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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A
STEKLOV SYSTEM INVOLVING THE (p,q)-LAPLACIAN

YOUNESS OUBALHAJ, BELHADJ KARIM AND ABDELLAH ZEROUALL

ABSTRACT. In this paper, we prove the existence of at least three weak solu-
tions for a quasilinear elliptic system involving a pair of (p, ¢)-Laplacian oper-
ators with Stekov boundary value conditions. Using the variational method;
the technical approach is an adaptation of a three critical points theorem due
to Ricceri.

1. Introduction

Let Q be a bounded domain in RN (N > 2), with a smooth boundary 99 and
N <p<oo, N <q< oo. We consider the system

—Apu = AF,(z,u,v) in Q,
(VulP=29% 4 |u[P=2y = pGy(z,u,v) on 09, (1.1)
—Agv = AFy(z,u,v) in Q, ’

Vo[72 82 + [0]7%0 = uGy(z,u,v)  on 99,

where A, g > 0 are real numbers, A,u = div(|Vu[P~2Vu) is the p-Laplacian, %
is the outer normal derivative, F': Q@ x Rx R — R and G : 92 x R x R — R two
functions are fulfilling appropriate conditions that we give later. F} and G; denote
the partial derivatives of F' and G with respect to t.

The existence of multiple solutions for the problems involving p-Laplacian type
elliptic operators in divergence form and related eigenvalue problems

—div(a(z, Vu)) = AF(z,u) in £,
u=20 on 0f),

was studied in [8 @], 1T 12} [I5], these results are based on some three critical points
theorems of Bonanno [5] and Ricceri [20].

The quasilinear elliptic systems involving a general (p, ¢)-Laplacain operator has
been received considerable attention in recent years. This is partly due to their
frequent appearance in applications such as; the reaction-diffusion problems, the
non-Newtonien fluids, astronomy, etc. (see for example [2]). Also these problems
are very interesting from a purely mathematical point of view as well. Many results
have been obtained on this kind of problems such as [3| [7, [I7]. The authors in [3]
studied the existence of solutions for the following problem

—Apu=F,(z,u,v) in Q,
—Agv = Fy(z,u,v) inQ,
u=v=0 on 0,
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where p,q > 1.
In the paper [21], Seyyed and al. proved the existence of three weak solutions of
the following problem

—div(ax (2, Vi) = Agi (2, ) + (@, 0,0) 0 9,
—div(az(z, Vv)) = Age(x,v) + puFy(z,u,v) in Q,
u=0, v=0, on 01},

where 1 < p,q < N, their main tool is an adaptation of a three critical points
theorem due to Recceri.

Remark 1.1. If N <r forr € {p, ¢}, by Theorem 2.2 in [I3] and Remark [1] in [I8],
we have W7 () is compactly embedded in C(Q). Defining [ullo = sup, g [u(z)],
we find that there exist a positive constant C' > 0 such that

t]loe < Cllul|, for all u € WHT(Q). (1.2)
For our work, we make the following assumptions on the functions F' and G.
(Ho) F(.,s,t) is measurable in Q for all (s,t) € R x R and F(z,.,.) is C! in
R x R for a.e. x € Q.
(Hy) There exist d(z) € L*(Q) and 0 < a < p, 0 < B < ¢, such that
F(z,s,t) <d(x)(1+ |s|* 4 [t|’) for ae. z€Qand for all (s,t) € R xR.
(Hz) F(2,0,0) =0 for a.e. z € ).

(H3z) F(z,s1,t1) > 0 for any = € Q and |s1], [t1] large enough; and there exist
M, M’ > 0 such that

F(x,s1,t1) <0, 2€Q, [s1]| <M, |t;| <M.
(H4) There exist sg,t2 € R with |sa], |t2] > 1 such that
1,1
i F(x,s9,t2)dx
o sup Fla,s,t) < 2t o Fw s t)
(a.]s].[£) €9x[0,C ] X [0,C8,) 09 (5s2(P + ¢ [t2]7)
where [0Q|[s2]P > 1, [09Q|[t2|? > 1 and C is the constant given in Remark [L.1]

i

ap, = (1+ %)%7 By = (1 + %)%. We denote by ||, (resp |0€2|) the Lebesgue
measure of €, (resp 0Q).

