
EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A

STEKLOV SYSTEM INVOLVING THE (p, q)-LAPLACIAN

YOUNESS OUBALHAJ, BELHADJ KARIM AND ABDELLAH ZEROUALI.

Abstract. In this paper, we prove the existence of at least three weak solu-

tions for a quasilinear elliptic system involving a pair of (p, q)-Laplacian oper-
ators with Stekov boundary value conditions. Using the variational method;

the technical approach is an adaptation of a three critical points theorem due

to Ricceri.

1. Introduction

Let Ω be a bounded domain in RN (N ≥ 2), with a smooth boundary ∂Ω and
N < p <∞, N < q <∞. We consider the system

−∆pu = λFu(x, u, v) in Ω,
|∇u|p−2 ∂u

∂ν + |u|p−2u = µGu(x, u, v) on ∂Ω,
−∆qv = λFv(x, u, v) in Ω,
|∇v|q−2 ∂v

∂ν + |v|q−2v = µGv(x, u, v) on ∂Ω,

(1.1)

where λ, µ ≥ 0 are real numbers, ∆pu = div(|∇u|p−2∇u) is the p-Laplacian, ∂
∂ν

is the outer normal derivative, F : Ω × R × R → R and G : ∂Ω × R × R → R two
functions are fulfilling appropriate conditions that we give later. Ft and Gt denote
the partial derivatives of F and G with respect to t.

The existence of multiple solutions for the problems involving p-Laplacian type
elliptic operators in divergence form and related eigenvalue problems{

−div(a(x,∇u)) = λF (x, u) in Ω,
u = 0 on ∂Ω,

was studied in [8, 9, 11, 12, 15], these results are based on some three critical points
theorems of Bonanno [5] and Ricceri [20].

The quasilinear elliptic systems involving a general (p, q)-Laplacain operator has
been received considerable attention in recent years. This is partly due to their
frequent appearance in applications such as; the reaction-diffusion problems, the
non-Newtonien fluids, astronomy, etc. (see for example [2]). Also these problems
are very interesting from a purely mathematical point of view as well. Many results
have been obtained on this kind of problems such as [3, 7, 17]. The authors in [3]
studied the existence of solutions for the following problem −4pu = Fu(x, u, v) in Ω,

−4qv = Fv(x, u, v) in Ω,
u = v = 0 on ∂Ω,
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where p, q > 1.
In the paper [21], Seyyed and al. proved the existence of three weak solutions of

the following problem −div(a1(x,∇u)) = λg1(x, u) + µFu(x, u, v) in Ω,
−div(a2(x,∇v)) = λg2(x, v) + µFv(x, u, v) in Ω,
u = 0, v = 0, on ∂Ω,

where 1 < p, q ≤ N , their main tool is an adaptation of a three critical points
theorem due to Recceri.

Remark 1.1. If N < r for r ∈ {p, q}, by Theorem 2.2 in [13] and Remark [1] in [18],
we have W 1,r(Ω) is compactly embedded in C(Ω). Defining ‖u‖∞ = supx∈Ω |u(x)|,
we find that there exist a positive constant C > 0 such that

‖u‖∞ ≤ C‖u‖r for all u ∈W 1,r(Ω). (1.2)

For our work, we make the following assumptions on the functions F and G.

(H0) F (., s, t) is measurable in Ω for all (s, t) ∈ R × R and F (x, ., .) is C1 in
R× R for a.e. x ∈ Ω.

(H1) There exist d(x) ∈ L∞(Ω) and 0 < α < p, 0 < β < q, such that

F (x, s, t) ≤ d(x)(1 + |s|α + |t|β) for a.e. x ∈ Ω and for all (s, t) ∈ R× R.
(H2) F (x, 0, 0) = 0 for a.e. x ∈ Ω.

