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1. Introduction 
 

Much attention has been paid recently to the distribution of 

sizes of cities. City is the one of the components of urban 

system. The growth of urban population is due to the effect 

modernization, economic development; social, cultural, 

political changes and government policy. When these forces 

are in operation, the path of urbanization may be stochastic 

in nature. 

 

The growth of urbanization particularly the growth of city 

population may be studied using the certain growth models. 

Random growth model was applied to explain the size 

distribution of city (Simon 1955). Size distribution of city in 

an urban system can be closely approximated by Pareto 

distribution [Auerbach (1913) and Zipf (1949)]. The 

empirical distribution of city sizes are having in skew nature 

rank size rule, pareto model are used to study the path of the 

city process. Changes in the size distribution of city are 

related to the differential growth. The urban system, 

analyzed by the various threshold sizes, examines urban 

growth rate. 

 

2. Urbanization 
 

The study of urbanization has certain importance all over the 

world and more so in the developing countries like India 

urbanization is the process by which villages turn into towns 

and towns develop into cities. A town may not be a 

resources but urban life is often associated with economic 

advances. 

 

A more precise definition of „Urban‟ was introduced for the 

first time by the census commissioner of India in 1981. 

According to the definition, the „Urban places‟ is defined as 

“all other places which satisfy the following criteria. All 

places with a municipal area, corporation cantonment 

notified area committee”. This definition of an urban area is 

arbitrary and is not the same as used in other countries. The 

urbanization process in the India has the following features 

in terms of the percentage of the total population the level of 

urbanization is low. In terms of absolute numbers, the level 

of urbanization is rather high in comparison with most of the 

developing countries and many developed countries. The 

rank of population growth was higher in urban areas than the 

rural areas in each decade. 

 

Urban social structure reflects the attitudes, values and 

norms of the peasant society of rural India. When the 

definition of urban places is given in terms of the criteria of 

urbanization, it involves an inherent circularity, (E.g) an 

urban trait is one found in cities and a city is a place 

characterized by urban traits. The term urbanism denotes a 

distinct quality of human community, a special mode of 

existence or way of life which is the characteristic of the 

city. Urbanization is a process of population, concentration, 

diffusion of the influence of urban centers of rural hinterland 

and increases in the share of working force engaged in non-

agricultural occupations. 

 

3. Models 
 

Model is a simplification of reality. A model is an abstract 

representation of reality which clears what is relevant to a 

particular question at as particular time and neglects all other 

aspects. A model establishes the main variables involved 

and connects them by means of mathematical statements. A 

model involving a random variable or chance factor is called 

as a stochastic model or a probabilistic model. 

 

Urban Population Models 

To study the path of urbanization in any urban areas, certain 

city size distributions are used namely Pareto city size 

distribution; rank size model and exponential distribution are 

used to describe the skew distribution. These models may be 

viewed as urban population models. 

 

Exponential Model 

For most urban areas the distribution of population appears 

to confirm approximately to the negative exponential 

distribution. This can be expressed as follows, 

𝐷 𝑢 = 𝐴𝑒−𝑏(𝑢) 

 

Where 𝐷(𝑢) represents the density of population at distance 

„i.e.‟ from the centre. „A‟ represents the density of the city 

centre. „b‟ represents the rate at which population declines 

per unit of distance from the city centre and „r‟ represents 

the radius of the city. 

The value of „b‟ the slope parameter of the exponential 

distribution, represents a relative measure of compactness of 

the city or its degree of decentralization. By contrast the 

value of „A‟ is an absolute measure indicating maximum 

level of density (ie) density at the level of the city. It will be 

seen later that within a national system of cities for a given 

points in time. A can be regarded as on index of the overall 

mass of the urban population. 

 

Pareto Model 

The Pareto distribution is named after an Italian – born 

Swish Professor of Economics, Vilified Pareto (1843 – 

1923). Pareto law deals with distribution of income over 

population and can be states as follows, 

          𝑁 = 𝐴𝑥−𝑎  

Where N is the number of persons having income x greater 

than A, Pareto distribution is one of the skew distribution is 
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used to describe the city sizes when the frequency 

distribution of city size is strongly skewed.  

 

The study of urban composition of a country is important for 

a variety of reasons. The developed countries of today had 

undergone changes as was observed in the demographic. 

Transition we looked at the birth and death rate. Similarly 

change could also be observed in respect to the urban 

population in the developed countries increased substantially 

with economic development. 

 

Objectives 

To examine the spatial concentration by means of computing 

spatial Gini coefficient using statistical model for the Tamil 

Nadu city population data. 

