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Abstract: Fibonacci and Lucas polynomials are special cases of Chebyshev polynomial. There are two types of Chebyshev polynomials,
a Chebyshev polynomial of first kind and a Chebyshev polynomial of second kind. Chebyshev polynomial of second kind can be derived
from the Chebyshev polynomial of first kind. Chebyshev polynomial is a polynomial of degree n and satisfies a second order
homogenous differential equation. We consider the difference equations which are related with Chebyshev, Fibonacci and Lucas
polynomials. Thus Chebyshev polynomial of second kind plays an important role in finding the recurrence relations with Fibonacci and

Lucas polynomials.
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1. Introduction

Fibonacci and Lucas polynomials are special cases of
Chebyshev polynomials.

We consider the sequences generated by homogenous
second order difference equation [2]

Ui = aUy + buyg, n = 1 and uy = and u; are constant
coefficients. Consider the case when a= 1, b=1, then up; =
U, + Ung, then the generalized Fibonacci Numbers H, are
produced.

Further uy = 0, u; =1 leads to Fibonacci Numbers F, and ug
=2 and u; =1 gives Lucas Numbers L,

If a and b are polynomials in X, then a sequence of
polynomials is generated.

In particular, if a = 2x and b = -1, we get Chebyshev
polynomial of First kind T,(x)

For To=1, Ty =X, Tps1(X) = 2XT(X) - Tha(X)

If up = 1, u; =2x, we get Chebyshev polynomial of second
kind Up(x),

Un+1(x) =2x Un(x) - Un-l(x)

If a =x and b=1 with initial conditions Uy = 0, U; = 1, we get
Fibonacci polynomial Fp(x),

Frea(X) = X Fn(X) + Fra(X), Fo(X) = 1, Fy(x) = 1

If a = x and b = 1 with the initial conditions Uy = 2, U; = 1,
we get Lucas polynomial L,(x),

Lns1(X) =X Ln(X) + Lpa(X), Lo(X) = 2, Ly(x) = 1

The Fibonacci and Lucas Numbers are related by Chebyshev
polynomials by the equation

Fara(X) = 1" Un(i/2) and Ly(X) = 20" T(i/2)

Tn (T (i/2) =i™/2 (L)

Un (Tm (i/2) = i™ Frngery / Fm

Second order linear recurrence sequences,

Q) Ta(X) = 1/2{ (x +Vx? - 1)"+ { (x - Vx?-1)" }

b) Un(x) =(1/ 2V 1){ (x + Vx? - )™ - { (x - Vx? - )™ }
€) Fa()= (1/ 2" Vx+ 4) { (x + Va? + 4)" - { (x - Vx* + 4)" }

LX) = (17 2" (x+ Va2 + 4" + { (x - Vx? + 4)"
}Recurrence Relations: If x = Cos 6, then we

have the following Lemmas.

Lemmal.1: Tnea(X) = X Ta(X) - (1- X3)Up1 (X)

Proof: T,.1(X) = Ty.1(cos ) = Cos (n+1) 8 = Cos nd Cos 0 -
Sinn# Sin 6

= Ta(Cos ) Cos 6 - U,.1(cos ) sin? 6

=X Tn(x) - (1' XZ) Un—l (X)

Lemmal.2: U,(x) = U,(Cos 8) = Sin (n+1) 8 / Sin 6
=(Sinn 6 Cos @ + Cosn @ Sin ) / Sin 6

=Cos 0 U, 4(x) + Cosn 0

=X Un.a(X) + T (X)

Following points should be noted.

Remarks

1) The relationship between the sequences F,(x) and L,(X)
is like the relationship between sine and cosine. e.g. F,, =
F, L, which is similar to sin 2x = 2sinx cosx

2) If x=1, then we get Fibonacci and Lucas Numbers, F,and
L,

3) Chebyshev polynomial of first kind T,(x) are orthogonal
with respect to weight
UNT-x

4) Chebyshev polynomial of second kind Up(x) are
orthogonal with respect to weight V1 — x?