(H3) F (x, s1, t1) > 0 for any x ∈ Ω and |s1|, |t1| large enough; and there exist
M,M ′ > 0 such that

F (x, s1, t1) ≤ 0, x ∈ Ω, |s1| ≤M, |t1| ≤M ′.
(H4) There exist s2, t2 ∈ R with |s2|, |t2| ≥ 1 such that

|Ω| sup
(x,|s|,|t|)∈Ω×[0,Cαp]×[0,Cβq ]

F (x, s, t) ≤
( 1
p + 1

q )
∫

Ω
F (x, s2, t2)dx

|∂Ω|( 1
p |s2|p + 1

q |t2|q)
,

where |∂Ω||s2|p > 1, |∂Ω||t2|q > 1 and C is the constant given in Remark 1.1.

αp = (1 + p
q )

1
p , βq = (1 + q

p )
1
q . We denote by |Ω|, (resp |∂Ω|) the Lebesgue

measure of Ω, (resp ∂Ω).

(G0) G is a Carathéodory function;

(G1) G(x, 0, 0) ∈ L1(∂Ω) for all x ∈ ∂Ω;

(G2) Gu(x, u, v) and Gv(x, u, v) are continuous with respect to u and v, for all
x ∈ ∂Ω;

(G3) there exist c > 0 such that |Gu(x, u, v)| ≤ c(1 + |u|p−1 + |v|
q(p−1)
p ) and

|Gv(x, u, v)| ≤ c(1 + |u|
p(q−1)
q + |v|q−1), for a.e. x ∈ ∂Ω and for all (u, v) ∈ R× R.

Our main results in this paper is the proof of the following theorem which is
based on the Recceri Theorem.

International Journal of Science and Research (IJSR)

Paper ID: ART20201680 10.21275/ART20201680 890 

ISSN: 2319-7064

www.ijsr.net

ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

Volume 8 Issue 10, October 2019



EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A STEKLOV SYSTEM . . . 3

Theorem 1.2. Assume (G0) − (G3),(H0) − (H2) and (H3) or (H4) hold. Then
there exist an open interval Λ ⊆ [0,∞) and a positive real number ρ with the
following property: for each λ ∈ Λ, there exists σ > 0 such that for each µ ∈ [0, σ],
problem (1.1) has at least three weak solutions whose norms are less than ρ.

This paper is organized as follows, section 1 contains an introduction and the
main results. In section 2, which has a preliminary character, we will give some
assumptions and facts that will be needed in the paper, in section 3 we will give
the proof of our main result.

2. Preliminaries

Consider the space W = W1,p(Ω)×W1,q(Ω) equipped with the norm

‖w‖ = ‖u‖1,p + ‖v‖1,q, for w = (u, v) ∈W,

where

‖u‖1,p =
(∫

Ω

|∇u|pdx+

∫
Ω

|u|pdσ
) 1
p

,

and

‖v‖1,q =
(∫

Ω

|∇v|qdx+

∫
Ω

|v|qdσ
) 1
q

.

We introduce a new norm, which will be used later in this work that

‖w‖p,q = ‖u‖p + ‖v‖q,
where

‖u‖p =
(∫

Ω

|∇u|pdx+

∫
∂Ω

|u|pdσ
) 1
p

,

and

‖v‖q =
(∫

Ω

|∇v|qdx+

∫
∂Ω

|v|qdσ
) 1
q

.

‖.‖r is also a norm on W1,r(Ω) which is equivalent to ‖u‖1,r for r ∈ {p, q}. Then
‖.‖p,q is a norm on W which is equivalent to ‖.‖(see [Theorem 2.1] [10]).

Definition 2.1. We say that (u, v) ∈W is a weak solution of (1.1) if∫
Ω

|∇u|p−2∇u∇ϕdx = λ

∫
Ω

Fu(x, u, v)ϕdx+µ

∫
∂Ω

Gu(x, u, v)ϕdσ−
∫
∂Ω

|u|p−2uϕdσ,∫
Ω

|∇v|q−2∇v∇ψdx = λ

∫
Ω

Fv(x, u, v)ψdx+µ

∫
∂Ω

Gv(x, u, v)ψdσ−
∫
∂Ω

|v|q−2vψdσ,

for all (ϕ,ψ) ∈W.

