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Abstract: In this work, the free analogue of the Euler- Lagrange equation called free-Euler- Lagrange equation is introduced. The

basic examples of this new type of equations are studied.
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1. Introduction

A variational principle is a scientific principle used with in
the calculus of variations, which develops general methods
for finding functions which extremizing the value of
quantities that depend upon those functions. For example, to
answer this question: What is the shape of a chain suspended
at both ends? We can use the variational principle that the
shape must minimize the gravitational potential energy. In
the calculus of variations, the Euler-Lagrange equation, see
equation (1), is a second-order partial differential equation
which solutions are the functions for which a given
functional is stationary. It was developed by Swiss
mathematician  Leonhard Euler and Italian-French
mathematician Joseph-Louis Lagrange in the 1750s. Any
body seeks the function minimizing or maximizing, the
Euler-Lagrange equation is useful for solving optimization
problems in which, given some functional. This is analogous
to Fermat’s theorem in calculus, stating that at any point
where a differentiable function attains a local extremum its
derivative is zero. In Hamilton’s principle of stationary
action, the evolution of a physical system is described by the
solutions to the Euler-Lagrange equation for the action of the
system. In classical mechanics, it is equivalent to Newton’s
laws of motion, but it has the advantage that it takes the
same form in any system of generalized coordinates, and it is
better suited to generalizations. In classical field theory there
is an analogous equation to calculate the dynamics of a field.
Typically, mathematicians are interested in free-analogue
that arise naturally, rather than in arbitrarily contriving free-
analogue of known results. The free analogues are most
frequently studied in the mathematical fields of
combinatorics and special functions. It finds applications in a
number of areas, including the study of fractals and multi-
fractal measures, and expressions for the entropy of chaotic
dynamical systems. The relationship of fractals and
dynamical systems results from the fact that many fractal
patterns have the symmetries of Fuchsian groups in general
(see, for example Indra’s pearls and the Apollonian gasket)
and the modular group in particular.

Free analogues also appear in the study of quantum groups
and in free super algebras. The connection here is similar, in
that much of string theory is set in the language of Riemann
surfaces, resulting in connections to elliptic curves. This
article organized as follow: In Section 2, we present a
variational principle of Euler-Lagrange differential equation.
In Section 3, we study the free Euler-Lagrange equation. In
Section 4, we introduce some examples of free Euler-
Lagrange equation.

2. Preliminaries
2.1. Euler-Lagrange Differential Equation

The Euler-Lagrange differential equation is the fundamental
equation of calculus of variations. It states that if is defined
by an integral of the form

J=[Atyy )t
where
. dy

T
then J has a stationary value if the Euler-Lagrange
differential equation

af 4 faf

 ~aay) =0
is satisfied. If time-derivative notation is replaced instead by
space-derivative notation , the equation becomes

af 4 [&f

ey =0
The Euler-Lagrange differential equation is implemented as
Euler equations [f,u[x], X] in the Wolfram Language package
variational methods. In many physical problems, the partial
derivative of with respect to turns out to be 0, in which case
a manipulation of the Euler-Lagrange differential equation
reduces to the greatly simplified and partially integrated
form known as the Beltrami identity,

(2L =
f — ¥ {3.1'1-] =
Problems in the calculus of variations often can be solved by
solution of the appropriate Euler Lagrange equation.

2.2. Free Derivative

Here is a nice diversion for anyone who knows what the
derivative of a simple function is f(x). The modern theory of
differential and integral calculus began in the 20th century
with the works of Newton and Leibniz. As it is well known,
the derivative of a function f(x) with respect to the variable x
is by definition:

f' ':_r] = .l.l'_ﬂ;w

Now, let us consider the following expression:
flx) —f@

Df(x) = — ifx+10
F ) if x=0

D will be called the free derivative. As an example we
compute the free derivative of x™. If v = 0, we have
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D(x™) - T ° =x"-t
and if x = 0, we have D(x"} = 0. One can easily check
that the free-derivative operator is linear:
D{f + gy = Df + Dg

D{A(f)) = AD(f)).
the product rule is slightly modified but it approaches the
usual product rule:

(D(fg))x) = fO)Dg)(x) + (DFIx)g(x)

3. Free Euler Lagrange Equation

As analogous of the classical Euler Lagrange equation

ﬂ_ d faf
Ay dt (&_1. ) =0 (1}
Where
P = ﬂ
YT ar
We introduce the free Euler Lagrange equation as follows:
Dyf - De (p,.7) =0 2)
Where f = f(t. :r'nilkE )~ y(0)
yit) -yl
¥ (8) = Deyl(t) = { t ift =0
y'(0ift =0
| i { Lt 0, N
, | fley(tha, t}lllt}ft ¥ t}}f..:}*
D, f(ty(8).3, ()= o (3)
p (0.3, (e))ify(t) =0
and
| :I i :I i i :Ilj-lfl
fftJ thy, l‘r} —fleyple (@20
D, fley(0)5, (8)) = wele)
E{I:r'.-}":c}-'u} I:_|I':| }'_',l:c}:ﬂ

(4)
From the above discussion we obtain the following theorem.