 

Gini Coefficient 

The Gini coefficient is a measure of statistical dispersion 

most prominently used as a measure of inequality of income 

distribution or inequality of wealth distribution. It is defined 

as a ratio with values between 0 and 1: A low Gini 

coefficient indicates more equal income or wealth 

distribution, while a high Gini coefficient indicates more 

unequal distribution. 0 corresponds to perfect inequality 

(everyone having exactly the same income) and 1 

corresponds to perfect inequality (where one person has the 

income, while everyone else has zero income). 

 

The Gini coefficient is defined as a ratio of the areas on the 

Lorenz curve diagram. If the area between the line of perfect 

equality and Lorenz curve is A, and the area under the 

Lorenz curve is B, then the Gini coefficient is  𝐴/(𝐴 + 𝐵). 

Since 𝐴 + 𝐵 = 0.5 , the Gini coefficient, 𝐺 =
𝐴

0.5
= 2𝐴 =

1 − 2𝐵. If the Lorenz curve is represented by the function 

𝑌 = 𝐿 𝑋 , the value  of B can be found with integrations 

and : 

𝐺 = 1 − 2  𝐿 𝑋  𝑑𝑋
1

0

 

Lorenz Curve 

The Lorenz curve is a graphical representation of the 

cumulative distribution function of a probability distribution, 

it is a graph showing the preparation of the distribution 

assumed by the bottom y% of the values. It is often used to 

represent income distribution, where it shows for the bottom 

x% of households, what percentage y% of the total income 

they have. The percentage of income on the y – axis. It can 

also be used to show distribution of assets. In such case 

many economists consider it to be a measure of social 

inequality. It was developed by Max O.Lorenz in 1905 for 

representing income distribution. 

 

Methods 

 

Maximum Likelihood Estimation 

Let 𝑥1 , 𝑥2 , … , 𝑥𝑛  be a random sample of size n from a 

population with density function    𝑓(𝑥, 𝜃) . Then the 

likelihood function of the sample values   𝑥1 , 𝑥2, … , 𝑥𝑛 , 

usually denoted by 𝐿 = 𝐿 𝜃: 𝑥  is their joint density function 

such as  

𝐿 = 𝑓 𝑥1 , 𝜃 , 𝑓 𝑥2 , 𝜃 , … , 𝑓 𝑥𝑛 , 𝜃 =  𝑓 𝑥𝑖 , 𝜃 

𝑛

𝑖=1

 

L gives the relative likelihood that the random variables 

assume a particular set of values  𝑥1 , 𝑥2 , … , 𝑥𝑛 . For the given 

sample 𝑥1 , 𝑥2 , … , 𝑥𝑛  L becomes a function of the variable  𝜃 

of the parameter. The likelihood function L is maximized by 

using the maxima, minima principle. 

(ie) 
𝜕 log 𝐿

𝜕𝜃
= 0,

𝜕2 log 𝐿

𝜕𝜃2 < 0 

 

For  𝜃  are the conditions for the function L attaining the 

maximum value. The equation   
𝜕 log 𝐿

𝜕𝜃
= 0 , is a likelihood 

equation. The solution of this equation is called as maximum 

likelihood estimate of   𝜃. 

 

Pareto Model 

The urban size x is assumed to follow Pareto distribution 

𝑓(𝑥, 𝑎) is described as  

𝑓 𝑥, 𝑎 =
𝑎𝑥∗𝑎

𝑥𝑎+1
 , 𝑎 > 0, 𝑥 > 𝑥∗ 

Where 𝑥∗ is the threshold urban size. Parameters 𝑎 𝑎𝑛𝑑 𝑥∗ 

are estimated by using the method of maximum likelihood 

(Rao.C.R.1973). 

 

The likelihood function of the Pareto distribution is  

𝐿 𝑎: 𝑥 =  
𝑎𝑥∗𝑎

𝑥𝑎+1

𝑛

𝑖=1

 

𝐿 𝑎: 𝑥 =
𝑎𝑛(𝑥∗𝑎)𝑛

 𝑥𝑎+1𝑛
𝑖=1

 

log 𝐿 𝑎: 𝑥 = 𝑛 log 𝑎 + 𝑛𝑎 log 𝑥∗ −   𝑎 + 1 log 𝑥

𝑛

𝑖=1

 

Differentiating this with respect to  𝑎, 

𝜕 log 𝐿(𝑎: 𝑥)

𝜕𝑎
=

𝑛

𝑎
+ 𝑛 log 𝑥∗ −  log 𝑥

𝑛

𝑖=1

 

𝜕 log 𝐿(𝑎: 𝑥)