3. Proof of main result

To prove our Theorem 1.2 we shall give a variant of Ricceri’s three critical points
theorem [19]. On the basis of [4], we state an equivalent formulation of the three
critical points theorem in [19] as follows.

Theorem 3.1. Let X be a reflexive real Banach space; Φ : X → R a continuously
Gâteaux differentiable and sequentially weakly lower semicontinuous C1 functional,
bounded on each bounded subset of X, whose Gâteaux derivative admits a contin-
uous inverse on X∗; Ψ : X → R a C1 functional with compact Gâteaux derivative.
Assume that
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(1) lim
||u||→∞

(Φ(u) + λΨ(u)) =∞ for all λ > 0, there exist r ∈ R and u0, u1 ∈ X

such that
(2) Φ(u0) < r < Φ(u1),

(3) inf
u∈Φ−1((−∞,r])

Ψ(u) ≥ (Φ(u1)−r)Ψ(u0)+(r−Φ(u0))Ψ(u1)
Φ(u1)−Φ(u0) .

Then there exists a non-empty open set ∧ ⊆ [0,∞) and a positive real number ρ
with the following property: for each λ ∈ ∧ and every C1 functional J : X → R
with compact Gâteaux derivative, there exists σ > 0 such that for each µ ∈ [0, σ],
the equation Φ′(u) + λΨ′(u) + µJ ′(u) = 0 has at least three solutions in X whose
norms are less than ρ.

In order to apply Ricceri’s result we define Φ,Ψ, J : W→ R by:

Φ(w) =
1

p

∫
Ω

|∇u|pdx+
1

p

∫
∂Ω

|u|pdσ +
1

q

∫
Ω

|∇v|qdx+
1

q

∫
∂Ω

|v|qdσ, (3.1)

Ψ(w) = −
∫

Ω

F (x, u, v)dx, (3.2)

J(w) = −
∫
∂Ω

G(x, u, v)dσ, (3.3)

where w = (u, v) ∈W. It is clear that the weak solution of (1.1) is a solution of

Φ′(w) + λΨ′(w) + µJ ′(w) = 0. (3.4)

It follows that we can seek for weak solutions of problem (1.1) by applying
Theorem 3.1.
We start by proving some properties of the operator Φ, we first give the following
result.

Lemma 3.2. Let Φ be defined as above in (3.1), then Φ a continuously Gâteaux dif-
ferentiable and sequentially weakly lower semicontinuous C1 functional and (Φ′)−1 :
W∗ →W exists and it is continuous.

Proof. It is clear that the functional Φ is Gâteaux differentiable at every (u, v) ∈W
and

(Φ′(u, v), (ϕ,ψ)) =

∫
Ω

|∇u|p−2∇u∇ϕdx+

∫
∂Ω

|u|p−2uϕdσ

+

∫
Ω

|∇v|q−2∇v∇ψdx+

∫
∂Ω

|v|q−2vψdσ,

for all (ϕ,ψ) ∈W.
Φ is sequentially weakly lower semicontinuous by Lemma 3.6 [21].
Moreover Φ′ is of (S+) type. Indeed, let (wn) = (un, vn) be a sequence of W such
that wn ⇀ w = (u, v) weakly in W as n → +∞ and lim supn→+∞(Φ′(wn), wn −
w) ≤ 0,

(Φ′(wn), wn − w) =
∫

Ω
|∇un|p−2∇un(∇un −∇u)dx+

∫
∂Ω
|un|p−2un(un − u)dσ

+
∫

Ω
|∇vn|q−2∇vn∇(vn − v)dx+

∫
∂Ω
|vn|q−2vn(vn − v)dσ.

