International Journal of Science and Research (1JSR)
ISSN: 2319-7064
Impact Factor (2018): 7.426

Compatible Uniformities on Pseudometric Spaces

Dr. S. M. Padhye’, Priti. P. Umarkar?

! Associate Professor, HOD, Department of Mathematics, Shri R.L.T. College of Science, Akola, Maharashtra, India

%Research student, Department of Mathematics, Shri R.L.T. College of Science, Akola, Maharashtra, India

Abstract: In this paper we construct different uniformities on a pseudo metric space which are compatible with the topology of the
pseudo metric space. It is proved that on a pseudo metric space there may be unequal uniformities compatible with the topology out of
which one is uniformly continuous uniformity while the other need not be.
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1. Introduction

Let (X,d) be a pseudometric space. Then the product
topology on X x X may be obtained by a pseudometric on X

x X defined d((x,y),(p,q)) = d(x,p) + d(y,q).
2. Definition

Compatible uniformity on a topological space. A uniformity
on a topological space X is said to be compatible with the
topology of X if the later coincides with the topology
induced by the uniformity.

3. Main Result

We had already constructed different
uniformities U and U; compatible with the topology of X
[3] where U is the uniformity generated by continues real
valued functions on a topological space X and U, is the
uniformity generated by continues bounded real valued
functions on X. Here we construct a uniformity on a
pseudometric space (X,d) which is also uniformly
continuous uniformity compatible with the topology of
(X,d). Here (X,U) is called uniformly continuous uniform
space if every T - continuous real valued function is U-
uniformly continuous.

Theorem 01:-If (X, d) is a pseudo metric space and U is the
set of all neighborhoods of A in the product topology of
X x X then U is a uniformity on X. Here A is diagonal in
X x X.

Proof

Let U = {U/U is neighborhood of each point of Ain X x X

}.We show that U is uniformity on X.

1) IfU €UandV > U then for every x € X ,U being a
neighborhood of (x, x) so is V. Thus every subset of
X X X containing a set from U is in U.

2) The intersection of two sets of U contains a set of U.;
Let U and V be neighborhoods of A in X X X and let
€ X Then there are , > 0 and s, > 0 Such that

s < yand S&° < v.

Here S = {((p,q) €XxX / d((xx),(®,q)) <
7}

If t, = min (1, , s,), St(f’x) cUnVieUnVeu

3) Every set of U contains the diagonal; It is obvious that
everyV € U contains the diagonal.

4) 1fV € U then there exists V' € U such that V' c V'
Suppose € U. Then for every € X, thereisr, >0

such that ST(:"‘) cV.

Take V' = Uyex ST(;""). Thus obviously V' is
neighborhood of each point (x,x) € X X X. Hence
V' e
Further if (u ,v) € V', (u,v) € Sff"‘) for some x € X.
Since S,(f"‘) c Vand(v,u) € Sff"‘),
wuw e Viewv)eV =V cV™
5) IfV € Uthen there exists W € U such that Woe W <
V.
Let V € U. Then for every € X. there isr, > 0 such that
SE <y

Tx

Let W = U,ex Sr(i‘/’;) Then W € U.We show that W o
w cV.
Suppose (p,q) € W o W. Then there is z € X is such that

u

(p,z) € S for some u € X ie. d(p,u) +d(zu) < %“
2

wv)

and (z,q) € Sr,"’ forsomev € Xi.e.
2

d(zv) +d(qv) < Z-mmm )

Adding (1) and (2) ,

d(p,w) + d(zu) +d(zv) +d(qv) <2+2-(3)
Ifr, < r,thend(p,u) + d (q,u)

< d(p,u) + d(q,v) +d(v,z) + d(z,u)

T T
<gtosn= (g e sy
But Sr(:‘”) c V.

:.(p! q) EV

Similarly if , < 7, then (p,q) € Sr(:,u) cv,
~(p,q)€E V.ThusWoW c V.

