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Abstract: In this paper, consideration is given to a generalised model for optimum allocation of multivariate sampling with linear and 

nonlinear cost function, given that there is only one varying cost.. The problem of determining the optimum allocation are formulated as 

a generalized programming problem and solved using Lagrange multiplier technique to minimize the variance subject to a given cost. A 

generalized sample size and variance is derived and other factors like when the cost is constant, when the sample size for a given cost is 

not known, when the sample size for a specified variance is not known and when a proportional allocation or equal allocation is required 

for a given cost and a proportionality constant. Data from the sample frame of the final result of 1991 census of Owo local government 

area of Ondo State, Nigeria which encompasses of 117 localities was extracted from the National Population Commission (NPC), its 

inhabitants is used as character of study for the purpose of numerical illustration. 
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1. Introduction 
 

The development of statistical methodology used in survey 

sampling is aimed at estimating the mean or a particular 

character under study with high precision or least cost, the 

concept of stratification is used in statistical surveys when the 

subpopulations within an overall population is heterogeneous 

and it will be of advantage to sample each stratum 

independently. The problem of optimal allocation was 

initially proposed by Sukhatme et al. in 1984 in other to 

minimize the cost for a given precision or minimize the 

variance of the sample mean subject to cost. 

 

When considering the method of stratification in sampling, 

certain issues are taking into consideration  

1) How many strata are required 

2) How boundaries will be set for each stratum and 

3) Optimum allocation of sample size to each stratum 

 

Optimum allocation in stratified random sampling is well 

known for a univariate population (Cochran 1977). The 

problem of determining strata boundaries in multivariate 

surveys was considered by Ashan et al. in 1983. When more 

than one character is defined on each unit of the population, 

it will not be feasible to use the individual optimum allocation 

to the strata unless there is a strong positive correlations 

between the characteristics under study, one have to use an 

allocation that is optimum in some sense for all the characters, 

which will result into a compromise allocation. 

 

The cost of enumerating a character from stratum to stratum 

may also differ since characters differ, what is optimum for 

one character may not be optimum for other character Shazia 

Ghufran et al. 2011.  

 

When the cost of transportation is considered with the cost of 

sampling, The cost function is of the form 

 
Where  𝑐0  is the overhead cost,  𝑐ℎ is the cost of enumerating 

a character per unit, 𝑛ℎ is the sample size in various strata and 

𝑡ℎ is the cost of transportation or travel cost per unit. This is a 

nonlinear cost function. 

 

Mohd Vaseem Ismail et al. in 2015 considered optimum 

allocation for multivariate sampling with nonlinear cost 

function, determination of optimum allocation was 

formulated as a nonlinear programming problem and solved 

for case of substantial travel cost inclusive using Lagrange 

multiplier technique. Manoj Kumar Sharma et al in 2015 also 

developed a MATLAB computer program to solve the same 

problem. If the travel cost between units are substantial the 

cost function is approximately   

 
 

Shazia Ghufran et al. in 2011 used a different approach, the 

method of chanced constrained programming in considering 

optimum compromise allocation in multivariate stratified 

sampling with nonlinear function, NA Sofi et al. 2016 

considered an integer programming technique known as 

branch and bound approach to obtain an optimum integer 

solution for a linear cost function in case of small samples to 

avoid rounding off allocations so as to get an optimal and 

feasible allocation, Khan et al 2003 in order to determine an 

optimum compromise allocation treated nonlinear 

programming problem as multistage decision problem and 

solved using dynamic programming technique, S.Tugba 

Sahin et al. 2011 to solve the problem of selecting sample size 

from strata under nonlinear cost constraint, applied Kunn-

Tucker methods and goal programming constraint in case of 

multi objective decision making problems, swain et al. 2013 

also solved the problem of a compromise optimum allocation 

using goal programming technique. 
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In this paper we will be considering various allocation 

procedures using a generalised model of optimum allocation 

size and variance for linear cost function and specified 

nonlinear by using langrage multiplier technique to solve. 

 

 

 

 

 

2. Problem Formulation 
 

The main idea is to derive a generalized model for linear and 

nonlinear cost function to get the optimum stratum sample 

size provided we have only one varying cost and other cost 

incurred are fixed or not significant. Suppose 𝑐0 represents the 

overhead cost and 𝑐ℎ is the cost of enumerating a character 

per unit. 

 

For a linear cost, the total cost incurred  

C = 𝑐0 +∑ (𝑐ℎ𝑛ℎ)𝐿
𝑛=1  

 

If travel cost per stratum 𝑡ℎ is the only varying cost and highly 

significant, the cost function becomes  

 
which is nonlinear. 

 

Hence we can say, 

 
where β is the proportionality constant defined on a set of real 

numbers, such that β = ½  for a case in which it is only travel 

cost 𝑡ℎ = 𝑐ℎ that is incurred, and β = 1 for a case of simple 

linear cost function. 