𝜕𝑎
= 0 ⟹ 𝑛 log 𝑥∗ −  log 𝑥

𝑛

𝑖=1

= −
𝑛

𝑎
 

 log 𝑥

𝑛

𝑖=1

− 𝑛 log 𝑥∗ =
𝑛

𝑎
 

 
 log 𝑥𝑖

𝑛
− log 𝑥∗ =

1

𝑎
 

     𝑥∗ =
𝑀𝑖𝑛𝑖(𝑥𝑖)𝑖≤1 

 The expressions for p and q are obtained as follows, 

𝑝𝑥 = 𝐹𝑥(𝑥) 

                =  
𝑎𝑥∗𝑎

𝑡𝑎+1
𝑑𝑡

𝑥

𝑥∗

 

                           𝑝𝑥 = 1 −  𝑥∗ 𝑥  𝑎 … (1) 

                                             𝑞𝑥 =  𝑡𝑓 𝑡, 𝑎 𝑑𝑡

𝑥

𝑥 ∗

 𝑡𝑓 𝑡, 𝑎 𝑑𝑡

∞

𝑥∗

  

𝑞𝑥 =
𝑙1

𝑙2

 

𝑊𝑕𝑒𝑟𝑒, 𝑙1 =  𝑡𝑓 𝑡, 𝑎 𝑑𝑡

𝑥

𝑥∗

 

            =  
𝑎𝑥∗𝑎

𝑡𝑎+1
𝑑𝑡

𝑥

𝑥∗
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= (𝑎 𝑎 − 1) 𝑥∗  𝑥∗ 𝑥  𝑎−1 − 1  

𝑊𝑕𝑒𝑟𝑒, 𝑙2 =  𝑡𝑓 𝑡, 𝑎 𝑑𝑡

∞

𝑥∗

 

=  
𝑎𝑥∗𝑎

𝑡𝑎+1
𝑑𝑡

∞

𝑥∗

 

= (𝑎 𝑎 − 1) (−𝑥∗) 

𝑞𝑥 = 𝑙1 𝑙2  

= (𝑎 𝑎 − 1) 𝑥∗  𝑥∗ 𝑥  𝑎−1 − 1 (𝑎 𝑎 − 1) (−𝑥∗)  

            𝑞𝑥 =
 1 −  𝑥∗ 𝑥  𝑎−1 …… . (2) 

The function 𝑞 = 𝑓(𝑝) has been obtained by using (1) and 

(2) 

1 − 𝑝𝑥 =  𝑥∗ 𝑥  𝑎  

                                
𝑥∗

𝑥
=  1 − 𝑝𝑥  

1 𝑎 ……… (3) 

1 − 𝑞𝑥 =  𝑥∗ 𝑥  𝑎−1 

                              
𝑥∗

𝑥
=  1 − 𝑞𝑥  

1
𝑎
−1 …… . . (4) 

From (3) and (4),  

Equ (3) = Equ (4) ⇒  1 − 𝑞𝑥  
1

𝑎
−1 =  1 − 𝑝𝑥  

1 𝑎  

   (1 − 𝑞𝑥 ) =   1 − 𝑝𝑥  
𝑎−1 𝑎  

Since the urban size distribution is known, 𝑞 = 𝑓(𝑝)  is 

obtained by eliminating x. 

 𝑖𝑒  𝑞 = 1 −  1 − 𝑝  
𝑎−1 𝑎 ; 0 ≤ 𝑝 ≤ 1 

The graph of the function 𝑞 = 𝑓(𝑝)  is Lorenz curve 

representing the variation in the size of the urban areas. 

Gini‟s concentration ratio is stated as 

𝜌 =
𝐴𝑟𝑒𝑎 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑕𝑒 𝐿𝑜𝑟𝑒𝑛𝑧 𝑐𝑢𝑟𝑣𝑒 𝑎𝑛𝑑 𝑡𝑕𝑒 𝑙𝑖𝑛𝑒 𝑜𝑓 𝑒𝑞𝑢𝑎𝑙 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛

𝑇𝑜𝑡𝑎𝑙 𝑎𝑟𝑒𝑎 𝑢𝑛𝑑𝑒𝑟 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙
 

 = 1- 2A, Where A is the area under the Lorenz curve. 

𝐴 =  𝐹 𝑝 𝑑𝑝

1

0

 

=   1 −  1 − 𝑝 (𝑎−1) 𝑎  𝑑𝑝

1

0

 

=
𝑎 − 1

2𝑎 − 1
 

𝜌 = 1 −
2(𝑎 − 1)

(2𝑎 − 1)
 

𝜌 =
1

2𝑎 − 1
 

Gini‟s concentration for urban population using Pareto 

model is estimated. 

𝜌 =  
1

(2𝑎 − 1)
 

 

4. Exponential Model 
 

Let x be the urban size and it follows an exponential 

distribution 𝑓(𝑥: 𝜆), where 𝑓(𝑥: 𝜆) is described as  

𝑓 𝑥: 𝜆 = 𝜆𝑒−𝜆𝑥 , 𝑥 > 0 

The parameter 𝜆 is estimated by using method of maximum 

likelihood. 