Using the compact embedding W 1,p(Ω) ↪→ Lp(∂Ω) and W 1,q(Ω) ↪→ Lq(∂Ω), we
obtain lim

n→+∞

∫
∂Ω
|un|p−2un(un − u)dσ = 0, lim

n→+∞

∫
∂Ω
|vn|q−2vn(vn − v)dσ = 0.
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Thus

lim sup
n→+∞

∫
Ω

|∇un|p−2∇un(∇un −∇u)dx+

∫
Ω

|∇vn|q−2∇vn(∇vn −∇v)dx ≤ 0,

by [[16]theorem 4.1], we have (un, vn)→ (u, v) strongly in W as n→ +∞.
Now we show that (Φ′)−1 : W∗ →W exists and it is continuous. First, we show

that (Φ′) is uniformly monotone. In fact, for any ζ, η ∈ RN, we have the following
inequality (see [14]):

(|ζ|p−2ζ − |η|p−2η)(ζ − η) ≥ 1
2p |ζ − η|

p, p ≥ 2.

(|ζ|+ |η|)2−p(|ζ|p−2ζ − |η|p−2η)(|ζ| − η) ≥ (p− 1)|ζ − η|2, 1 < p < 2.
(3.5)

For w1 = (u1, v1) and w2 = (u2, v2), we have

(Φ′(w1)− Φ′(w2), w1 − w2) =

∫
Ω

(|∇u1|p−2∇u1 − |∇u2|p−2∇u2)∇(u1 − u2)dx

+

∫
∂Ω

(|u1|p−2u1 − |u2|p−2u2)(u1 − u2)dσ

+

∫
Ω

(|∇v1|p−2∇v1 − |∇v2|p−2∇v2)∇(v1 − v2)dx

+

∫
∂Ω

(|v1|p−2v1 − |v2|p−2v2)(v1 − v2)dσ.

Applying (3.5), we deduce that

(Φ′(w1)− Φ′(w2), w1 − w2) ≥
∫

Ω

(
1

2p
|∇u1 −∇u2|p +

1

2q
|∇v1 −∇v2|q

)
dx

+

∫
∂Ω

(
1

2p
|u1 − u2|p +

1

2q
|v1 − v2|q

)
dσ

≥ min{ 1

2p
,

1

2q
}
(
‖u1 − u2‖pp + ‖v1 − v2‖qq

)
for any w1 = (u1, v1), w2 = (u2, v2) ∈W, i.e.,Φ′ is uniformly monotone.
We can see that for any w ∈W, we have that

(Φ′(w), w)

‖w‖p,q
≥
‖u‖pp + ‖v‖qq
‖w‖p,q

,

that’s meaning Φ′ is coercive on W.
The strict monotonicity of Φ′ implies its injectivity and the coercivity implies the
surjectively, consequently the operator Φ′ admits an inverse mapping. Therefore,
the conclusion follows by applying Theorem 26.A [22].
It suffices to show the continuity of Φ′−1. Let (fn)n = (f1n , f2n) be a sequence
of W∗ such that fn → f = (f1, f2) in W as n → +∞. Let wn = (un, vn) and
w = (u, v) in W such that

Φ′−1(fn) = wn and Φ′−1(f) = w.

By the coercivity of Φ′, the sequence (wn) is bounded in the reflexive space W.
For a subsequence ŵ = (û, v̂), we have wn ⇀ ŵ weakly in W as n → +∞, which
implies

lim
n→+∞

(Φ′(wn)− Φ′(w), wn − ŵ) = lim
n→+∞

(fn − f, wn − ŵ) = 0.
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6 YOUNESS OUBALHAJ, BELHADJ KARIM AND ABDELLAH ZEROUAL.

By the property (S+) and the continuity of Φ′ it follows that wn → ŵ strongly in
W and Φ′(wn) → Φ′(ŵ) = Φ′(u) in W∗ as n → +∞, since Φ′ is an injection, we
conclude w = ŵ �

Lemma 3.3. Let J : W → R be defined as above. If (G0) − (G3) hold, then
J ∈ C1(W,R). In particular J ′ : W→W∗ is continuous and compact.