Theorem 3.1. If + =0, y(t) £ 0and y; () =0, the free
Euler Lagrange equation (2) is equivalent to

f(r;.m;.[,{r)(”'j Ae0.30 @k y@,0) (2 ,;,)
= (f (0.5, 55 (@) - £(0, 50, D]](tj {E;])

And if t = 0, y(t} = 0 and y'(t} = 0, then, equation(2) is
equivalent to

£ (0.50).3 @) - £ (0.0, ()
y(0)

['io) =

where [{t]} is given by
_'r'[r_];l fl}';.llfl:l_lfl tylelol

: if wlt) 0
=9, " Fete (5)
a{t.j’{t].ﬂ] if wp(t)=0

Proof.s First case: If t =0, y(t) = 0and » (£) =0. We
substitute (3) and (4) in (2), we get

FEy®.5®) £ (£.0n®)\ 10 -10)
y(@ ot

This gives

y(t)

(f (£3y®. 3 @) —f (6.0 ® ))

‘r'[tJ-l tl}-;.lltl::l_‘fl t.y(tl.ol ‘r'fp ¥l DIJ;;,IIDI:I—JFI oy (0,00
Yalt) _t Yol0) =0
Then, we get
F(ey®.5%®) - (£.0.50)
y(t)
ey @) F ey ® .n]+ F(0.5(0). y5(0))- (0.5 (0).0)
- tj?[;,{ﬂ tj’[;, ':U)

which implies that

Fley®@.5®) -7 (2.0, @)
fey®.5®) - F(£0.3®)
fey®.y®)) - . y(®),0)

- J{ tj ()
£ (0.y(0)., {UJ) — £(0,v(0),0)
Ne . :
£, (0)

Therefore, we obtain

fey®.5%®) (1 -
y(t)
typ(e)

~(£ (0505, @) - 70.5 0.0 ) X5

||}|
Hence, we get

f(t.y':ﬂ.yn {t]) (W}f(t.ﬂ . Vo {t];l-l—f':t . Jr{t] ,U]m

= (£ (0905 ®) - 70.5©,0)) 2.

glol

0, vt} = 0and y'(t) = 0,then

yit) ,
20)- sleasio)s

fle y(e).0)

e Second case: If t =
equation (2) becomes

(f (0. 7@, 7, ®) —f(ﬂ-ﬂ-yafiﬂl)) =

y(0)
Which completes the proof.

4. Examples

Recall that, the classical standard example, for f given by
f{t._‘]-’. Jr':] = 1\:' 1 + _1J".:

We gety = At + E-That is, the function must have
constant first derivative and thus it is graph is a straight line.
Now, we will study the free analogue of this standard
example.
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Theorem 4.1. Let f given by
-
f{t-)‘- :I‘I:] = '-,'II J. + -TI:‘-

satisfying the free Euler Lagrange equation (2). Then,
fort = 0and if ¥y (t) =0we get y(t) = At + B, for
constants A and B-

Proof. Using equation (4), we obtain
-
-.JI 14+ Ve - 1
Dypf ="
o
Since, we have D, f = 0. Then, by Eq. (2), we get
D.(D, f)=0-
Therefore, we obtain
D}'ﬁf =rc.
Then, we get

JLHyE -t

; =rc.

F¥o
This gives

- .
"-.'Il +y =l+ewm:-
Then, we deduce that
L+yy =1+42cy +c7y

which implies that
yoo (1 —¢*)—2¢cy, =0+

Which gmives
. . 2c
=10 P —.
) Yo or Yo 1 _ 2
Let A == -Then, we get
(£) — y(0
) @ _
t
which gives
ylt) =At +B

where 4 = ﬁ and B = y(0)- Which completes the proof.

Using Euler-Lagrange equation (1) and by taking the
following function
f=ty(®) +y%(1)
we obtain the following solution
y(x) = _Tlx: +oox + oo,
As free-deformation of this example we get the following
theorem

Theorem 4.2. Let f given by
flt.y.n) =ty + 3
satisfying the free-Euler Lagrange equation (2). Then,
t = Oandyit) = 0, we gaf

yit) = -t + et +

o= y(0)

Where

Proof. Using equation (4), we obtain

b gyt < [E238) =1 @30
yod ML del = '

=t+ J.I:" .
Since, we have
Dyf(t.y.y0) =0
Then, we get
D;(Dy: f(t.¥.¥5)) =0
Therafore, we get
Dy, flt.y.y0) = ey

This gives
t+y =c,
Which iz equivalent to
yo=—tte,
This implies that
A(t) — y(0
2=y
t
Then, we get
vt} —y(0) = —t% + ¢t
This gives

y(£) ==t + ot + y(0)
Which implies that
y(&) = —t* + eyt + ¢
Where
€y = y(0)

This completes the proof.