 

We either minimize the cost function for a given precision or 

minimize the variance of the sample mean subject to cost the 

function   

 

Hence, let 𝑉(ȳ𝑠𝑡𝑟) be the optimization function, given a 

proportionality constant β, let the total cost incurred C be the 

constraint function 

 
 

 

 

𝑛ℎ
𝛽+1 =

1

𝜆
(

𝑊ℎ
2𝑆ℎ𝑗

2

𝛽𝑐ℎ
) ; 

Making 𝑛ℎ the subject of formula 

 
 

Recall that ∑ 𝑛ℎ
𝐿
ℎ=1 = n; summing up (1) 

  
from (1) & (2) we can deduce that 

 
 

Where 𝑛ℎ in equation (3) is the sample size of the hth stratum 

given the proportionality constant β recall that   

 
 

Substituting 𝑛ℎ 𝑖𝑛 equation (3) to 𝑉(ȳ𝑠𝑡𝑟) 

    𝑉(ȳ𝑠𝑡𝑟) =  
1

n
∑ (

𝑊ℎ
2/(1+𝛽) 𝑆ℎ𝑗

2/(1+𝛽)

𝑐ℎ
1/(1+𝛽) ) 

𝐿

ℎ=1

∑ (𝑊ℎ
2𝛽/(1+𝛽) 𝑆ℎ𝑗

2𝛽/(1+𝛽)𝑐ℎ
1/(1+𝛽))

𝐿

ℎ=1
−

1

N
 ∑ (𝑊ℎ 𝑆ℎ𝑗

2)
𝐿

ℎ=1
    *

  

Which is the generalised variance provided we have only one varying cost and other cost incurred are fixed or not significant 

given a proportionality constant β. 
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3. Case of Fixed Cost 
 

If the cost 𝑐ℎ of collecting information from hth stratum is 

constant given a proportionality constant β; 𝑐ℎ = 𝑐 

 
Hence; 

 
and  

 

  
 

Where 𝑛ℎ is the sample size of the hth  stratum, c is the fixed 

cost and 𝑉(ȳ𝑠𝑡𝑟) is the variance given the proportionality 

constant β 

 

4. Case of Unknown Sample Size for a Given 

Cost 
 

Given a proportionality constant β, 

 
 

From equation (1) 

 

Substituting equation (4) into C - 𝑐0            

  C - 𝑐0  

= (
1

λ
)

𝛽/(𝛽+1)

(
1

β
)

𝛽/(𝛽+1)

∑ (𝑐ℎ
1/(𝛽+1)(𝑊ℎ

2 𝑆ℎ𝑗
2)

𝛽/(𝛽+1)
)

𝐿

𝑛=1

 

                                                                                           (5) 

 

From equation (4) 

 
Substituting (6) into (5) 

 

 
Making 𝑛ℎ

𝛽 subject of formula  

 
This implies 

 
Recall that 

n = ∑ 𝑛ℎ
𝐿
𝑛=1  

Hence;                          

 
 

5. Case of Unknown Sample Size for a Specified 

Variance 𝐕𝟎 
 

Given a proportionality constant β, 

 

 
 

This implies 

 

 
 

Hence; 

 
 

if cost is constant for a specified variance 𝑉0; 
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6. Case of Proportional Allocation for A Given 

Cost C 
 

If the sampler decides to allocate the sample sizes based on 

set proportion for each stratum given a proportionality 

constant β, 

 
 

7. Case of Equal Allocation for a Given Cost C 
 

If the sampler decides to partition each stratum to L disjoint 

stratum given a proportionality constant β, 

 

Then; 

 
Recall that; 

 

 
This is applicable when the sample size for a given cost is not 

known. 

 

 

 

 

 

 

 

 

 

8. Numerical Illustration 
 

Stratum h 𝑊ℎ 𝑐ℎ 𝑆ℎ𝑗 𝑆ℎ
2
 

1 0.726 ₦2 104.12 10840.83 

2 0.274 ₦4 143.54 20605.2 

Total 1.000 ₦6   

N = 117, 𝑁1 = 85, 𝑁2 = 32, assuming n = 48, C = ₦130 and 𝑐0= 

₦10 

 

Recall that the generalised stratum size given the 

proportionality constant 𝛽 

 

 

𝑛1 = 
48(53.45)

53.54+19.66 
 = 

2565.6

73.12 
 = 35; 

 𝑛2 = 
48(19.66)

53.54+19.66 
 = 

934.68

73.12 
 = 13 

The generalised variance given the proportionality constant 𝛽 

 
 

If  𝛽 = 1 

 

= 
1

48
(73.12)(185.56)-

1

117
(13516.27) 

=282.67- (115.52) 

=167.15 

This implies that there is a very high variance between the 

number of inhabitants of the localities of Owo local 

government. 

 

If we test for β = 1 in few cases, 
 

For example; 

 

1. If the sampler decides that the strata should be 

divided into two equal parts for a given cost 
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2. If the sampler decides that the ratio of the 1st stratum 

to the second stratum is 7:3 for a given cost 

 

 
= 

120

2.6
 = 46.15 ≈ 46 

 

 

9. Conclusion  
 

Stratification reduces variance or inequalities in a bid to 

reduce sampling error or increase precision, the objective of 

a sampler is to have the optimum precision, hence we have 

been able to derive a general model for a linear or nonlinear 

cost function given a proportionality constant β for stratum 

sample size and variance provided that we have only one 

varying cost and other cost incurred are fixed or not 

significant, considering factors like when cost is constant in 

all strata and when sample size for a given cost of the survey 

or for a specified variance is not known. 
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