Lemmal.3 : f_11 Tn (x) Tm (x) dx \/Tixz
=z, if n=m=0

=n/2,ifn=m=#0 X

=0,ifn#m

Lemmal.4:

[1, Un () Um () V1 - dx

=z /2,if n = m recurrence relations
=0,ifn#m

Identity 1.5: Tpe1(X) = 2X Tp(X) - Tha(X)

Proof: To(x) ={ (x -V x % - 1)"+ (x + V x 2 - 1)"} / 2, To(x)
=1, T;(xX) =x

Substituting, r= (x + vV x?--1)and s = (x -V x  -- 1), we
get

Hence To(X) = (" +s" /2, r+s=2x,rs=1,r-s=2vx*-1
*)

Un) = { (x+Vx2-D)™ - { (x-Vx2--1)™ { (x+Vx
2-1)-{ (x-Vx*-- 1)}

= (" -s"N [ (r-s)

**)

Ta(X)? =[(" + ") /212 ="+ 2r" §™+ 67" [ 4 = 1P + §*" +2(rs)"
14 = (r""+ s +2)/4
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Tn+1(x) =2X Tn(x) - Tn-l(x)

Identity 1.6:T pan(X) + Trmn(X) = 2 Tn(X) To(X)

Proof: Toen(X) + Tn(X) = (™" + 8™ /2) + (r™" + s™" /2) =
I+ ") /2 + sM(s™+ sT/2

=M (" +s")/2 + 8™ (s"+ 1")/2

=" +sM/2. (rM+s™

=Th(X) 2Tm(X)

=2T(X) To(X)

Particular cases of Identity 1.6

When m = n, we have
) Tan(X) = 2 T(¥)? - To(X) = 2 To(x)*- 1

When m = n+1, we have
ii)T2n+1(X) =2 Tn+1(X) Tn(X) - Tl(X) =2 Tn+1(X) Tn(X) -X

When m = n-1, we have
1) T2n1(X) = 2 Tpa(X) Ta(X) - T-1(X) =2 Tpa(X) Ta(X) - X

Identityl.7:T pim(X) = To(X) Un(X) - Tra(X) Um-1(X)

Proof: Tpum(X) = ™™+ "™ /2

Tn(x) Um(x) - Tn-l(x) Um-l(x)

= (" +s"/2) (™ s™Dr-s - (1™ + s"Y2) (M- s™ /r-s)
:(rm+n-l . Sm+n-l +r S
Ls™ /2 (r-s)

™M (r-s) - s"M(s-r) + rMs"(r - s -s™r"(s- 1Y) /2(r-s)
"™ (r-s) - s"™ (s -r) /2(r-s)

"™ (r-s) + "™ (r -s) / 2(r-s)

rn-m + Sn—m /2

1
3

Particular cases of Identity 1.7

When n = m, we have
1) T2n(X) = Ta(X) Un(X) - Tha(X) Una(X)

When n=m =1, we have
i)To(X) =x.1-1.2=x-2
Chebyshev Polynomial of second kind
Un(x) Um(X) = ZE:O Um-n+2k (X)
Um+2(X) = Up(X) Un(X) -Um(X) - Um2(X) , m = 2
= Un(X) (U2(x) - 1) - Una(X)
U nim (X) = Un(X) Ti(X) + Trea(X) Upa(X)
We prove the following identities using (*) and (**)

Identlty 1.8 U2n+1(X) = Un(X) 2Tn+1(X)
Proof: We haveUq.1(X) = 1?2 - 522/ r-s
- (rn+1 _ Sn+l) (rn+1+ Sn+l) / r-s

- [rn+l_ Sn+1 / r_s] [rn+l+ Sn+1]

=Un(X) 2Tp41(X)

Identity 1.9 Tono(X) = 2Tpe1(X)*-1

Proof: Topa(X) = 2+ 872 /2
:(rn+l+ Sn+1)2_ 2rn+lsn+1/ 2
=(2Thn(x))* 1 2 -(rs )™

= 2Tn+1(x)2']-

m+l .n _ rn Sm+l) _ (rm+n—1 _ Sm+n—1 + rm Sn—1 _ rn—

Identity 2 Upni(X) Tonso(X) = 4Un(X) Toa(X)® - 2 Un(X)
Tr(X)

Proof: Uzna(X) Tanea(X) =2 Un(X) Toea(X) {2Tnea(X)* 1}
= AUy (%) Trea(¥)° - 2 Up(X) Trea(X)

Identity 2.1 Tyn1(X) Upnea(X) = 1/2[Ugnes] + T1 (%)

Proof: Top(X) Uzpea(X)= { 114+ s [ 23{ P2 ™3/ -5}
- r4n+4 _ S4n+4+ r2n+182n+1(r2_ SZ) } / 2(r_s)

