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Abstract: In this study we consider the fractional telegraph equation system in one dimension and we solved the system with double
Laplace transform with initial conditions. In this method, the fractional derivative is considering in Caputo sense. In addition, some
illustrative examples to show authoritative results in the form of numerical approximation and comparison with other methods.
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1. Introduction

Fractional partial differential equations are very important
subject nowadays. In recent years, all researchers in the field
of partial differential equations (PDEs) will be focus and
transform the classical models of PDEs such as fluid
mechanics, electromagnetism, acoustic, analytical chemistry,
signal processing, biology and many other areas of physical
science and engineering to fractional partial differential
equations (FPDES).

There are many reasons to make the researchers orientation
to fractional calculus (FC), firstly FC described successfully
different phenomena in engineering and applied sciences
models, secondly FPDEs eventually converges to the integer
order PDEs at exact values, thirdly all most numerical
methods can be used to find approximate solutions for these
models and then interpret them and extract and judge the
results.

Recently, fractional telegraph equation solved by many
methods, for example [1] using Laplace transform method
[2] homotopy perturbation technique, [3] obtained the
approximate solution of the telegraph equation by using
double Laplace transform method, [4] introduced the
Mixture of a new integral transform and homotopy
perturbation method (HPM), [5] radial basis functions and
[6] suggested Laplace variational iteration method to
obtained the approximate solution.

The main objective of the present work is to solve fractional
telegraph equation coupled system by using the double
Laplace transform and the noise terms phenomenon [7] to
determine the solutions of fractional telegraph equation
system.

Definitions
In this section, we define the definitions and properties of
the fractional calculus which are help further in this paper.

Definition 1

[3]The Laplace transform of fractional order derivative, is
defined

By

L L[58 F()] = poL, L [F ()] -

n-1
Z p® - (x)],pn—1 < a = n,neR (2.1)

Definition 2: [8] The gamma function I'(z) is defined by the
integral such as:

riz) = [ e ft* tdt, R(z) >0 (2.2)
o

Definition 3: [9] The Laplace transform of a functionf (t)
defined as:

LIFE)1(s) = F(s) :f e~ f(t)dt, (2.3)
o
Where >0 .
Definition 4. [9] The inverse double Laplace transform is

defined as in by the complex double integral formula such
as:

L7 F(p.s)] = flxt) =

1 C+i== 1 d+i=
J‘ eP*dp — e F(p, s)ds, (2.4)

2mi J o 2mi J g

where F(p, s) must be an analytic function for all p and s in
the region defined

by the inequalities R(p) = ¢ and R(s) = d, where cand
dare real constants to bechosen suitably.

2. The Solution Methods

In this section, we derive the main idea of fractional double
Laplace decomposition method to solve coupled systems of
fractional telegraph equations.

Theorem 1- We consider the coupled systems of fractional
telegraph equations with initial condition as follows:
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F%ulx.t) & ulx.t) dulx.t)
ax® a2 T @ T
ulx, t) + vlx. £} + fF(x. £)

% vix.t) & vixt) dvix.i
axt e e T
vix, ) + ulx, t) + g(x. t)
e 2andx. + =0
Subject to the initial condition,
ul0,8) = £ () and u,(0,8) = £(8),
v(0,t) = g, (t) and 1,0, t) = g.(£),

(3.1)

(3.2)

Proof-

We use the fractional double Laplace transform of partial
derivatives for obtained the general solution of Eq.(3.1) in
this case we get

poU(x, ) — p*tU(0,5) — p*°
B ulx, t) Aulx,t)
at’ * gt
pn'm:r{%} f:] _ PR’—LV{UJ S] —p
vlx,t) dvix,
=iy r[ ;Er t]+ L;z tJ+1:'i.1r, tl+ulx, t]+g{.r,t]]

using the single Laplace transform for initial condition
Eq.(3.2), we have

—*U,(0.5)

=L.L,

+uly, tHvlx, 4+ (x, t]]

@20, s) (3.3)

L:[u(0.5)] = LA )] = fi(s)
Leluy(0.5)] = LIE ()] = £(s) (3.4)
L:[v(0.5)] = £:0g,(£)] = gi(s)

£[v(0.9)] = £1g.()] = g: (s)
By substituting Eq.(3.4) in Eq.(3.3), use the property of the
double Laplace transform and simplifying, we obtain

Ule,t) = Zfe ) + 2 () + 5 /() +
1 [a= ulx,t) Bulx,t)
X~

pe arz T e
Vi) =2 560 +56) + 66 +
1 @l avlnt)
pe f[ 3z | ar

+ulx, )+v(x, t) ]]{3 .2)

v, tHulx, t]]]

where f(x,t), §(x, t)are double Laplace of f(x, t)and
g(x, t)respectively.

