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Abstract: For q € (0,1), a g — deformation of the continuity equation is introduced using the g- derivative (or Jackson derivative). By

quantum calculus, we solve these equations.
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1. Introduction

A continuity equation in physics is an equation that
describes the transport of some quantity. It is particularly
simple and powerful when applied to a conserved quantity,
but it can be generalized to apply to any extensive quantity.
Since mass, energy, momentum, electric charge and other
natural quantities are conserved under their respective
appropriate conditions, a variety of physical phenomena may
be described using continuity equations. Continuity
equations are a stronger, local form of conservation laws.
For example, a weak version of the law of conservation of
energy states that energy can neither be created nor
destroyed i.e., the total amount of energy in the universe is
fixed. This statement does not rule out the possibility that a
quantity of energy could disappear from one point while
simultaneously appearing at another point. A stronger
statement is that energy is locally conserved: energy can
neither be created nor destroyed, nor can it “’teleport” from
one place to another, it can only move by a continuous
flow.Acontinuityequationisthemathematicalwaytoexpressthis
kindofstatement. For example, the continuity equation for
electric charge states that the amount of electric charge in
any volume of space can only change by the amount of
electric current flowing into or out of that volume through its
boundaries. An alternative expression of the continuity
equation for a species in the atmosphere can be derived
relative to a frame reference moving with the local flow; this
is called the Lagrangian approach. Consider a fluid element
at location X, at time t. We wish to know where this element
will be located at a later time t. We define a transition
probability density such that the probability that the fluid
element will have moved to within a volume
(dx,dy,dz)centered at location X at time t. Continuity
equations more generally can include “source” and “sink”
terms, which allow them to describe quantities that are often
but not always conserved, such as the density of a molecular
species which can be created or destroyed by chemical
reactions. In an everyday example, there is a continuity
equation for the number of people alive; it has a “source
term” to account for people being born, and a ’sink term” to
account for people dying.

Any continuity equation can be expressed in an “integral
form” in terms of a flux integral, which applies to any finite
region, or in a differential form interms of the divergence
operator) which applies at a point. Continuity equations
underlie more specific transport equations such as the
convection diffusion equation, Boltzmann transport
equation, and Navier-Stokes equations.

A continuity equation is useful when a flux can be defined.
To define flux, first there must be a quantity Q which can
flow or move, such as mass, energy, electric charge,
momentum, number of molecules, etc. Let p be the volume
density of this quantity, that is, the amount of Q per unit
volume.

By the divergence theorem, a general continuity equation

can also be written in a differential form:

dp :

3t +V-j=0o
where V is divergence, p is the amount of the quantity Q per
unit volume, j is the flux of Q, t is time, o is the generation
of Q per unit volume per unit time. Terms that generate Q
(i.e. o> 0) or remove Q (i.e. o < 0) are referred to as a
”sources” and “’sinks” respectively. This general equation
may be used to derive any continuity equation, ranging from
as simple as the volume continuity equation to as
complicated as the Navier-Stokes equations. This equation
also generalizes the advection equation. Other equations in
physics, such as Gauss’s law of the electric field and Gauss’s
law for gravity, have a similar mathematical form to the
continuity equation, but are not usually referred to by the
term “continuity equation”, because j in those cases does not
represent the flow of a real physical quantity. In the case that
Q is a conserved quantity that cannot be created or destroyed
(such as energy), o = 0 and the equations becomes:

o

At +V-i=0
In electromagnetic theory, the continuity equation is an
empirical law expressing (local) charge conservation.
Mathematically it is an automatic consequence of Maxwell’s
equations, although charge conservation is more
fundamental than Maxwell’s equations. It states that the
divergence of the current density j (in amperes per square
meter) is equal to the negative rate of change of the charge
density p (in coulombs per cubic metre),

. ap
'F-_;=—E

Current is the movement of charge. The continuity equation
says that if charge is moving out of a differential volume
(i.e. divergence of current density is positive) then the
amount of charge within that volume is going to decrease, so
the rate of change of charge density is negative. Therefore,
the continuity equation amounts to a conservation of charge.
If magnetic monopoles exist, there would be a continuity
equation for monopole currents as well, see the monopole
article for background and the duality between electric and
magnetic currents. In fluid dynamics, the continuity equation
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states that the rate at which mass enters a system is equal to
the rate at which mass leaves the system plus the
accumulation of mass within the system. Conservation of
energy says that energy cannot be created or destroyed. (See
below for the nuances associated with general relativity.)
Therefore, there is a continuity equation for energy flow:

bu V- 0
at T Q=

Where u is a local energy density (energy per unit volume),
Q is energy flux (transfer of energy per unit cross-sectional
area per unit time) as a vector. An important practical
example is the flow of heat. When heat flows inside a solid,
the continuity equation can be combined with Fourier’s law
(heat flux is proportional to temperature gradient) to arrive at
the heat equation. The equation of heat flow mayalso have
source terms: although energy cannot becreated or
destroyed, heat can be created from other types of energy,
for example via friction or joule heating.