Theorem 02:- If (X, T) be a topological space such that
neighborhoods of A form a uniformity U on X then 73, < T.

Proof: - Let A € J3,. Thenwe showthatA € T.

Let € A. Choose symmetric U € U such that x € U[x]c
A

Since U is neighborhood of A , U is neighborhood of (y,y)
foreachy € X.
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Hence U is neighborhood of ( x,x ).Choose open sets
G G, € T such that

(x,x)E G1 X G, c U

Now we show that x € G, c U[x]. Lety € G;.

Then (y,x)€ Gy X G, < Uie. y € Ul[x]
ie.GicUx]cA.

i.e A is neighborhood of each point of A.

Thus A € T.ThisprovesthatT; < 7.

Theorem 03:- Let (X, ') be a completely regular space such
that neighborhoods of A form a uniformity U on X
.ThenT c T3,

Proof: Suppose G € T and x € G. Since X is completely
regular there exists a T- continuous function f : X — [0,1]
such that f (x) =1 and

f(X—-G6)=0.

Take U= (G X G) U (G, X G;) where Gy= f1(=,5) € T,
Weshowthat U € Uand U[x] cG. Ify € G

then (x,y)€ G x G < U.

Ify ¢ Gthenf(y)=0- y € G;.

~(y,y)E Gy X G, c U.

Thus U is neighborhood of each point of A.

Now we show that U[x] € G.Fory € U[x]

(x, )€ U =(x,y)€ G X Gor(x,y)€ G X Gy.
If(x,y)€ G x Gthenx € Gandy € G.ie.y € G.
If (x,y) e G; X Githenx € Giandy € G;j.

Since G, = f1(=,)and f (x) =1, x & G;.

Thus (x,y) € Gy X G;is not possible.

~(x,y)€ G X GandU[x]c Gie. G €Ty.
ThusT c 73

Theorem 04:- If (X, d) is a pseudo metric space and U is
the set of all neighborhoods of A in the product topology of
X X X then topology of uniformity U coincides with the
original topology of (X, d).

Proof: By Theorem 1 U becomes a uniformity on X.

By Theorem 2 topology generated by U is coarser than
original topology of (X, d).

Since X is a pseudo metric space it is completely regular.
Hence by theorem 4.1.4,

Tc Ty ThusTy=T.

Theorem05: Suppose (X, d) is a pseudo metric space. U, is
uniformity generated by d whose base is given by{(x,y) /
d(x,y) < r}, r >o0and U is a uniformity on X consisting of
all neighborhoods of A .Then U; < U, but in general
Uy # U.

Proof: Let V € U, .Then there isr >0 Such that V >
{0, y) /d(x,y) < r}.
PutU ={(p,q)/d(p.q) < r}.

We show that U is neighborhood of (x, x) foreachx € X .

Suppose x € X . We show that S®* which is a
neighborhood of (x,x) is contained in U. Suppose (u,v)

€ S Thend(u,x) + d(v,x) < r

ie.dw,v) < dux) +dxv) <ried@v)<r.ie
(w,v) € U. ThusS®™ < Ui.e U is neighborhood of each
pointofAie, U € U.

Since U c V and U is uniformity ~ V € U.Thus U, < U.

Now to show that in general U,; # U,

We construct a pseudo metric space (X,d) where U ¢ Ud.
Take X =Randd(x,y)=|x—y|x,y € R.

Take U = {(x,y) / [x* — y?| <1}.

Then we show that U is neighborhood of each point of A .
SothatU € U.