Taking inverse double Laplace transform to Eq.(3.5), we get,

e ) =900 4 27207t [ 20
oux, ﬂ 4+ ulx, £) + vix, ﬂ”
1 8" vix, t)

v, =00, L7 0 Fﬁxﬁr ;H

]

% vl 8) +ulr, ﬂ”
Where
O = [ N (Ot 4]

p p p- (3.7

e
S 0=t 42 5 04 G+ 40|

The solution of Eq.(3.6) can be written as infinite series
terms such as

ulx, t) = Z u, (x t)
n=t (3.8)

ulx, t) = Z Uy (x, t)

n=0

Then Eq.(3.6) become

Zu (e, )= (x, LT

n=0

- u(xt] S

— 0% uy,(x, )
D e

n=0

co+5me]| oo

1
F-ﬂx*‘:r

Z vy G, )= G L 2L -

J93 Zﬂ: L;t{x £)
n=0 n=0
+Z’E""*}f’;r ) Z:uﬂu,mzuru r]” nz 0

We define the general formula solution of Eq.(3.1) as
follows

1 . 1._ 1
s R (R I AL AC)

1 1 1
volr. 82 e, O] £ LRI G 8]

(3.10)
And

8 u, (x, t)
—+

1
e ol T

o

TR EN Y vl o

du, ':.rt]
at

—— 4 u, (e t) + o, t]”

1 #*u, (x, t)
Fﬁxﬁr —ﬂ't: +

+uy(x t) + v, (. t]”,n =0 (3.11)

vl t) = £t

ﬂu{x]
B

Note that the inverse double Laplace transform of each
terms in the right side of Eq.(3.11) exists.

3. Numerical Examples

In this section, we demonstrate the applicability and stability
of our method by applying numerical examples

Example 1: We consider the following system of fractional
telegraph equation:

8% ulx, t) _ g ulx, ) Aulx t)
3zt~ @tz T at T
ulx, £) + vlx, £) — 3xe’ — xt (4.1)
8% vix, t) 8 vix, t) Bv{,r, t)
= . + vix.t)
dx® at- at

-I—u{.r t]—x—xt .re,
l=g=Zandx.t=10

subject to the initial condition,
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u(0,t) =0 and u,(0,£) = &,
v(0,t) = 0and 1,(0.£) =t (+.2)
Solution

By using the Eq.(3.10) and Eq.(3.11) as general solution of
coupled systems of fractional telegraph equations, we find a

few terms of the series of u(x, t)and v(x, t)as
xa+1 a+1

X
,t) = xet — 3 t— t
w ) =xe' =35 T et D
1 0%u, (x,t)

S Lok [ T

U1 (x,8) = LML

N ou, (x,t) (4-2)

ot

+ v, (x, t)]
xa+1 a+1

x
- - t
F(a+2) T(a+2)
xa+1
———e
I'la +2)
1 0%u, (x,t)
Lok [7&2
ou, (x,t)
+ —_
ot

+u,(x,t)

vo(x, t) = xt

t

Uy (0, 8) = LL!

+u,(x,t)

+vn(x,t)]],n >0

Then
u, (x, £)=3

E+1 2a+1 T+l

gf— a
e + 2)
_r:r;+1.

10 £ ¢
2z +2)° Tt

x:n’+].
-2 -2 :
r2a +2) [(2a +2)
xl:t’+]. _r:|::+1.
UL{I-H =
e + 2)
x:R'+J. xl:’+].
t
M2a+2) Tat2°

J‘.!|:C'+J.
H:{x. t]:_gﬁ

o+l

(4.4

xII'+].

t_
+1"{n'+2]

x_II'+L

_ﬁ,—
r2a +2)°

o+l

r 10 r_
fGa+2° " T2at+2)°

2a+1

-2
T(2a +2)

r

J‘.!|52'+J.

41"{3:: + 2]t

t(%3)

3+l

¥ x:f-t’+].
-6 2 +2
rGa+2) [2a +2) I(2a +2)

e+l B+l
Ln{x t]

x x
& 4 ¢
T2z +2) TMB3a+2) TE3a+2)
I+l

X e+l pomtl )
_ fL o 66—
Br@at2® Tras2! " "TCa+2)

Therefore, the solution of Eq.(4.1) as series given by

s+l 2E+1
x
ulx,t) = 3

T 10— &f
e +2)° e +2° ©
xl:t'+]. x:l:'+].

x!ct'+l.
t—2 -
T + 2) M2a + 2)

2 t
M2 + 2)

a+1 x:l:!'+]. o+l I:R’+L

x
3= 10 t £-2
Pr@2® reer 2’ T2 TRar2)
x:l:!'+].