(Go) G is a Carathéodory function;
(G1) G(z,0,0) € L1 (09) for all z € 9Q;
(G2) Gu(z,u,v) and G, (z,u,v) are continuous with respect to u and v, for all

x € 0%

a(p—1)
(G3) there exist ¢ > 0 such that |Gy (z,u,v)| < (1 + |ulP~! + [v|” » : ) and
pla—1)

|Go(x,u,v)| < e(l+|ul ™ 7 +|v[?71), for a.e. 2 € 9N and for all (u,v) € R x R.

Our main results in this paper is the proof of the following theorem which is
based on the Recceri Theorem.
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Theorem 1.2. Assume (Go) — (Gs),(Ho) — (Hz2) and (Hj3) or (Hy4) hold. Then
there exist an open interval A C [0,00) and a positive real number p with the
following property: for each A € A, there exists o > 0 such that for each p € [0, o],
problem has at least three weak solutions whose norms are less than p.

This paper is organized as follows, section 1 contains an introduction and the
main results. In section 2, which has a preliminary character, we will give some
assumptions and facts that will be needed in the paper, in section 3 we will give
the proof of our main result.

2. PRELIMINARIES

Consider the space W = WLP(Q) x WL9(Q) equipped with the norm

[wll = llullip +[[0]l1,q, for w=(u,v) € W,

1
l1p = (/ |Vu|pdx—|—/ \u|pda>p,
Q )

1
1q= (/ |Vv|qdac+/ \v|qda)q.
Q Q

We introduce a new norm, which will be used later in this work that

where

[[u

and

o]

[wllp.q = llullp + llvllg,

1
fully = [ 19apd+ [ julrae)”.
1

folly = ([ 1voltdat [ jolrac)”.

|||l is also a norm on W(2) which is equivalent to |Jul]1, for € {p,q}. Then
Illp,q is & norm on W which is equivalent to ||.||(see [Theorem 2.1] [I0]).

Definition 2.1. We say that (u,v) € W is a weak solution of (1.1f) if

where

and

/|Vu|p*2Vquodx:/\/ Fu(x,u,v)cpdx+p/
Q Q

Gy(z,u, U)gﬁd()'*/ |u|P~2updo,
1) o9

/|Vv|q72Vvvwda:=/\/ Fy(z,u,v)pdr+p Gv(m,u,v)wda—/ |v|72vepdo,
Q Q 90 a0
for all (p,9) € W.

3. PROOF OF MAIN RESULT

To prove our Theorem we shall give a variant of Ricceri’s three critical points
theorem [19]. On the basis of [4], we state an equivalent formulation of the three
critical points theorem in [19] as follows.

Theorem 3.1. Let X be a reflexive real Banach space; ® : X — R a continuously
Gateaux differentiable and sequentially weakly lower semicontinuous C! functional,
bounded on each bounded subset of X, whose Gateaux derivative admits a contin-
uous inverse on X*; ¥ : X — R a C! functional with compact Gateaux derivative.
Assume that
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(1) lim (®(u)+ AT(u)) = oo for all A > 0, there exist » € R and ug, uq € X

[lu]|—o0

such that
(2) ®(ug) <7 < ®(wr),
| (P (u1)=r)¥(up)+(r—o(uo)) ¥ (u1)
3 inf W(u) > = @(Z(l))fq:(%)uo -

u€P~1((—o0,r])
Then there exists a non-empty open set A C [0,00) and a positive real number p
with the following property: for each A € A and every C! functional J : X — R
with compact Gateaux derivative, there exists ¢ > 0 such that for each p € [0, 0],
the equation ®'(u) + A\¥'(u) + pJ'(u) = 0 has at least three solutions in X whose
norms are less than p.

In order to apply Ricceri’s result we define &, ¥, J : W — R by:

1 1 1 1
O(w) = ;/ |VulPdx + 5/ |ulPdo + 5/ |Vo|ldz + 5/ |v|9do, (3.1)
Q a0 Q o0

U(w) =— /Q F(z,u,v)dx, (3.2)

J(w) = — G(z,u,v)do, (3.3)
o9
where w = (u,v) € W. It is clear that the weak solution of (1.1)) is a solution of
O (w) + AV (w) + pJ'(w) = 0. (3.4)

It follows that we can seek for weak solutions of problem (|1.1) by applying
Theorem [B.11
We start by proving some properties of the operator @, we first give the following
result.