Remark 1.In this study we introduced the free-Euler-
Lagrange equation. A free analogue of some nuclear
algebras of operators acting on space of holomorphic
functions on a free analogue complexification of real
nuclear space can be studied and we expect to develop a
new quantum white noise analogue of free-Euler-Lagrange
equation .(seeRef. [3], [14], [15], [16], [17], [18] and [19]).

References

[1] W. H. Abdi, On certain g-difference equations and g-
Laplace transforms, Proc. Nat. Inst. Sci. IndiaAcad, 28
A, pp. 1-15, (1962).

[2] C. R. Adams, On the linear ordinary g-difference
equation, Am. Math. Ser., 11, 30, pp. 195-205, (1929).

[3] S.H. Altoum, H.A. Othman and H. Rguigui, Quantum
white noise Gaussian kernel operators, Chaos, Solitons
&  Fractals, 104: 468-476, (2017). DOL:
10.1016/j.chaos.2017.08.039

[4] S.H. Altoum, g-Deformation of Transonic Gas
Equation, Journal of Mathematics and Statistics 2018,
Volume 14: 88-93 DOI: 10.3844/jmssp

[5] S.H. Altoum, g-sl2 and Associated Wave and Heat
Equations, American Journal of Applied Sciences,
2018, Volume 15 (5): 261-266 DOI: 10.3844/ajassp

[6] S.H. Altoum, g-deformation of the square white noise
Lie algebra, Transactions of A. Razmadze

Volume 8 Issue 4, April 2019

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20197147

10.21275/ART20197147

1492



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Mathematical  Institute 172  (2018)  133-139.
www.elsevier.com/locate/trmi

[7] Erich Miersemann, Calculus of Variations Lecture
Notes, Department of Mathematics, Leipzig University
Version October, 2012.

[8] G. Gasper and M. Rahman ,Basic hypergeometric
series. Vol 35 of Encyclopedia Of Mathematics And Its
Application, Cambridge Universty Press, Cambridge
(1990).

[9] L M. Gel’fand and G. E. Shilov, Generalized Functions,
Vol.l. Academic Press, Inc., New York, 1968.

[10]H. F. Jackson, g-Difference equations, Am. J. Math.,
32, pp. 305-314, (1910).

[11]H. V. Leeuwen and H. Maassen, A g-deformation of the
Gauss distribution, Journal of mathematical physic
36(9), 4743-4756 (1995).

[12] T. E. Mason, On properties of the solution of linear g-
difference equations with entire function coeffcients,
Am. J. Math., 37, pp. 439-444, (1915).

[13]P. Protter, Stochastic integration and Differential
equations , A New Approach. Springer, Berlin, (1992).

[14]1H. Rguigui, Quantum Ornstein-Uhlenbeck semigroups,
Qunantum Studies: Math. and Foundations, 2, 159-175,
(2015).

[15]H. Rguigui, Quantum A-potentialsassociated to
quantum Ornstein - Uhlenbeck semigroups, Chaos,
Solitons & Fractals, Vol. 73, 80-89, (2015).

[16] H. Rguigui, Characterization of the QWN-conservation
operator, Chaos, Solitons & Fractals, Volume 84, 41-
48, (2016).

[17]1H. Rguigui, Wick Differential and Poisson Equations
Associated To The QWN-Euler Operator Acting On
Generalized Operators, Mathematica Slo., 66 (2016),
No. 6, 1487-1500.

[18]H. Rguigui, Fractional Number Operator and
Associated Fractional Diffusion Equations, Math Phys
Anal Geom, 21:1-17, (2018).

[19]H. Rguigui, Characterization Theorems for the
Quantum  White Noise Gross Laplacian and
Applications, Complex Anal. Oper. Theory, 12:1637-
1656, (2018).

[20]R. Rundnicki, K. Pichor and M. Tyran-Kaminska,
Markov semigroups and their applications, Dynamics
of Dissipation, Volume 597 of the series Lecture Notes
in Physics pp. 215-238, Springer Berlin Heidelberg
(2002).

[21] L. Ryan and C. Hunter, Analysis of Lagrange’s original
derivation of the Euler-Lagrange Differential Equation,
American Physical Society, Volume 57, Number 2,
March 22-24, (2012).

Volume 8 Issue 4, April 2019

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20197147 10.21275/ART20197147

1493





