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Abstract: A speed control DC motor has been modeled from first principle and stochastic output obtained by simulation in MATLAB.
Disturbances are injected randomly at each step input producing stochastic output. The output error was observed to follow Gaussian
distribution hence Kalman filter was used to investigate the effect of the state and output disturbance on the estimate of DC motor state
hence output. Simulation results show that increasing the DC motor state disturbance moves the estimated output close to the measured
output. But increasing output disturbance moves the estimated state away from the measured state.
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1. Introduction

DC motor is the most commonly used actuator in some
industrial control systems and robotics. Due to its ability to
move linearly and rotate, the DC motor can be used to
provide output that can be angular position, velocity or
acceleration. Figure 1 shows the electrical and mechanical
components of a DC motor. It consists of the rotating
armature called rotor on which is wound turns of coils. The
stationary part called stator provides the magnetic field. The
reverse holds for brushless DC motor where the rotor
produces the field and the stator holds the coil [1]. Other
configuration exists but this is the most common
configuration.

>

Figure 1: Free body diagrams for the electrical and
mechanical parts of a DC motor

The DC motor is given a current necessary to create
magnetic field for starting it up, a process called excitation.
This can be separately-excited, where the excitation current
is from an external source or self excited in which the DC
motor supplies the excitation current. In separately-excited
DC motor, the field current can be varied externally for flux
control leading to variation of electrical constant hence
stochastic output [2].

This paper presents a method for simulating DC motor
subjected to varying load torque and measurement noise in
MATLAB. The resulting stochastic speed output of the DC
motor tracking error is examined. Thereafter, Kalman filter
algorithm is formulated and used to estimate the output
under different state disturbance and measurement noise.

2. Literature Review

The outputs of DC motor are assumed to be deterministic in
nature but in actual case, the outputs are stochastic. This
stochastic output results from varying load torque, sensor
noise and error in motor parameter estimates[3]. This
therefore makes the model less representative of the actual
DC motor. If the effect of stochastic output is not accounted
for during modeling, it can result in model which produces
biased prediction hence difficult to control. The disturbance
and noise input affect the state and the output respectively
and are believed to follow Gaussian distribution [4].
Consequently, using the models obtained in this form pose
problems for control system design.

To design controller for speed control of such DC motor
involves different techniques starting from the modeling
phase. One way is to use a model reference adaptive control
(MRAC) [5] where the control law is designed to ensure that
the plant output follows a given model even in the presence
of parameter change or disturbances in the plant. Other
apply a more intuitive and logical approach of stochastic
model predictive control which determines the optimal
control moves to apply to the DC motor in the presence of
uncertainties [6, 7, 8]. The advantage of this approach is that
the control moves can still perform satisfactorily even in the
presence of up to 20 % model error [8]. But the setback of
this approach is that it can be computationally demanding
especially when DC motor model is obtained from step test.

Lyapunov stability criterion can be used to design optimal
state feedback for the DC motor speed control if the states
can be measured accurately [9]. The minimization of the
Lyapunov function produces the optimal control input to the
DC motor while the adaptive control provides the
compensation for poor control performance resulting from
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model error. But when a system state cannot be measured
accurately, observer is used for state estimation for
deterministic systems [10]. For stochastic systems, Kalman
filter is used for state estimation hence output estimation.
Kalman filter, an optimal state estimator is used to estimate
the state of a system subjected to both process disturbance
and output measurement noise. It does that by using
prediction and update to obtain the estimate of the state from
predicted state recursively [11, 12]. The Kalman gain forms
part of the correction term for both the state and the
covariance matrix.

3. Methodology
3.1 DC Motor Modeling

The force on a conductor within a magnetic field is given by
equation 1 while the torque resulting from such force is
given by equation 2. Equation 3 gives the torque for P
number of turns while equation 4 is the back emf produced
due to the rotating armature.

F = Bil 1)
T = @i 2
T = P®i=kyi (3)
E = k,0 (4)

Applying Newton’s second law of motion to the mechanical
part gives equation 5.
J6 =kyi-bO-T, (5)
Applying Kirchoff’s voltage law to the electrical part results
in equation 6.
k€ + Ri+ L% = Vi, 6)
B is the flux density, i is the magnitude of the current
flowing, | is the length of the conductor, @ is the flux, k; is
the torque constant and k, is the electrical constant [13].
To obtain the state space model of the DC motor taking
angular position, angular speed and armature current as state
variables, equations 5 and 6 are expressed as equations 7 and
8 respectively.
2 =k]—1i—$é—%Tl @
= =1/, [u—k6 —Ri (8)
Using equations (7) and (8) with the state variables as
[X1X,X5]"=[606i]", implies
0
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X

Equations 9 and 10 can be written in compact discrete form
as equations 11 and 12.
x(k +1) = Ax(k) + Bu(k) + Byuy (k) (11)
y=Cx(k+1)+ S, (12)

The load torque T; in equation 9 is the process disturbance
input while S in equation 10 is the measurement noise both
assumed to be Gaussian distributed with zero mean and a
non zero variance.