Lemma 3.2. Let ® be defined as above in (3.1)), then ® a continuously Gateaux dif-
ferentiable and sequentially weakly lower semicontinuous C! functional and (@)1 :
W* — W exists and it is continuous.

Proof. Tt is clear that the functional ® is Gateaux differentiable at every (u,v) € W
and

(@ (u,v), (0, ) = /Q Vul2VuVpds + /8 il Pupdo

+/ |Vv\q’2VvV¢dx+/ [v|9 2 vpdo,
Q on

for all (p,9) € W.

® is sequentially weakly lower semicontinuous by Lemma 3.6 [21].

Moreover @' is of (S;) type. Indeed, let (w,) = (un,v,) be a sequence of W such
that w, — w = (u,v) weakly in W as n — 400 and limsup,,_, , . (®'(w,), w, —
w) <0,

(' (wn), wn —w) = [ VP 2Vun(Vun — Vu)de + [0 [P~ un (un — u)do

+ fQ |Vv,|972Vv, V (v, —v)dx + faQ [vn]97 20 (v, — v)do.

Using the compact embedding W1P(Q) — LP(99Q) and Wh9(Q) — LI(d9Q), we
obtain ngr}rloo Joq [tn P2 un (un — u)do = 0, nEIfoo Joq [vn]" 205 (v, — v)do = 0.
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Thus

lim sup/ |V, P2V, (Vu, — Vu)dr —|—/ |V, |72V, (Vu, — Vu)dr <0,
Q Q

n—-+o0o

by [[I6]theorem 4.1], we have (uy,v,) — (u, v) strongly in W as n — +o0.

Now we show that (®')~! : W* — W exists and it is continuous. First, we show
that (®') is uniformly monotone. In fact, for any ¢, € RY, we have the following
inequality (see [14]):

(ICP=2¢ = InP2n) (¢ —n) = 55[¢ — 0P, p>2.

(ISl + D> (CP=2C = InlP ) (Il =m) = (p = DIC —nf*, 1<p<2.

For wy = (u1,v1) and we = (usg, v2), we have

(3.5)

(@ (w1) — & (ws), w1 — w3) = / (IVur]P~2Vuy — [Vl 2Vus) V(g — u)dz
Q
—|—/ (Jur]P~2uy — |ua|P~2ug) (uy — ug)do
80
+ / (|V1}1|p72V01 - |VU2|p72V’U2)V(U1 - ’Ug)dl‘
Q

+/ (‘U1|p72’Ul - ‘U2|p72’t}2)(’t}1 — Uz)da',
a0
Applying (3.5), we deduce that

1 1
(‘b’(wl) — (I)l(’l,UQ)’w] — 'LUQ) Z / (2P|VU1 — VU/2|p + §|VU1 — VU2|q> dx
Q

1 1
+/ <|U1_U2|p+’111—’l)2|q> do
00 \ 2P 24

1

L Y I I )
for any wy = (uy,v1),ws = (ug,v2) € W, i.e.,®’ is uniformly monotone.
We can see that for any w € W, we have that

(@' (w),w) _ [ullp + oIl
[wllpg — llwlpa

that’s meaning ®’ is coercive on W.

The strict monotonicity of ® implies its injectivity and the coercivity implies the
surjectively, consequently the operator ®' admits an inverse mapping. Therefore,
the conclusion follows by applying Theorem 26.A [22].

It suffices to show the continuity of ®~1. Let (f,)n = (f1,, f2,) be a sequence
of W* such that f, — f = (f1,f2) in W as n — 4oo. Let w, = (un,v,) and
w = (u,v) in W such that

O (fp) =w, and ®7(f)=w.