In recent years the q-deformation of the Heisemburg
commutation relation has drawn attention. In the paper [10],
the purpose was to understand the probability distribution of
a non-commutative random variable a + a*, where a is a
bounded operator on some Hilbert space satisfying

aa” +ga‘a =1, (1
for some q € [—1,1). The calculation is inspired by the case,
q = 0, where a and a*, turn out to be the left and right shift
on [2(N), In this case a and a®, can be quite nicely
represented as operators on the Hardy class #?of all
analytic functions on the unit disk with L? limits toward the
boundary.

Subsequently, they find a measure y,, q € [—1,1), on the
complex plane that replaces the Lebesgue measure on the
unit circle in the above: puq is concentrated on a family of

R R . . 1
concentric circle, the largest of which has the radlus\/l—Tq .
Their representation space (see[10]) will be $*(D,, 1, ) the

completion of the analytic functions on 3, = {z € Clz|?> <

171—g (1—q)}with respect to the inner product defined by«g.
In this space annihilation operator a is represented by a g
difference operator D,. As g tends to 1, u,will tend to the
Gauss measure on C and D, becomes differentiation. So, it is
natural to ask what is the g - deformation of the continuity
equation. This paper organized as follows. In Section 2, we
briefly recall well-known results on g - calculus, Jackson
derivative (or g -derivative) and useful representations. In
Section 3, we introduce g -continuity equation and we
deduced some theorems.

2. Preliminaries

We recall some basic notations of the language of g-calculus

Occasionally we shall write [oo], for the limit of these

numbers: (1— The q factorials and g binomial coefficients

are defined naturally as

[n];! = [1]; - [2]; - [n]q with [0], =
Recall that from [10], for g € (—1,1). relation (1) admits,
up to unitary equivalence, a unique non-trivial bounded

irreducible representation given on the canonical basis
{e,|n € N} of I2(N)by:

Laey =ep,
i. aey = Inl e,y
iii. {e, . eyt = Gy ﬁ-L[:rl],;.:.

For g € (0,1) and analytic f: C — Cdefine operators Z and
D, as follows (see [7, 9, 10])

(@f)(z) = zf(z)

F@—fg)
(Df)) =1 zi—q@ * °7
f(0)

The operatorD, has the following properties:
i. limga, (D, £)(2) =f'{z]
i. D (z") = [n] 2"~
ii. D {f{z Yg(z)) {qu}{z]g{z] -I-f{qz]{ﬂq.g}
fiz I:D.- "K'Q'K'—flx'ﬂ:ﬂ.-gum
. B (gum)_ giz1gigz) ’

It is well known ([10]) that the operators D, and Z give a
bounded representation of (1), i.e., D, and Z satisfy

D,Z —qZD, =1
With respect to the measure (see [10])

D=g=<landn =

where 4, is the normalized Lebesgue measure on the circle
with radiusry,, they define the inner product

(f.g)uy = f &) g(z)ug(dz)

forall f,g € $%(D,, 1, ). Note that u, — py when g — 0,
where p, is the normalized Lebsgue measure on the unit
circle and that, in the limit g T 1,u, tends to the Gauss
measure on the complex plane. The identification a = D,and
a* = Z determine a representation of (1) on $*(D,, ). In
particular, with e, :== z", (i),(ii) and (iii) are satisfied, and
therefore Dy = Z. For more details see Ref. [10].

3. g-Continuity Equation

Let g € (0,1). Recall that

(see [1, 2, 7, 9, 10]). The natural number n has the following D, . flt.x) = %:qr' (2)
q deformation: And
[n]l, =1+q+q*+--- +¢"*, with [0], =0 D, .flt x) :%;:m (3)
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As a g-deformation of the continuity equation

i V.j=0
Fr A

we will study the following equation
Dq‘ tP = _Dq' 2]

Theorem3.1. For q € (0,1), the g-continuity equation (4)
gives

plt, x) = py (x) +£Z g' (j{q"t. qt) —j(q"t.x])

i=n
Where j(t..) € $°(D,. u,) and
limi_po(t..) =gy € f]:{ﬁbq...uq} are given.
Proof: From equation (2) we get

plt.x) —plgt.x) _ j(t.qx) —j(t.x)
til-q) x(1—gq)
plgt.x) — plg*t.x)  jlgt.qx) — j(qt.x)
gt - x

_i(g" . qx) — jg" 't x)
qk—l.t - ¥
Then, we obtain

plg™tt.x) — plg®, x)

plt.x) — plgt.x) = %{j{t. gt) — j(t.x))

plgt.x) — plg*t,x) =%U(qt.qx] — jlgt.x))

plg" ‘e x)plg¥t.xk q ;"Lg{j'iq k=Lt qt)-jlg* tt.x))

Therefore, we deduce that
k-1

plt.x) — plg¥ x) = EZ q* (j (g't. gx) —j{q"t.x])

i=0
Ask — oo we get

Ee .
plt,x) = py(x) +;ZD q' (j(q't. gt} —j(q't.x])
[=
which completes the proof.