x+1l o+l xR'+L

3 £10 £ £2
@2’ Teer2’ Tt

o+ 1
-r e

2 £
“T(2at2)
x:R‘+L

21"':2n'+2]t
(46)

r(2a+2)

o+l x:ﬂ'+]. xl:f+].
(x, t) = -2 t—
v(x, £) Met2) “T2at2 Tat2
glo+l oL plE+L
2 £ Y Y —
f2z+2) "Te+2° °Toa+D®
xl:'+]. I:R’+L xl:f+]. x:n‘+]. xl:f+].
2 -2 ¢ t
Tat2) “TCat2) T@t2) “TRat2) Tw+2)°
tmal ylE+L yla+l e+l
ﬁ t
2at+2) r{?n + 2] r(an +72) r(an + ?J
J::1|:t‘+ J:_r:+ J:_r:+

t

-28 2 G
fGa+2)° T [a+2) T °Ta+2°

We observed that the noise terms appear in a part of uy(x, t)

then appears in u (o, t), uy (x, t), ...

and vy (x, t),v; (x, t), v, (x, t), ... respectively. By cancelling

the noise term we find the exact solution of Eg.(4.1) and

given by

uD{x. £l = xef

vplx, t) = xt (+.7)

Example 2: We consider the following system of fractional

telegraph equation:

8% ulx, £ _ g ulx, ) Bulx, t)
axe a2 T & T
ulx,t) + vix, t) — 3xe® — xsint,

(4.8)
@%vlx, 8] vix t) dvix.t)
= -+ +
dx® di- at
vlx,t) +ulx,t) —xe’ — xcost,
D<a=<Zandx.t=0
subject to the initial condition,
ul0, ) =0and u,(0.t) =&,
v(0.8) = 0and 1,(0.t) = sint,

(4.9)

Solution

By using the Eq.(3.10) and Eq.(3.11) as general solution of
coupled systems of fractional telegraph equationsof Eq.(4.8),
we find a few terms of the series of u(x, t)and v(x, t)as

xl:t'+]. xl:t'+

- [ t
e+ Tarn ™
o B u, et} du, (x )
L TS T

un.{.r. t) =xet —

E'[i'!+1.':-r' t) = L.r_LLr_L

+ gl ) + 1, (e, t]] (4.10)

xn’+]. . xn’+].

fa+2° Tla+2)
1 e B, (e, t) Bu, (x, £)
PR BT T

vglx, ) = xsint —

cost

1"'i’!+1.':-r' t):’EJ.TL’!:r_L

+ uy, (. t) +uﬂ{x.t]”.n =0

Then
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@+l x-H+L

T_10
Ta+2)" 2a+2)°

xﬁ+L

u (. t)=3 f+

J::L::‘+l.
r(2e + 2)
J::lst‘+1.

r_ & r
Me+2)° T2z +2° Ta+2

2o+l
) = 10 ————
s (x. 1) [(2a +2)
o3+1

2 * 2 *
2———zint —
MGat+2)

x:l:'+].

“r(3a +2)
x!n‘+].
1 El= f_2 r_
v =6 e B D TBa D
Therefore, the solution of Eq.(4.8) as series given by

E+1 E+1
u{x. ﬂ =xgt —

X
o+l

3 E_
e +2)° Tla+t2)
x

Zo+1
3~ .t _1Q £
Me+2)° 2z +2)° "Ta+2)

x-ﬁ+L

) sint — 2 cost (411)

e + 2

@+l @+l

Vj_{-r- 1—:]:

cost

IHﬁ+L

36— ot
Gat2° &

T+l

gt

cost (4.12)

xﬂK+L

cost

sint +

aT+1

sint

x-ﬁ+l

-t _ 85—
r2a+2)° rGe +2)°

xﬂK+L

xﬂK+L

cost + 10 t

- —_
TRa +2)

IEE+L

2————sint — 2 t
+ r{3”+2]sn ]cus

“r3a +2

J:r:+]. T

Me+2° Tat2)

IG+L

(4.13)

a+1

vix, £) = xsint — cost +

xﬁ+L

—t_ﬁ r
fe+2° °T2a+2)° Tat2)

x!ﬁ+L x

x!n:t'+]. A A
a2 rGat2° TBat2
We observed that the noise terms appear in a part of uy(x, t)
then appears in Uy (x, ), uy(x, t), ..
andv (x, t),v; (x, t), v2(x, t), ... respectively. By cancelling
the noise term we find the exact solution of Eq.(4.8) and

given by
u,:.{.r. t) = xat
un{x. t) = xsint

x-ﬁ+L

cost

qx+1

+ cost

(4.14)

4. Conclusion

The solutions of coupled systems of fractional telegraph
equations is derivedusing the fractional double Laplace
transform. The general solution in section (3) is give directly
the solution of the system in terms of a convergent series
and noise terms as in example (1 and 2).Finally, the
fractional double Laplace transform is faster and high
accuracy than other methods.
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