

Method of the Fredholm Determinant: As we discussed
before this is necessary to find E,,, C,, by using the equations
(12) and (13).

Here yix) = Ex and i =

1
B, £) = xt, B,(x.£) = j
o

1

xt  xfy

£ttt G0 =0

. xt xty xt,
B‘:':X,t:] = fn fD &t ff; £ 4|dede, =0 B,=0
Ht Gty 4f
forn =1.2.3, ..
Cp=1.C J‘i 2 gp = 2 gL
=1, = £ df, = —£F =—,
o 1 . 1 t=3% T3
L|f «t,_«t:|
.= = — 2
G=h tt, ] T8 =0 (,=0foraln =2

Now in view of equations (10) and (11) we have

=

Dleti) =y D o

n!

n=0
= lef,x t) = xt (i)
D) =1 +Z {_ﬂl,j '
n=1 :

11 35
—1+{—1]§§—E

From equation (9)
RGe A]_D{mt:ﬂ_x{:_ﬁ )
L ErA) = by - s —53:#: (i)
6
Finally, the solution of equation (i} is
1

3 176 3
plx) =—x+;f —xt —£ df
&Jdp

C, A"

il 3 ]
5 1 J‘i i
—Ex-l-Ex D«t af
5 1 (1 ,]1
—Ex+5x Et ,
3 1
=% + gE=% (1)
The Adomian Decomposition Method: In ADM, we have
to substitute the initial component g, instead of (),
therefore we have
3
L) =—x
oy () -
Using this value of initial
component ¢, (=} by
W =1z 2
@y _Ex . Et gt
a

= @, (x) =%

component to find next

Continue the process on this manner we can get
@, () = 5, and so on
Remember that from decomposition method we know that
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plx) = po+ @1 + @+ 93 +
So that

1 1
plx) = —x(1+6+6, TR ]
This provides the exact solution as

plx) = x

The Successive Approximations Method: Here in SAM we
have to choose the initial approximation as gg(x} = 0. If we
follow the process discussed in SAM, the remaining
approximations of ¢{x7) can be find as

pilx) ===

@2lx) = (6 65]

g lx) = (—E +5_=+ 5_3)‘“:’ and so on

Finally, the nth appro>5<imation can beSObtained as
. - =1

gy (x) = (ﬁ+ﬁ tot gttt ]x n

= plx) = lim @y ()

3 i1 1 1
_rEl_,Tcﬁx(l-i_ﬁ +6 +6,+E+ ]

=x (vii)
Direct Computational Method: In view to discussion on
DCM, er substitute

a =J‘ tolt) dt (viit)
o
If we set the above value of & in to equation (i}, we have
a1
(p{_r:] :(E-I-Eﬂ)x I:U;':]

For determination of the value of &, we substitute the above
value of @{x) in equation (wiii} then we have

[[G+3e)e
o= . E+En: tedt

1
=3 (x)
Substituting the value of @ from (x) in to equation (ix)
yields
plx) = = (xi)

which is the exact solution of equation (i].

From above computation we see that the solution in each
method is same to the solution of other one but the process
and solution manner are different. At the end of paper, we
want to summarize and conclude the above methods as follow

4. Conclusion

Now that we have completed the mathematical analysis of
the technics that evaluate the FIES, now we are ready to
compare the studied methods. When selecting a preferable
method among the studied technics for linear FIEs, we
cannot to mention a particular method. On the other hand,
we can say that if the kernel of FIE is the algebraic function
of degree n or is the resolvent kernel it is profitable to use
Fredholm determinant method. We also found that if the
kernel K(z. £} of the IE is separable and is a monomial or
binomial, the DCM might be the finest selection since it
gives the exact solution for IE with the slightest volume of
computations. For other forms of kernels, and if in addition

the inhomogeneous part w{x) is a polynomial of three or
more terms we found that the ADM, is verified to be more
active, unfailing and yields a rapid convergent series for the
solution. The series achieved with the decomposition method
can provide the solution in an exact form or we can provide
very precise approximation using a shortened series for
actual problems. It is valuable to remember that the
decomposition method expands (=) around a function,
rather than a point as in Taylor theorem. To match the
methods of ADM and MDM with the SAM, it is obvious that
the decomposition methods is simple and very stress-free
since in decomposition methods we integrate some terms to
get the successive components, while in the other method we
integrate several terms to calculate the successive
approximations after choosing the initial approximation.
Both technics provides the solution as a series. It should be
noted that, in this paper, we introduced just five methods to
handle FIEs, but there are some traditional methods that are
using to handle FIEs.
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