Proof. Since G(x, u, v) is C1 with respect to u, v, then for every x ∈ ∂Ω there exist
α(x), β(x) in (0, 1) such that

|G(x, u, v)−G(x, 0, 0)| ≤ |G(x, u, v)−G(x, u, 0)|+ |G(x, u, 0)−G(x, 0, 0)|,

≤ |Gu(x, α(x)u, 0||u|+ |Gv(x, u, β(x)v||v|,

≤ c(1 + |u|p−1)|u|+ c(1 + |u|
p(q−1)
q + |v|q−1)|v|

≤ K(p, q, c)(1 + |u|p + |v|q).
Let (u, v) ∈ W for every (ϕ,ψ) ∈ W and 0 < |t| < 1, by applying the Mean

Value Theorem we obtain

(J ′(u, v), (ϕ,ψ)) = lim
t→0

J(u+ tϕ, v + tψ)− J(u, v)

t

= lim
t→0
−1

t

(∫
∂Ω

G(x, u+ tϕ, v + tψ)−G(x, u, v)dσ
)

= − lim
t→0

(∫
∂Ω

Gu(x, u+ tαϕ, v + tβψ)ϕdσ +

∫
∂Ω

Gv(x, u+ tαϕ, v + tβψ)ψdσ
)
,

with 0 < α = α(x), β = β(x) < 1, for every x ∈ ∂Ω, Gu is continuous and
lim
t→0

Gu(x, u+ tαϕ, v+ tβψ) = Gu(x, u, v). On the other hand for |t| < 1 we have

|Gu(x, u+ tαϕ, v + tβψ)ϕ| ≤ c(1 + |u+ tαϕ|p−1 + |v + tβψ|
q(p−1)
p )|ϕ|,

≤ c(1 + (|u|+ |ϕ|)p−1 + (|v|+ |ψ|)
q(p−1)
p )|ϕ|.

Notice that the right hand side of the above inequality is independent of t and
integrable on ∂Ω, then the dominated convergence Theorem implies

lim
t→0

∫
∂Ω

Gu(x, u+ tαϕ, v + tβψ)ϕdσ =

∫
∂Ω

Gu(x, u, v)ϕdσ.

Similarly we have

lim
t→0

∫
∂Ω

Gv(x, u+ tαϕ, v + tβψ)ψdσ =

∫
∂Ω

Gv(x, u, v)ψdσ.

Therefore

(J ′(u, v), (ϕ,ψ)) = lim
t→0

J(u+tϕ,v+tψ)−J(u,v)
t

= −
∫
∂Ω
Gu(x, u, v)ϕdσ −

∫
∂Ω
Gv(x, u, v)ψdσ,

and J is Gâteaux differentiable at any (u, v) ∈W and for every (ϕ,ψ) ∈W .
It’s clear that (J ′(u, v), (ϕ,ψ)) is a linear operator. Moreover, the Nemytskii oper-
ator Nu(u, v) :→ Gu(x, u, v) (resp. Nv(u, v) :→ Gv(x, u, v)) is continuous bounded

operator from Lp(∂Ω) into Lp
′
(∂Ω) (resp.Lq(∂Ω) into Lq

′
(∂Ω)), where p′ = p

p−1

and q′ = q
q−1 .
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Now we prove that J ′ : W −→W∗ is continuous, suppose that (un, vn)→ (u, v)
in W by the Hölder inequality and the compact embedding W ↪→ Lp(∂Ω)×Lq(∂Ω)
then for every (ϕ,ψ) ∈W we have

|(J ′(un, vn)− J ′(u, v), (ϕ,ψ))|

≤
∫
∂Ω

|(Gu(x, un, vn)−Gu(x, u, v))ϕ|+ |(Gv(x, un, vn)−Gv(x, u, v))ψ|dσ,

≤ ‖Gu(x, un, vn)−Gu(x, u, v)‖Lp′ (∂Ω)‖ϕ‖p
+ ‖Gv(x, un, vn)−Gv(x, u, v)‖Lq′ (∂Ω)‖ψ‖q,
≤ max{‖Gu(x, un, vn)−Gu(x, u, v)‖Lp′ (∂Ω), ‖Gv(x, un, vn)−Gv(x, u, v)‖Lq′ (∂Ω)}
× ‖(ϕ,ψ)‖p,q.