Suppose x € R .Taker =
U

Suppose (w,v) € S™. Then |lu — x| + |[v—x| <r
= lu—x|<rand|lv—x| <r

1

—— We claim that S ¢
2 (1+2)x])

Consider [u? — v?| =|u? —x? + x* —v?|
< |u? — x?| +|v? —x?|
<|lu—x||lu+x|+lv—x||v+x|

Now |u + x| =|u — x + 2x]|

<lu-—x|+ 2|x|

<r+ 2|x|

Sincer <1, |lu+x|< 1+ 2|x|

Similarly [v + x| <1+ 2|x]|

1
Thus |u? — v?| <
2(1+ 2)x)

1+ 2[x|)

1
2(1+ 2|x]) 1+

2lx]) <3+ <1

i.e (u,v) € U - U isneighborhood of each point of A.

Now we show that U ¢ U,

i.e There does not exist s > o such that{(x,y) /|x —y| <s
}cU.

Thus we have to show that for every s > o

there exists (x, , y,) such that |x, - y, | <s

But (x,,y,) € U.Foranys > o,

1 1
take x; = ~and y, = -+

_ 11 1 s s
Thenlxs—ysl— ;_(;+E) < |E| <S.
Also |x§ - yszl = |(xs+ys)(xs_YS)|
:|x3+ys||xs_ys|
1 1 N 1 1 s
-G
_,2 s Sy _ s
-(;+5)(§)-1*_'7 >1
clx?— y2l >1ie(x,,y) € U.
This provesthat U € Uy.

Theorem 06: Let (X,7) be a completely regular space, such
that neighborhoods of A form a uniformity U. Then U is
compatible with 77 and (X,U) is a uniformly continuous
space.

Proof: By Theorem 4, U is compatible with 7. To prove
that f isU -uniformly continuous real function if f is T -
continuous real function. Suppose f is T - continuous
function and € > o is given. We have to find U € U such
that (x,y) € U = |f(x) — f(y)| <€ .Forx € X

Put G, =1 (f(x) — S,f(x) + ;).Since f is T continuous
at x,
G, is an open set containing x. Take U = U, ¢x G, X G, .
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Then U is neighborhood of each point (x, x) of A.

Now we show that (w,v) € U = |f(w) — f(v)| <€.

Let (u,v) € U.Choose x € X suchthat (u,v) € G, X G, .
Thusu € G, andv € G, .

Since G, = f1(f(x) —€/2,f(x) +€/2 ) andu € G,
v € G, .

f)e (f(x)—€/2f(x) +€/2) and f (v) € (f(x) — €
12,f(x) + €/2).

ielf — f)l <€/2and |f(v) — f(x)| <€/2

Hence |[f(w) — f(WI = If @) — f(x) + f(x) — fFW)]
<If@ = fEII+I1f () — f()I

< S+ i<e.

Thus there is U € U such that (x,y) € U = |f(x) —
SU)<e.

This proves that f is U-uniformly continuous function.
Hence ( X, W) is a uniformly continuous uniform space.

Theorem 07:- Let (X, d) be a pseudo metric space and U be
the uniformity consisting of all neighborhoods of A. Then
(X, U) is a uniformly continuous space and. (X,U,) need
not be a uniformly continuous space.

Proof: - From Theorem 6 it follows that,
(X, U) is a uniformly continuous space.

Now we show that (X,U,;) need not be a uniformly
continuous space. Consider X = R and functionf : R - R
defined by f(x) = x?, x € R. f is continuous on R. We
show that f is not U, uniformly continuous function. For
any >o,takex5=§andy5=§ +§

Then |X5 _y(gl :g )

But |f(xs) — f(¥s)l

= |G =G+

S|L_1_,18_ 8
T ls2 52 52 4
52 52
= —_— = J— >
(1+4) 1+4 >1

Thus for € = 1, there does not exist any § > o,
Ix—yl <8=If(x)— f)] < 1is satisfied.

Thus for € = 1, there does not existany § >0, |xs — ys| <
é

= |f(xs) — fs)| <€

i.e fis not U, uniformly continuous function.

~ (R, Uy) is not uniformly continuous space.

4. Conclusion

It is proved that on a pseudo metric space there may be
unequal uniformities compatible with the topology out of
which one is uniformly continuous uniformity while the
other need not be.
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