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Abstract: Some construction methods of k-multiple resolvable balanced incomplete block designs with no repeated blocks with
parameters v = 2k, b"= 4k?-2k = kb, r'=2k? -k = kr, k, 2"=k?- k = kA are proposed with illustrations.
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1. Introduction

BIB design play important role in design of experiments
especially in field of experiments. In statistical design of
experiments the importance of BIB designs for varietal trial
was realized when in 1936 Yates discussed these designs in
the context of biological and agriculture experiments. Many
constructional methods of BIB design were given by Prof.
Fisher [7], Yates [22] and Bose [3]. These BIB designs
ensure that treatments are compared with equal precision.
Ray et al.[15] gave the solution of Kirkman’s school girl
problem which is the best example of balanced incomplete
block design.

Patterson et al. [12] described an algorithm for constructing
resolvable incomplete block designs where v is multiple of
k. These designs are called o-designs. In 1853 Steiner
proposed the problem of arranging n objects in triplets such
that every pair of objects appears in precisely one triplet
such type of arrangement is known as Steiner’s triple system
or BIB design. In United Kingdom resolvable incomplete
block designs are mostly used in statutory trials of
agricultural crop varieties. In the combinatorial context
resolvable designs have many applications in field of
experiments. Bose [4] defined the concept of resolvability
for a BIB design. The concept of resolvability to o-
resolvability where in each of the resolvable group, each
treatment appears exactly o times was further elaborated by
Shrikhande and Raghavrao [19].

A balanced incomplete block design is an arrangement of v
treatments in b blocks, of size k where each treatment
replicated r times, and every pair of treatment appears
together in A blocks. A BIB design is symmetric iff v =D
andr=Kk.

Quasi Symmetric Design - Let S be a finite set of v objects
(points), and y be a finite family of distinct k subsets of S
(blocks). Then the pair D = { S, y } is called a block design
(or 2-design) with parameters (v, b, r, k, 1). For 0 < x <k,
where an intersection number of D is x, if there exist B, B' €
ysuch that | B N B'|=x. A 2-design D is quasi-symmetric
design with two numbers of intersection x and y and 0 < x <
y < k if every two distinct blocks intersect in either x or y
points.

An incomplete block design with parameters v, b, r, k, A is
known as resolvable, if b blocks can be divides into r groups
of b/r = n blocks each n being an integer, such that n blocks
forming any of these groups give complete replication of all
the v treatments. If b = v + r - 1 and any two blocks from
different groups have k? / v treatments in common, where k?
/ v is an integer then it is called an affine resolvable design.
Any two blocks from different groups intersect in a constant
y (say) of points, the design is affine. Thus an affine design
is a type of quasi symmetric design with two type of
intersection numbers x=0 and y. An incomplete block design
is said to be a - resolvable if the blocks can be grouped into s
sets, each containing y blocks, such that in each set every
treatment occurs o (>1) times. For a — resolvable BIB
design, va = ky, b = sy and r = sa. An o- resolvable
incomplete block design is known as affine a- resolvable if
any pair of blocks from the same a- resolution set has g
treatments in common and any pair of blocks from different
sets has g, treatments in common where q; = k(a-1) / (y-1) =
k+A—randq,=ko/y=k/NV.

In the present article we study k-multiple resolvable
balanced incomplete block design with no repeated blocks.

2. Method of Construction

Let D, be an affine resolvable balanced incomplete block
design with parameters v =2k, b = 4k -2, r = 2k -1, k, A =k—
1 where v-1 = p" is a prime or prime power and X is a
primitive element of GF(p"). Design D, have initial block
sets (o0, X2 %2, ..., x*®D) (0, x 3, ..., x*¥DY Now we
interchange first element of initial block sets (e and 0) and
get another design D, with initial block sets (0, x> x*, ...,
x2®D) (o0, X 53, ..., x* DY) Similarly, we interchange the
element of each new obtained design one by one and
obtained D,, Ds ..., Dy, (k-1) new designs, now arrange Dy
D, ..., ..., Dy these k designs in form of D= [D;. Dy: ...
D] and then by developing D” we get k-multiple solution of
resolvable balanced incomplete block design with no
repeated blocks with parameters v = 2k, b"= 4k*-2k = kb,
r'=2k?* -k = kr, k, "=k* k = Ki.

Theorem 2.1 The existence of an affine resolvable balanced
incomplete block design D; with v =2k, b = 4k -2, r = 2k —
1, k, A =k—1 where v-1 = p" is a prime or prime power and x
is a primitive element of GF(p"), implies the existence of D
a k-multiple resolvable balanced incomplete block design
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with no repeated blocks with parameters v = 2k, b= 4k*-2k
= kb, r'=2k? -k = kr, k, ."=k* k = k.