Hence

‖(J ′(un, vn)− J ′(u, v)‖W∗
≤ max{‖Gu(x, un, vn)−Gu(x, u, v)‖Lp′ (∂Ω), ‖Gv(x, un, vn)−Gv(x, u, v)‖Lq′ (∂Ω)}.

Therefore the operator T : Lp
′
(∂Ω)× Lq′(∂Ω) −→W∗ defined by

T (Gu(x, u, v), Gv(x, u, v)) = J ′(u, v)

is continuous, then the composite operator J ′ = ToNGoI : (u, v) → J ′(u, v) from

W into W ∗ is continuous, where NG : W → Lp
′
(∂Ω) × Lq′(∂Ω) is the composite

operator Nemytskii defined by NG(u, v) = (Nu(u, v), Nv(u, v)). This implies that
J ∈ C1(W,R), and

(J ′(w), (ϕ,ψ)) = −
∫
∂Ω

Gu(x, u, v)ϕdσ −
∫
∂Ω

Gv(x, u, v)ψdσ

Therefore J ′ : W −→W∗ is compact. �

Lemma 3.4. Let Ψ defined as above in (3.2), then Ψ is C1, in particular Ψ′ is
continuous and compact.

Proof. It can be show easily that Ψ is a C1 functional ([1] Theorem 2.9), and

(Ψ′(u, v), (ϕ,ψ)) = −
∫

Ω

Fu(x, u, v)ϕdx−
∫

Ω

Fv(x, u, v)ψdx.

The continuity of Ψ′ can be proved like the continuity of J ′.
Using the compactly of the embedding W 1,r(Ω) ↪→ Lr(Ω) where r ∈ {p, q}, we
deduce that Ψ′ is compact. �

Proof of Theorem 1.2. From Lemma 3.2, 3.3, 3.4, the functional Φ is continuously
Gâteaux differentiable and sequentially weakly lower semicontinuous C1 functional,
bounded on each bounded subset of W, whose Gâteaux derivative admits a contin-
uous inverse on W∗; Ψ : W→ R a C1 functional with compact Gâteaux derivative,
and J is well defined and continuously Gâteaux differentiable on W, with compact
derivative.

Now we show that the hypotheses (1), (2) and (3) of Theorem 3.1 are fulfilled.
For w ∈W, we have
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8 YOUNESS OUBALHAJ, BELHADJ KARIM AND ABDELLAH ZEROUAL.

Φ(w) = 1
p

∫
Ω
|∇u|pdx+ 1

p

∫
∂Ω
|u|pdσ + 1

q

∫
Ω
|∇v|qdx+ 1

q

∫
∂Ω
|v|qdσ,

= 1
p‖u‖

p
p + 1

q‖v‖
q
q

≥ min{ 1
p ,

1
q}(‖u‖

p
p + ‖v‖qq)

≥ c1(‖u‖pp + ‖v‖qq),

where c1 = min{ 1
p ,

1
q}.

From (H1) we have Ψ(w) ≥ −
∫

Ω
d(x)(1 + |u|α + |v|β)dx, thus

Ψ(w) ≥ −‖d(x)‖L∞(Ω)(|Ω|+ ‖u‖αLα(Ω) + ‖v‖β
Lβ(Ω)

),

so

Ψ(w) ≥ −c2(1 + ‖u‖αLα(Ω) + ‖v‖β
Lβ(Ω)

),

consequently we obtain

Ψ(w) ≥ −c′2(1 + ‖u‖αp + ‖v‖βq ),

for any w = (u, v) ∈W, where c2 and c′2 are positives constant.
Combining two inequalities above, we have

Φ(w) + λΨ(w) ≥ c1(‖u‖pp + ‖v‖qq)− λc′2(1 + ‖u‖αp + ‖v‖βq )

Since 0 < α < p, 0 < β < q, it follows that

lim
‖w‖→+∞

(Φ(w) + λΨ(w)) = +∞.