=1/2[r*™* - S*"4 r-s] + [(rs) X (r-s)(r+s)] /2(r- S)
:1/2[U4n+3] + 1.(r+5)/2

= 1/2[Usnes] + T1 (x)
Identity 2.2 Ton1(X) = 2T pe1(X) T(X) - T1 (X)

Identity 2.3 Upn + Uy =Uper (2T))

- rm+1(rn + r—n) _ Sm+1(sr1 + S—n) / r-s

:rm+1 (rn+ Sn) _ Sm+1(rn_|_sn) /l'-S

- [rm+1 _ Sm+1 /r_s] (rn+Sn)

=U, .2T,

Similar identities in Fibonacci and Lucas polynomials can be
proved.

Identity 2.4: Frn(X)+ Fra(X) = Fn(X) Lo(x)(\ x°+4)
Identity 2.5: Liysn (X) + Linn (O=Ln(X)La(X)

W. Zhang [9] has proved the following lemmas for
Chebyshev polynomial.

Lemma 2.6: U, (Tn(X)) = Ungneny-1 (X) / Umer (X)

Lemma 2.7: T (T (X)) = T (X)

We prove similar Lemmas in Fibonacci
polynomial.

and Lucas

Lemma 2.7: Fy (L (X))= Fn (X) / 2" Frny (X)

Proof: Ly(x) = 1/2™ { (x +\ x*+4)™ + (x -V x*+4)"}
Ln(¥)?= { ((x +V x*+4)™ + (x -V x?+4)" [ 2™}

= { (x Y xP+4) P+ (x -V xP+4)"M -8 /2™ }

Now adding 4 both sides we get,

Ln(¥)? +4 = { (x +V x*+4)"" +(x -V x*+4)*™ -8 + 16 / 2" }
= L (x Y P+4) 2+ (x -\ x2+4)"" +8 /2™ }

= { (x VP4 - (x -\ xP+4)" 2™ } 2

Taking square root of both sides we get,

V Lp(})%+4 = (x +V x*+4)™ - (x -V x*+4)™/ 2™

Now Ly(x) + V Ly(X)%+4 = (x+ \ x*+4) "/ 2.2

Ln(X) - V Lip(x)?+4 = (x- V x?+4) ™/ 2™.2

As Fo(Ln(¥) = 112" V (Ln()?+4) { (L(x) + V Lip(%) +4) -
Lm () - VLn(X)? +4) }

=L (x V)™ - (x -V P+ L (x + VKP4 - (x -V
X2+4)m }

= Fan(X) / Fi (X)

Lemma 2.8 L, (L (X)) = Ly (X)

Proof: LHS = L, {1/2™ (Lm(X) + V Ln(X)? +4)™ + (Li(X) - V
Lm(X) 2+4)"}

= 1/2™ (x + V xPH+4)™+ (x - V x+4)™

=Lmn(X)
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Similar recurrence equations in Fibonacci and Lucas
Numbers are the following.

Here we consider x=1, in Fn(x) and Ln(x)

1) Fn Lo + Fon Lo = 2F

2) Ly Lo+ LiptLnsa =5 Fronnn

3) Frwilnet + Fin Lo = Linensa

Finally, we quote differential Equations for Chebyshev
polynomials and Fibonacci and Lucas polynomial are as
follows.

1) d/dx (Tn(x)) = n Up.4(X)

2) didx (Up () = £ (0+1) Toea(X) - X Up(x) 3/ x> 1
3) d/dx (Fa(X)) = {n La(X) - X Fa(X) }/ X - 4

4) d/dx (Ly(x)) =n F, (X)

2. Conclusion

Chebyshev polynomials play an important role in finding the
Fibonacci and Lucas polynomials. They are the special
classes derived from the Chebyshev polynomials. We also
observed that recurrence relations in Chebyshev polynomials
of first kind and second kind are parallel to in Fibonacci and
Lucas polynomials.

3. Applications

1) Chebyshev polynomials are the examples of orthogonal
polynomials which are related to De Moivre's formula,
can be defined recursively.

2) Theory of orthogonal polynomials is mostly applied in
analysis as an important tool in the approximation of
functions.

3) The roots of Chebyshev polynomials of first kind, are
used as nodes in polynomial interpolation.

4) However there are very important applications in coding
theory.

5) As an application in coding theory and cryptography
Lucas polynomials may be useful in the generation of
irreducible polynomials of higher degree.
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