> min{

)

By the coercivity of ®’, the sequence (w,) is bounded in the reflexive space W.
For a subsequence w = (@, 0), we have w,, — w weakly in W as n — +o00, which
implies

lim (®'(wy,) — & (w),w, —®) = lim (f, — f,w, — ) =0.

n—-+oo n—-+oo
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By the property (S4) and the continuity of @’ it follows that w,, — @ strongly in
W and @' (w,) = &' () = ®'(u) in W* as n — +o0, since @’ is an injection, we
conclude w = w ]

Lemma 3.3. Let J : W — R be defined as above. If (Gg) — (Gs) hold, then
J € CY(W,R). In particular J' : W — W* is continuous and compact.

Proof. Since G(z,u,v) is C! with respect to u, v, then for every x € 9Q there exist
a(x), B(x) in (0,1) such that

|G(z,u,v) — G(x,0,0)] < |G(z,u,v) — G(z,u,0)| + |G(z,u,0) — G(z,0,0)],
< |Gu(@, a(@)u, 0l[ul + |Gy (2, u, B(z)v]|v],

pla—1)

< (14 [ulPHlul + e+ [ul " + o] H)v|

< K(p, g, ) (1 + [ul? + [v]9).
Let (u,v) € W for every (¢,v) € W and 0 < [t| < 1, by applying the Mean
Value Theorem we obtain

/ T J(U + t@7 v+ t'(/)) B J(ua ?])
(J (U,’U), (‘P,'(/J)) - }g% t

1
= lim—f( G(z,u+tp, v+ t) —G(m,u,v)da)
o0

t—0 ¢

t—0

= —lim ( Gyu(z,u+ tap, v+ tpY)pdo + / Gy(z,u+tap, v+ t&/))wdo),
a0 0

with 0 < a = a(x), 8 = B(x) < 1, for every x € 99, G, is continuous and
}iné Gu(z,u+tap, v +1tp1Y) = Gy(z,u,v). On the other hand for |t| < 1 we have
e

a(p—1)

|Gz, u+tap, v+ tBY)e| < c(1+|u+ tap[P~! + v+ 5y el

a(p—1)
P

< (@4 (Jul + oD~ + (ol + )7 )lel.

Notice that the right hand side of the above inequality is independent of t and
integrable on 02, then the dominated convergence Theorem implies

lim Gy(z,u+ tap, v+ t6Y)pdo = / Gy(x,u,v)pdo.
t=0 Jaq a0

Similarly we have

lim Gy(z,u+ tap, v + tByY)do = Gy(z,u,v)do.
t=0 Joq le)
Therefore
/ iy J(uttevtty)—J(u,v)
(J (’LL, 'U), (Qoa VJJ)) - }g% t

= — [yq Gulz,u,v)pdo — [, Gy(z,u,v)pdo,
and J is Gateaux differentiable at any (u,v) € W and for every (p,¢) € W.
It’s clear that (J'(u,v), (¢,1)) is a linear operator. Moreover, the Nemytskii oper-
ator Ny (u,v) :— Gy(z,u,v) (resp. Ny(u,v) :— Gy(z,u,v)) is continuous bounded
operator from LP(99) into L? (9Q) (resp.L4(9) into LI (9Q)), where p' = Y
a

and q/ = ﬁ
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Now we prove that J' : W — W* is continuous, suppose that (u,,v,) — (u,v)
in W by the Holder inequality and the compact embedding W < LP(92) x L1(99)
then for every (¢,%) € W we have

(T (s vn) = ' (u, ), (9,9))]
< [ NGt 0n) = Guly )] + (G ) = Gy ,0)) ol dor
o0
< NGu(@, un, vn) — Gulz, u, U)HLP’(OQ)”‘PHP
+ [|Go (@, un, vn) — Gv(‘r»uvv)”Lq’(aQ)Hd)qu
< max{||Gu(z, un, vn) — Gulz, u,v)|| 1o 90y, [|Go (@, Un, Vn) — Go (@, u,0) || Lo (902)
x[|(0, %)

Hence

(T (s vn) = T (1, 0) [
< max{(|Gu(@, up, vn) — Gulz, uvv)”Lp’(aQ)v |G (@, un, vn) — Gv(zvuvv)”LQ’(aQ)}-

|1’77(1'

Therefore the operator T : LP (92) x L% (8Q) — W* defined by
T(Gu(z, u,0), Gy(x,u,v)) = J'(u,v)

is continuous, then the composite operator J' = ToNgol : (u,v) — J'(u,v) from
W into W* is continuous, where Ng : W — LP (99) x L9 (99) is the composite
operator Nemytskii defined by Ng(u,v) = (Ny(u,v), N,(u,v)). This implies that
J € CY(W,R), and

(J'(w), (¢, ) = — | Gulz,u,v)pdo — [ Gy(z,u,v)¢do
o0 o0

Therefore J' : W — W* is compact. (I

Lemma 3.4. Let ¥ defined as above in (3.2), then ¥ is C!, in particular ¥’ is

continuous and compact.