Then condition (1) of Theorem 3.1 is satisfied.
Next, we will prove the condition (2) and (3), for that we consider two cases:
case (I): The assumption (H3) holds, i.e., there exist |s1| > 1, |t1| > 1 such
that F (x, s1, t1) > 0 for any x ∈ Ω, and there exist M > 0, M ′ > 0 such that
F (x, s1, t1) ≤ 0 for any x ∈ Ω and |s1| ≤ M, |t1| ≤ M ′, set a = min{C,M}, b =
min{C,M ′}, where C is defined in remark 1.1, then we have∫

Ω

sup
(|s|,|t|)∈[0,a]×[0,b]

F (x, s, t)dx ≤ 0 <

∫
Ω

F (x, s1, t1)dx. (3.6)

Now we set w0 = (0, 0) and w1 = (s1, t1) and r = min{ 1
p ( aC )p, 1

q ( bC )q} > 0, it is

clear that

Φ(w0) = 0 = Ψ(w0) and Φ(w0) < r < Φ(w1),

so (2) of Theorem 3.1 is satisfied.
When Φ(w) ≤ r it’s means that 1

p‖u‖
p
p + 1

q‖v‖
q
q ≤ r, we deduce that C‖u‖p ≤ a

and C‖v‖q ≤ b, from (1.2) we obtain ‖u‖∞ ≤ a and ‖v‖∞ ≤ b. On the other hand,
we have

(Φ(w1)− r)Ψ(w0) + (r − Φ(w0))Ψ(w1)

Φ(w1)− Φ(w0)
= r

Ψ(w1)

Φ(w1)
= −r

∫
Ω
F (x, s1, t1)dx

|∂Ω|( 1
p |s1|p + 1

q |t1|q)
< 0.

(3.7)
From (3.2) and (3.6), we deduce

− inf
w∈Φ−1((−∞,r])

Ψ(w) = sup
w∈Φ−1((−∞,r])

−Ψ(w) ≤
∫

Ω

sup
(|u|,|v|)∈[0,a]×[0,b]

F (x, u, v)dx ≤ 0.

(3.8)
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From (3.7) and (3.8) we obtain

inf
w∈Φ−1((−∞,r])

Ψ(w) ≥ (Φ(w1)− r)Ψ(w0) + (r − Φ(w0))Ψ(w1)

Φ(w1)− Φ(w0)
,

thus (3) of Theorem 3.1 is hold.
case (II) (H4) holds, then there exist s2, t2 ∈ R with |s2|, |t2| ≥ 1 such that

|Ω| sup
(x,|s|,|t|)∈Ω×[0,Cαp]×[0,Cβq ]

F (x, s, t) ≤
( 1
p + 1

q )
∫

Ω
F (x, s2, t2)dx

|∂Ω|( 1
p |s2|p + 1

q |t2|q)
, (3.9)

where |∂Ω||s2|p > 1, |∂Ω||t2|q > 1, C is the constant given in Remark 1.1,

αp = (1 + p
q )

1
p and βq = (1 + q

p )
1
q .

We set w2 = (s2, t2) and denote r = 1
p + 1

q > 0, then it is easy to see that

Φ(w0) = 0 < 1
p + 1

q and Φ(w2) = |∂Ω|( 1
p |s2|p + 1

q |t2|
q) > 1

p + 1
q we see that

Φ(w0) < r < Φ(w2),

so the assumption (2) is satisfied. On the other hand we have

(Φ(w2)− r)Ψ(w0) + (r − Φ(w0))Ψ(w2)

Φ(w2)− Φ(w0)
= r

Ψ(w2)

Φ(w2)
= −r

∫
Ω
F (x, s2, t2)dx

|∂Ω|( 1
p |s2|p + 1

q |t2|q)
.