Theorem3.2. For g € (0,1), the solution of the q -
continuity equation (4) is given by

x . . .
ﬂtﬂ:ﬂtm—?Zﬁiﬂtmﬂ—ﬂmun
=0
Where p € :f]:{’ﬁq...uq} and
lim,_.jlt..) =j(t..) € :fj:{ﬁilq..luq} are given.
Proof: From equation (2) we get
plt.x) —p(gt.x) jlt.qt) —j(t.x)

t{(1—gq) x(1-gq)
Which gives
p(t. qt) — p(qt. gx) _ it g7 x) — j(t. qx)
tl-q)  gx(l-q)

.'D{t' rll;;_L-r:] - _ﬂ{qt. If'll;‘._L_rj] _ _.f':t- q;"_r:] __,l'{t. q;-'—J_x:]
Then, we get

?x{_ﬂ{t.x] — plgx, x)) = jlt. qx) — j(t. %)

qf{.ﬂ'&- qx) — plqt. qx)) = jlt. q°x) — j(t, qx)

. B x . . . .
g = (pt.g* x> plgt. g ))= (2. g"x)- (e, g* )
Then, we obtain

k-1
X

?Z q (p(t. q't)-plgt. g'x) )=j'it. g x)- j(t.x)
=0

Ask — oo we get

jEx) =jt,0) -

o | =

q' (p(t.q'x) — plgt.q'))
=0

as desired.

References

[1] W. H. Abdi, On certain g-difference equations and q-
Laplace transforms, Proc. Nat. Inst. Sci. India Acad , 28
A, pp. 1-15, (1962).

[2] C. R. Adams, On the linear ordinary g-difference
equation, Am. Math. Ser., 11, 30, pp. 195-205, (1929).

[3] Sami.H.Altoum,qg-
deformationofTransonicGasEquation,JournalofMathem
aticsandStatistics,14(2018),88-93.

[4] Sami. H. Altoum, g-deformation of Transonic Gas
Equation, American Journal of Applied Sciences, 15
(2018), 261-266.

[5] S. H. Altoum., H. A. Othman, H. Rguigui, Quantum
white noise Gaussian kernel operators, Chaos, Solitons
& Fractals, 104 (2017), 468-476.

[6] G. Bangerezako, Varitional g-calculus, J. Math. Anal.
Appl. , 289, pp. 650-665, (2004).

[7] G. Gasper and M. Rahman, Basic hypergeometric
series. Vol 35 of Encyclopedia Of Mathematics And Its
Application, Cambridge Universty Press, Cambridge
(1990). [8] I. M. Gel’fand and G. E. Shilov, Generalized
Functions, Vol.l. Academic Press, Inc., New York,
1968.

[8] H.F. Jackson, g-Difference equations, Am. J. Math., 32,
pp. 305-314, (1910).

[9] H. V. Leeuwen and H. Maassen, A g-deformation of the
Gauss distribution. Journal of mathematical physic
36(9), 4743-4756 (1995).

[10] T. E. Mason, On properties of the solution of linear g-
difference equations with entire function coeffcients,
Am. J. Math., 37, pp. 439-444, (1915).

[11]P. Protter, Stochastic integration and Differential
equations , A New Approach. Springer, Berlin, (1992).

[12]H. Rguigui, Quantum Ornstein-Uhlenbeck semigroups,
Qunantum Studies: Math. and Foundations, 2, 159-175,
(2015).

Volume 8 Issue 10, October 2019

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20201322 10.21275/ART20201322 502



International Journal of Science and Research (IJSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

[13]H. Rguigui, Quantum A-potentials associated to
quantum Ornstein - Uhlenbeck semigroups, Chaos,
Solitons & Fractals, Vol. 73, 80-89, (2015).

[14]H. Rguigui, Characterization of the QWN-conservation
operator, Chaos, Solitons & Fractals, Volume 84, 41-48,
(2016).

[15] H.Rguigui,WickDifferentialandPoissonEquationsAssoci
atedToTheQWN-EulerOperatorActingOnGeneralized
Operators, Mathematica Slo., 66 (2016), No. 6, 1487-
1500.

[16]H. Rguigui, Fractional Number Operator and
Associated Fractional Diffusion Equations, Math Phys
Anal Geom, 21:1-17, (2018).

[17]H. Rguigui, Characterization Theorems for the
Quantum White Noise Gross Laplacian and
Applications,Complex Anal. Oper. Theory, 12:1637-
1656, (2018).

[18]R. Rundnicki, K. Pichor and M. Tyran-Kaminska,
Markov semigroups and their applications, Dynamics of
Dissipation, Volume 597 of the series Lecture Notes in
Physics pp. 215-238, Springer Berlin Heidelberg
(2002).

Volume 8 Issue 10, October 2019

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20201322 10.21275/ART20201322 503