Proof: Consider an affine resolvable BIB design D; with
given parameters v = 2k, b = 4k -2, r = 2k -1, k, A =k-1
where v-1 = p"is a prime or prime power and x is a primitive
element of GF(p"). Then, the solution of the design D, with
the help of initial block sets

Dy = (o0, X% X2, ..., X209 202 (0, Xt 53, L, xPKAH etet:
W . . o
Now, get another solution of the design D; which is D, with
initial block sets

D,= (0 NIV X2(k-3), X2(k-2)) (OO N X2(k-3) +1 X2(k-1)-
ple

From design D, obtained design D3 with initial block sets
D;= (0 xhx? ), X2(k-2)) (o NN CORSINC (SIS

)

We will continue this process and from the design Dy, we
get design Dy, with initial block sets

Dici = (0, X253, ..., X2 2®2) (o xO x2 . x2KIHL )
" (3)

Similarly, from the design Dy.; we get design Dy have initial
block sets

Dk: (O Xl' X3 X2(k-3)+l X2(k—2)) (oo XO, X2 X2(k—3), X2(k—1)—

pIC)

Thus, from (1) to (4) we get (k-1) new designs, arrange Dy,
Dy, ..., Dy these k designs in form of D* = [D;. D,: ...: Dy
Dy]. Hence, by developing D* we get the complete solution
of k-multiple resolvable balanced incomplete block design
with no repeated blocks with parameters

v = 2K, b= 4k*-2k = kb, r'=2k?* -k = kr, k, &"=k* k = Ki.
This complete the proof.

Example 2.2 We illustrate the theorem 2.1, if k = 6 then D,
an affine resolvable balanced incomplete block design with
the parameters

v=12,b=22,r=11, k=6, 1 =5.
Since primitive element of GF (11) is x = 2 and the solution
of the design is given by the initial block sets (0, 2°, 2, 2*,
25, 28), (0, 2%, 2%, 2°, 27, 2% that is (0, 1, 4, 5, 9, 3), (0, 2, 8,
10, 7, 6) mod 11 provides
0,1,3,4,5,9), (», 2,6,7,8, 10); (1, 2, 4, 5, 6, 10), (o, 3,
7,8,9,0);
(2,3,5,6,7,0), («, 4,8,9,10, 1); (3,4,6,7,8,1), («, 5, 9,
10, 0, 2);
D:: (4,5,7,8,9,2), («, 6,10,0, 1, 3); (5,6, 8,9, 10, 3), (x,
7,0,1,2,4);
(6,7,9,10,0,4), («,8,1,2,3,5); (7, 8,10, 0, 1, 5), (0, 9,
2,3, 4,6);
(8,9,0,1,2,6),(x 10, 3,4,5,7); (9,10, 1, 2, 3, 7), (0, O,
4,5,6,8);
(10,0, 2, 3,4,8), (=, 1,5, 6,7, 9).
Second initial block sets are (o0, 2°, 2%, 2%, 28, 28), (0, 2, 2°,
2°,27 2% thatiis (=0, 1, 4,5, 9, 3), (0, 2, 8, 10, 7, 6) mod 11
provides
(,1,3,4,5,9),(0,2,6,7,8, 10); («, 2, 4,5, 6, 10), (1, 3,
7,8,9,0);

(0, 3,5,6,7,0),(2,4,8,9, 10, 1); (o, 4,6,7,8,1), (3,5, 9,
10, 0, 2);

D,: (,5,7,8,9,2), (4,6,10,0, 1, 3); (o, 6, 8,9, 10, 3), (5,
7,0,1,2,4);

(0,7,9,10,0,4),(6,8,1,2,3,5); (»,8,10,0,1,5), (7,9,
2,3,4,6);

(2,9,0,1,2,6),(8,10,3,4,5,7); (o, 10,1, 2,3,7), (9, 0,
4,5,6,8);

(o, 0,2,3,4,8),(10,1,5,6,7,9).

Third initial block sets are (o, 2%, 22, 2%, 25, 2%), (0, 2°, 23, 2°,
2', 2% that is (=, 2, 4, 5, 9, 3), (0, 1, 8, 10, 7, 6) mod 11
provides

(o, 2,3,4,5,9),(0,1,86, 7,8, 10); (», 3, 4, 5, 6, 10), (1, 2,
7,8,9,0);

(,4,5,6,7,0),(23,8,9,10, 1); (»,5,6,7,8,1), (3, 4,9,
10, 0, 2);

Ds: (=, 6,7,8,9,2), (4,5,10,0, 1, 3); (, 7, 8,9, 10, 3), (5,
6,0,1,2, 4);

(«,8,9,10,0,4),(6,7,1,2,3,5); (=9, 10,0, 1, 5), (7, 8,
2,3,4,6);

(0, 10,0,1,2,6),(8,9,3,4,5,7); (=,0,1,2,3,7), (9, 10,
4,5,6,8);

(»,1,2,3,4,8),(10,0,5,6,7,9).