Proof. It can be show easily that ¥ is a C' functional ([I] Theorem 2.9), and

(¥ (u,v), (p, 7)) = —/QFu(x,u,v)godx -/, Fy(z,u,v)yd.

The continuity of ¥’ can be proved like the continuity of J’.
Using the compactly of the embedding W1 (Q) < L"(Q2) where r € {p,q}, we
deduce that ¥’ is compact. O

Proof of Theorem[1.2 From Lemma [3.2] B3] [3.4] the functional ® is continuously
Gateaux differentiable and sequentially weakly lower semicontinuous C'! functional,
bounded on each bounded subset of W, whose Géteaux derivative admits a contin-
uous inverse on W*; ¥ : W — R a C! functional with compact Gateaux derivative,
and J is well defined and continuously Gateaux differentiable on W, with compact
derivative.

Now we show that the hypotheses (1), (2) and (3) of Theorem are fulfilled.
For w € W, we have
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O(w) = %fQ |VulPdz + % Joq lulPdo + % Jo IVo|%dz + %fm |v|%do,
= 2 llullf + 2 lvllg
> min{L, Ly(ullp + [v]2)
Z cr([[ully +vl3),

where ¢; = min{l 1
From (Hy) we have U(w) > — [ d(@)(1+ |[u]* + |v]?)dz, thus

W(w) > —[ld(@)]| o ey (12 + [l Gy + 0] 0.
SO
(w) = —co(1+ ul$a oy + 0] 5 -

consequently we obtain
U(w) > —cy(1+ [lully + [lo]l7),

for any w = (u,v) € W, where ¢y and ¢, are positives constant.
Combining two inequalities above, we have

O(w) + A0 (w) > er([[ullh + [[o]l§) = A (1 + [fully + [[oll)
Since 0 < a < p, 0< B < g, it follows that
lim (®(w)+ AT (w)) = +o0.

flw][—=+o00
Then condition (1) of Theorem is satisfied.
Next, we will prove the condition (2) and (3), for that we consider two cases:
case (I): The assumption (Hg) holds, i.e., there exist |s1] > 1, [t1] > 1 such
that F(x,s1,t1) > 0 for any x € €, and there exist M > 0, M’ > 0 such that
F(x,s1,t1) <0 for any x € Q and |s1| < M, |t1] < M, set a = min{C, M}, b=
min{C, M'}, where C is defined in remark then we have

/ sup F(z,s,t)de <0< / F(x,s1,t1)dx. (3.6)
(Isl,1t])€[0,a] x[0,5] Q

Now we set wy = (0,0) and wy = (s1,¢1) and r = min{%(%)p, é(%)q} > 0, it is
clear that

D(wp) =0 =T(wp) and ®(wp) < r < ®(wy),

o (2) of Theorem is satisfied.
When ®(w) < r it’s means that %Huﬂg + %Hvﬂg < r, we deduce that C|lull, < a
and Cllv|lq < b, from (1.2) we obtain ||u|s < @ and ||v||oc < b. On the other hand,

we have
(®(wy) — )T (wp) + (r — @(wo)) ¥ (w1) _ T\Il(wl) - Jo F(x, s1,t1)dx -0
B(wr) — B(wo) w) ~ 109 Esi + L)
(3.7
From (3.2) and (3.6, we deduce
— inf U(w) = sup —U(w) < / sup F(z,u,v)dx < 0.
wed =1 ((—o0,r]) weP L ((—oo,r]) Q (Jul,|v])€[0,a]x[0,0]
(3.8)
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From (3.7) and (3.8) we obtain

