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Abstract: In this paper, using Hermite-Hadamard Integral Inequality we give an improvement of the matrix Cauchy-Schwarz inequality
which was due to Bhatia and Davis in [5], and also obtain a further improvement of a refined matrix Cauchy-Schwarz inequality which

was due to Ali etal. in [2].
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1. Introduction

Let M
Mn:Mn’n.

mn D€ the space of mxn complex matrices and
|||| denotes the unitarily norm.

For all A B, X e M, ., AB are positive semidefinite , for all

real number r>0 and every V with 0<v <1, the

well-known Cauchy-Schwarz inequality for matrix [5] (see
also [ 6, p. 267] ) says that

1
¢(§) <¢(0) (1.1)
Where ¢(V) :‘ AVXBlfv r .“AI—VXBV r
Hiai and Zhan [1] showed the following inequality
1
¢(E) <p(v) <¢(0), (1.2)

which is a refinement of (1.1).
In [2], Ali et al. gave another refinement of (1.1) as follows:

$E)+2([, J0)dv - $) < 4(0).

(1.3)

In this paper, we present new refinements of (1.1) and (1.3).

2. Main Results

Lemma 2.1[3. p.21] Let f be a convex function defined on

aninterval | . If x,y,ze| suchthat x<y<z(x=z) then
f(z)-f

(-2 Wy ey

Lemma 2.2 (Improved Hermite-Hadamard Integral

Inequality) [4] Let f be a convex function defined on an
interval [a,b]. Then

a+b 1 b
f( . )s—j f (t)dt
TH@+21 20y 1)
Sf(a)+f(b).
2

Lemma 2.3 Let f be a convex function defined on an
interval [a,b].Then for positive integers m,n with n>m

a+b 1 b
f <——| f(t)dt
(<[ fo

< i((2n —m)f(a)+2mf (a_+b) +(2n—m) f (b))
4n 2

< f(a)+ f(b)_
2
Proof. Since f isconvex on [0,1], we have

2f(a+b

)< f(@)+f(b).

Thus

—((2n m) f (a) + 2mf (a—”’) +(2n—m) f (b))

SE((Zn—m) f(a) + mf (&) + mf (b) + (2n—m) f (b))

_f@)+f ()
==

which is the last inequality.
On the other hand, form Lemma 2.2, we have

ij f ()t
(f(a) 2f(aLb) + f (b))
:—(nf (a) + 2nf (a+b)+ nf (b))

=—(nf(a)+(2n 2m)f(a—+b) 2m f(a—+b)+nf(b))

< —(nf @)+ (n—m)(f(a)+ f(b))+2mf (a—+b) +nf (b))

< 4—((2n —m) f (a) + 2mf (T) +(2n—m) f (b)),
n
which is the middle inequality.

Remark 2.4 Set m=1 in Lemma 2.2, then we get Lemma 1
of [7].

Theorem 2.5 Let A B,X eM, such that A B are positive
semidefinite, and let r>0,0<v<1and O<u<1. Then for
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positive integers m,n with n>m

1 1 1-u
4G) sm\ I} #tia

1 1
<o =(2n-m)g(u) +mg(2))

< ¢(0)s
where g(v) = A" X8| |- | A~ xB"|
Proof. Since g(v) =[|A"XB"| |A1*Vx|3Vr is convex on

[0,1], thenfor o<y g =, by Lemma 2.3, we have
2

u+1 u

¢(—) 9 )

s4i«2n—m)¢(u)+2m¢(1)+(2n—m>¢(1—u))
n 2

1 1
=5 (2n—-m)g(u) + 2mp(2)

P +40-U)
2

< $(0). (2.2)

If lgug]_, then
2

u+l-u

¢(—) 9

)

< 2u — ) ¢(v)dv

s4—1n((2n—m)¢<u>+2m¢(§)+(2n—m>¢(1—u))

1 1
=5 (@n—m)g(u) +2mg(2))

IORED

< $(0). (2.3)

Combining (2.2) and (2.3), we get the required inequality.

Theorem 2.6 Let A B, X eM, such that A B are positive

¢(—) + [4I p(v)dv - 2¢(§) - 2¢(%)] <p(0) (24
where g(v) = [| A XB |A1*VXBvr
Proof. Since g(v) = | A" XB™ |A1*Vx|3Vr is convex on

[0,1], thenfor 0 <v <1, by Lemma 2.2, we have

#C2) < 9) < 4(0).

Ifo<v< 1 by inequality (2.1), then we have
4

#4) - 4(0) < AT4(Z) - 4O).

Thus
J ) < [ E4() - HOV + 2 4(0),
which is

Jf¢(v)dvs§[¢(§)+¢(0)]. (25)

If 1 <v< 1 , by inequality (2.1), then we have
4 2

1 1 1 1
) -$() <AV -DE) (1
Thus
J ¢(v)dv<j 24<v——)[¢(—) p )]dv+ ¢(—)
which is

I}% gv)dv < %[¢(%) + ¢(%)]. (2.6)

If 1 <v< § , by inequality (2.1), then we have
2 4

1 1 3 1
) -40) <AV -~
Thus
J ¢(v)dv<j 44<v——)[¢(—) s )]dv+ ¢(—)
which is

E gv)dv < %[¢(%) + ¢(%)]. @.7)

If E <v <1, by inequality (2.1), then we have
4

3 1 1
H0)-96) < 4~ DO - 9]
Thus
[OLE j%4(v—%)[¢(1)—¢(§)]dv+%¢(§),
which is

E‘/ﬁ(")d\' < %[¢(§) L] (28)

Form inequalities (2.5)—(2.8) and ¢(%) = ¢(g),¢(1) = ¢(0),
we have
1 1 1
4], 9W)dv < 9(0)+4(2) +24(,),
which is equivalent to

H)+A[, J0)dv-20(0) - 24(3)] < 40).

Remark 2.5 Inequality (2.4) is better than (1.3). In fact, by the
convexity of ¢, we have

o <220

and

¢(%) = ¢(%) <2 E¢(v)dv .
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Thus
Jiowdv-4() >0

and

41, -20() ~20() - A ) -]

=2 g(v)dv—24(3) =0
=2[,p(dv-24(;) > 0.
Thus inequality (2.4) is an improvement of (1.3).
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