Fourth initial block sets are (oo, 2%, 28, 2% 2° 2%, (0, 2°, 2%,
25,27 29 that is («0, 2, 8, 5, 9, 3), (0, 1, 4, 10, 7, 6) mod 11

provides

(,2,3,5,8,9), (0,1, 4,6, 7,10); (o, 3,4, 6,9, 10), (1, 2,
5,7,8,0);

(o, 4,5,7,10,0), (2,3,6,8,9, 1); (o, 5,6,8,0,1), (3,4, 7,
9, 10, 2);

Dy (0, 6,7,9,1,2),(4,5,8, 10,0, 3); («, 7, 8, 10, 2, 3), (5,
6,9,0,1,4);

(=, 8,9,0,3,4),(6,7,10, 1, 2,5); (o, 9,10, 1, 4,5), (7, 8,
0, 2,3, 6);

(0, 10,0,2,5,6),(8,9,1,3,4,7); (=,0,1, 3,6, 7), (9, 10,
2,4,5,8);

(,1,2,4,7,8), (10,0, 3,5, 6, 9).

Fifth initial block sets are (o, 2, 28, 2°, 25 2%), (0, 2°, 2, 2%,
2', 2% that is (w0, 2, 8, 10, 9, 3), (0, 1, 4, 5, 7, 6) mod 11
provides

(»,2,3,8,9,10), (0,1, 4,5,86,7); (=, 3,4,9,10,0), (1, 2,
5,6,7,8);

(,4,5,10,0,1),(2,3,6,7,8,9); («,5,6,0,1,2), (3 4,7,
8,9, 10);

Ds: (0, 6,7,1,2,3),(4,5,8,9,10,0); («, 7, 8,2,3,4), (5,
6,9, 10, 0, 1);

(«,8,9,3,4,5),(6,7,10,0,1, 2); (=, 9,10, 4,5,6), (7, 8,
0,1,2,3);

(,10,0,5,6,7),(8,9,1,2,3,4); (»,0,1,6,7,8), 9, 10,
2,3,4,5);

(»,1,2,7,8,9),(10,0,3,4,5,6).

Sixth initial block sets are (o0, 2%, 23, 2°, 27, 28), (0, 2°, 2°, 2°,
25, 2% that is (o, 2, 8, 10, 7, 3), (0, 1, 4, 5, 9, 6) mod 11

provides

(,2,3,7,8,10),(0,1,4,5,6,9); (»,3,4,8,9,0), (1, 2,5,
6, 7, 10);

(o, 4,5,9,10,1),(2,3,6,7,8, 0); (=, 5, 6, 10, 0, 2), (3, 4,
7,8,9,1);

D6: (OO, 61 71 01 11 3)1 (41 51 81 91 101 2)1 (OO-: 71 81 11 21 4)1 (51
6,9, 10, 0, 3);
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0,1,2,5);
(,10,0,4,5,7),(8,9, 1, 2,3,6); (»,0,1,5, 6, 8), (9, 10,
2,3,4,7); [10]
(o,1,2,6,7,9), (10,0, 3, 4,5, 8). Part 11. JSPI, 7, (1983); 257 -287.
[11]
Thus, from affine resolvable balanced incomplete block
design D, with the parameters v =12, b = 22, r = 11, k=6, A
=5, we obtained 5 new designs D, D; D, Ds Dg arrange 86.
these 6 designs in form of D = [D;. D,: Dy. D4 Ds. Dg] by [12]
developing D° we get 6-multiple solution of resolvable
balanced incomplete block design with no repeated blocks Volume 63, 1, (1976); pp. 83-92.
with parameters v =12, b*=132, r*= 66, k = 6, A* =30. [13]
3. Conclusion New York, (1971).
[14]
This k-multiple resolvable balanced incomplete block design
with no repeated blocks with parameters v = 2k, b= 4k?-2k 290-294.
= kb, r'=2k? —k = kr, k, 1"=k?* k = kx have quasi symmetric  [15]
structure with different intersection numbers corresponding
to a block. The following table-1 provides a list of
parameters which can be obtained by using theorem 2.1. (1971); pp.187- 203.
[16]
Table 1 triangle free quasi-symmetric designs,
S.No.v=2k[b=4k*-2k = kb [r'=2k® -k = kr | k [A"=k*- k= kA Mathematics, (1987); 64: 199- 207.
1 8 56 28 4 12 [17]
2 12 132 66 6 30 3, 4-designs, Combinatorica, (1987); 7(3): 291-301.
3 20 380 190 10 90 [18]
4 24 552 276 12 132
5 | 28 756 378 14 182 (1991).
6 32 992 496 16 240 [19]
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