3.2 Kalman Filter Algorithm

The algorithm for state estimation using Kalman filter is

stated below where W and V are noise covariance for states

and outputs respectively;

a) Assume an initial state estimate x(0)=x and initial
covariance matrix P(0)=P.

b) Predict the next state X(k) and the next covariance
matrix P.

x(k) = A%(k — 1) + Bu(k) (13)
P(k) = AP(k — DAT + W (14)
(c) Compute the Kalman gain K.
Pk)CT
K (k) = (cek)CT)+V (15)

(d) Take measurement of speed output y(k) and compute the
predicted output. (k)

yk) = Cx(k) (16)
(e) Update the prediction to next estimate

x(k) = x(k) + K(O{y(k)-9(k)} (17)
(f) Update the covariance matrix

P(k) = (I — K(k)C)P (k) (18)

Repeat the process until the Kalman gain minimizes the
prediction error.

A is the state matrix of the DC motor, B is the input matrix
and C is the output matrix.

The performance of this algorithm depends on both the
context knowledge and the quality of measurement. When
the context knowledge which leads to better prediction is
better than measurement, the state estimate approaches the
predicted state. On the other hand, if the measurement is
better than the context knowledge, the prediction approaches
the measurement.

3.3. Simulating Disturbance and Noise Input to the DC
Motor

MATLAB is used to simulate the noise and disturbance
input using the DC motor parameters given in table 1.

Tablel: DC motor parameter values

Parameters Symbols values
Moment of inertia J 2 Kgm?/s
Friction coefficient B 1 Js/rad

Torque constant Ky 2 Vs/rad

Electrical constant K, 20 J/IA
Resistance R 10Q
Inductance L 0.5H

Putting Table 1 into equation 9 and 10 gives

X1 0 1 0 11X 0 0
X,[=10 -05 1 [[X2]+ Ol Vip - IO.S] T, (19)
X3 0 -4 =20iLX; 2 0
Y=[010].

Equation 19 is the state space model of the DC motor. The
load torque varies randomly with mean of 30 and the
random noise has mean of 0 and variance 0.001. Simulating
the step response 400 times, and taking steady state error,
figure 2 is obtained. Figure 3a shows the resulting open loop
DC motor with output noise and variable disturbance in the
state while figure 3b shows the error that follows Gaussian
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distribution. The mesh plot of the tracking error to show the
error in three dimensions produces a rough surface as shown
in figure 2. This results from the stochastic nature of the
output speed due to the combined effect of the varying load
torque and the measurement noise. The orientation of the
resulting error changes with values of the DC motor
parameters. Figure 3a shows the rough step response as
opposed to the smooth response that characterizes noiseless
DC motor. Figure 3b shows that the noise effect follows
Gaussian distribution with zero mean and given variance.

orror for varying torque across step

Figure 2: Tracking errors when load torque is randomly
injected at each data set.

DC motor with output noise PDF of tracking error

speed error (radls)

a time b

Figure 3: DC motor with output noise

error

Since the output to a step response for the DC motor is
stochastic as shown by figure 2 and 3, The output can be
estimated by using Kalman filter.

4. Effects of State and Output disturbance on
Quality of Estimate

The state estimation is carried out by following the
algorithms stated in section 3. The output matrix as shown in
equation 19 implies the output is the speed of the DC motor.
Figure 4 shows the DC motor measured and estimated
outputs with state disturbance w=0.001 and measurement
noise v=1. Figure 5 shows same but w=1000.

It can be seen from figures 4 and 5 that the Kalman filter
estimated the speed output of the DC motor closely. Figure 4
with small value of state disturbance w, shows deviation of
the estimated output from the measured output. Figure 5
with larger value of the state disturbance has estimated
output more closely matching the measured output.

The state disturbance was kept at w=1 while the output
disturbance v=0.001. Figure 6 shows the measured and the
estimated outputs for the motor speed. Figure 7 shows
estimated and measured output for v=1000.Figure 6 with a
low value of measurement noise v has the estimated output

more closely matching the measured output compared to
figure 7 with higher measurement noise v.
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Figure 4: Measured and estimated speed for state
disturbance w=0.001.
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Figure 4: Measured and estimated speed for state
disturbance w=1000
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Figure 6: Measured and estimated speed for output
disturbance v=0.001.

This is the reverse of figures 4 and 5 where the higher state
disturbance produces estimated output that more closely
matches the measured out.
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Figure 7: Measured and estimated speed for output
disturbance v=1000.

5. Conclusion

The DC motor subjected to varying load torque and
measurement noise has been modeled. The disturbances has
been simulated in MATLAB and seen to follow Gaussian
distribution. Estimating the states using Kalman filter
provides two contrasting results. The estimated state
approaches the measured state when the state disturbance is
higher than when it is lower. On the other hand, the
estimated state approaches measured state when the
measurement noise is lower than when it is higher.
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