(3.10)
Similarly when Φ(w) ≤ r where r = 1

p + 1
q , we have ‖u‖p ≤ αp, and ‖v‖q ≤ βq.

By (1.2) we obtain ‖u‖∞ ≤ Cαp, and ‖v‖∞ ≤ Cβq. From (3.2) we have
− infw∈Φ−1((−∞,r]) Ψ(w) = sup

w∈Φ−1((−∞,r])
−Ψ(w)

≤
∫

Ω
sup

(|u|,|v|)∈[0,Cαp]×[0,Cβq ]

F (x, u, v)dx

≤ |Ω| sup
(x,|u|,|v|)∈Ω×[0,Cαp]×[0,Cβq ]

F (x, u, v). (3.11)

From (3.9), (3.10) and (3.11), we can see (3) of Theorem 3.1 is hold.
Then all conditions of Theorem 3.1 are fulfilled. We conclude that there exist a
non-empty open set ∧ ⊆ [0,∞) and a positive real number ρ with the following
property: for each λ ∈ ∧ and there exists σ > 0 such that for each µ ∈ [0, σ], the
problem (1.1) has at least three solutions in W whose norms are less than ρ. �

At last, we give two examples

Example 1. Let Ω = B(0, 1) be the unit ball of RN with N ≥ 2, set p = q =
N + 1, G(x, u, v) = x2(u2 + v2), F (x, u, v) = (1 + 2x2)(u4v2 + v4u2− 2u2v2) x ∈
Ω, u, v ∈ R, in this case the problem (1.1) becomes:

−∆pu = λ(1 + 2x2)(4u3v2 + 2v4u− 4uv2) in Ω
|∇u|p−2 ∂u

∂ν + |u|p−2u = µ2x2u on ∂Ω
−∆qv = λ(1 + 2x2)(2u4v + 4v3u2 − 4u2v) in Ω
|∇v|q−2 ∂v

∂ν + |v|q−2v = µ2x2v on ∂Ω.

(3.12)

Obviously G(x, u, v), F (x, u, v) satisfy (G0)−(G3) and (H1)−(H2) respectively.
We can see that

F (x, u, v) > 0, when |u| >
√

2 or |v| >
√

2,

and
F (x, u, v) < 0, when |u| < 1 and |v| < 1.
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It’s mean that (H3) holds. By Theorem 1.2 there exist an open interval ∧ ∈⊆ [0,∞)
and a positive constant ρ such that for any λ ∈ ∧ there exist σ > 0 and for µ ∈ [0, σ],
the problem (3.12) has at least three weak solutions whose norms are less than ρ.

Example 2. Set Ω, p, q,G(x, u, v) are the same as in example 1 and F (x, u, v) =
−ex(eu + uv − 1) In this case we have the problem:

−∆pu = −λex(eu + v) in Ω
|∇u|p−2 ∂u

∂ν + |u|p−2u = µ2x2u on ∂Ω
−∆qv = −λexu in Ω
|∇v|q−2 ∂v

∂ν + |v|q−2v = µ2x2v on ∂Ω.

(3.13)

For |s2|, |t2| ≥ 1, we can see that

−1

2
e(eCαp + C2αpβq − 1) ≤ (es2 + s2t2 − 1)(1− e)

sN+1
2 + tN+1

2

,

where C is given in Remark 1.1 and αp = βq = 2
1

N+1 are positive constants. Then
F (x, u, v) satisfies (H0)− (H2) and (H4), then by Theorem 1.2 there exist an open
interval ∧ ∈⊆ [0,∞) and a positive constant ρ such that for any λ ∈ ∧ there exist
σ > 0 and for µ ∈ [0, σ], the problem (3.13) has at least three weak solutions whose
norms are less than ρ.
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