: (®(ws) = r)¥(wo) + (r — P(wo))¥(w1)
w€<I>*1H(1(f—oo,r]) \Il(w) Z <I>(w1) — (I)(wo) ’

thus (3) of Theorem is hold.
case (ITI) (H4) holds, then there exist so,t2 € R with |sa|, [t2| > 1 such that

fQ T, 82, t2)dx

| sup Plasit) < NET)
(2|51, t)) €2x[0,Cay) x[0,0B,] Iaﬂl(;\Szlp + 2 t2]9)
where |09)|s2|P > 1, |0Q]|t2]? > 1, C is the constant given in Remark [L.1]
1 1
=(1+E5)r and By = (1+ 1)v.
We set wo = (s2,t2) and denote r = % + % > 0, then it is easy to see that
D(wp) =0 < % + % and ®(wq) = \3Q|(%|52|p + é|t2|q) > zl) + % we see that
D(wp) <1 < P(ws),
so the assumption (2) is satisfied. On the other hand we have
(P(w2) — )T (wo) + (r — P(wp)) ¥ (ws) _ T\If(wg) - Jo F(z, s2,t2)dx
®(wz) — (wo) P (ws) 10 (5 |s2|P + S [t2]9)"
(3.10)
Similarly when ®(w) < r where r = = —|— =, we have |Jull, < ap, and ||v||q < By
By (1.2) we obtain ||ullec < Cayp, and Hv||DO < CBy. From we have
lnwaCP L((—o0,r]) \IJ(U)) = sup _\Il( )
wed 1 ((—oo,r])
< Jq sup F(z,u,v)dz
(Jul,[v])€[0,Carp]x[0,C 8]
< |9 sup F(z,u,v). (3.11)

(m,]u],|v]) €Q2x[0,Cap] x[0,C8,]
From (3.9), and (3.11), we can see (3) of Theorem is hold.
Then all conditions of Theorem [B.1] are fulfilled. We conclude that there exist a
non-empty open set A C [0,00) and a positive real number p with the following
property: for each A € A and there exists o > 0 such that for each u € [0, 0], the
problem has at least three solutions in W whose norms are less than p. [

At last, we give two examples

Example 1. Let Q = B(0,1) be the unit ball of RY with N > 2, set p = ¢ =
N+1, G(z,u,v) =2?(wu?+v?), F(z,u,v)=(1+22%)(u?+v*u?—2u%?) z €
Q, w,v € R, in this case the problem becomes:
—Apu = A1+ 22%)(4u3v? + 20ty — 4uv?)  in Q
|VulP=2% 4 |ulP~2y = p222u on 99
—Agv = A1+ 22?)(2utv + 403u? — 4u?v)  in Q
|Vv|q_2% + 0|77 20 = p2z2v on 0f).
Obviously G(z,u,v), F(x,u,v) satisfy (Gg)—(Gs) and (Hy)—(Hz) respectively.
We can see that

(3.12)

F(z,u,v) >0, when |u| > V2 or |v] > V2,

and
F(z,u,v) <0, when |u|] <1 and |v] <1.
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It’s mean that (Hs) holds. By Theorem [1.2]there exist an open interval A €C [0, 00)
and a positive constant p such that for any A € A there exist o > 0 and for u € [0, o],
the problem (3.12)) has at least three weak solutions whose norms are less than p.

Example 2. Set Q,p, ¢, G(x,u,v) are the same as in example 1 and F(z,u,v) =
—e*(e* +uv — 1) In this case we have the problem:

—Apu = —Ae”(e" +v) in
|Vu[P=29% 4 [u[P~2u = p22%u  on 00 (3.13)
—Aqv = —Xeu in Q '

[V]1728Y 4 9|92y = 2220 on ON.
For |sa], |t2] > 1, we can see that

(e%2 + s9to — 1)(1 — )
N N '
SVHT N

1
—Ee(eco‘p +C?apB, — 1) <

where C is given in Remark and ap, = B4 = VT are positive constants. Then
F(z,u,v) satisfies (Ho) — (Hz) and (Hg), then by Theorem [L.2] there exist an open
interval A €C [0,00) and a positive constant p such that for any A € A there exist
o > 0 and for y € [0, o], the problem has at least three weak solutions whose
norms are less than p.
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