The likelihood function of the exponential model is  

𝐿 𝜆: 𝑥 =  𝜆𝑒−𝜆𝑥

𝑛

𝑖=1

 

𝐿 𝜆: 𝑥 = 𝜆𝑛𝑒−𝜆  𝑥𝑖𝑖  

log 𝐿 𝜆: 𝑥 = 𝑛 log 𝜆 −  𝜆 𝑥𝑖

𝑖

 

Differentiating this with respect to 𝜆, 
𝜕 log 𝐿 𝜆: 𝑥 

𝜕𝜆
=

𝑛

𝜆
−  𝑥𝑖

𝑖

 

 
𝜕 log 𝐿

𝜕𝜆
= 0 ⇒

𝑛

𝜆
−  𝑥𝑖

𝑖

= 0 

 

𝑛 − 𝜆 𝑥𝑖

𝑖

= 0 

𝜆 𝑥𝑖

𝑖

= 𝑛 

𝜆 =
𝑛

 𝑥𝑖𝑖

 

𝜆 =  
1

𝑥 
 

Expressions for p and q are obtained as follows 

𝑝𝑥 = 𝐹𝑥(𝑥) 

             =  𝜆𝑒−𝜆𝑡  𝑑𝑡

𝑥

0

 

                 𝑝𝑥 = 1 − 𝑒−𝜆𝑥 … . . (5) 

                                    𝑞𝑥 =  𝑡𝜆𝑒−𝜆𝑡  𝑑𝑡

𝑥

0

 𝑡𝜆𝑒−𝜆𝑡  𝑑𝑡

∞

0

  

𝑞𝑥 =
𝑙1

𝑙2

 

𝑊𝑕𝑒𝑟𝑒, 𝑙1 =  𝑡𝜆𝑒−𝜆𝑡  𝑑𝑡

𝑥

0

 

                                                   

= 𝜆 𝑡𝑒−𝜆𝑡  −𝜆   
0

𝑥
+

1

𝜆
 𝑒−𝜆𝑡  𝑑𝑡

𝑥

0

 

                               =  
1

𝜆
−

1

𝜆
𝑒−𝜆𝑡 − 𝑥𝑒−𝜆𝑡  

 

    𝑊𝑕𝑒𝑟𝑒, 𝑙2 =  𝑡𝜆𝑒−𝜆𝑡  𝑑𝑡

∞

0

 

                                                           

= 𝜆 𝑡𝑒−𝜆𝑡  −𝜆   
0

∞
+

1

𝜆
 𝑒−𝜆𝑡  𝑑𝑡

∞

0

   

 =
1

𝜆
 

                                                                    𝑞𝑥 = 𝑙1 𝑙2  

                  =

 
1

𝜆
−

1

𝜆
𝑒−𝜆𝑡 − 𝑥𝑒−𝜆𝑡   1 𝜆    

                𝑞𝑥 = 1 −
𝑒−𝜆𝑥 − 𝜆𝑥𝑒−𝜆𝑥  

              𝑞𝑥 = 𝑝𝑥 − 𝜆𝑥𝑒−𝜆𝑥  

Since the distribution of x is known, 𝑞 = 𝑓(𝑝) is obtained 

by eliminating x. 

 (ie) 𝑞 = 𝑝 − 𝜆𝑒−𝜆  
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Gini‟s concentration ratio, based on the function = 𝑝 − 𝜆𝑒−𝜆  

, is obtained as follows. 

(ie) 𝜌  = 1- 2A, Where A is the area under the Lorenz curve. 

𝐴 =  𝑓 𝑝 𝑑𝑝

1

0

 

=   𝑝 − 𝜆𝑒−𝜆 𝑑𝑝

1

0

 

     𝐴 =  1 2  −  𝜆𝑒−𝜆  

                 𝜌 = 1 − 2  1 2  −  𝜆𝑒−𝜆  

𝜌 = 2 𝜆𝑒−𝜆  

 

Using Exponential model, Gini‟s concentration ratio for 

urban population was estimated as 

𝜌 = 2 𝜆 𝑒−𝜆   
 

Year 

Estimates of parameters 

(Pareto Model) 
Estimation of Gini‟s 

Concentration Ratio 

𝜌  𝑎  𝑥∗ 

1981 4.8852 125000 0.1140 

1991 4.8804 125000 0.1141 

2001 3.4722 125000 0.1682 

2011 2.3725 125000 0.2670 

 

Year 
Estimates of parameters 𝜆   

 (Exponential Model) 

Estimation of Gini‟s 

Concentration Ratio 

𝜌  

1981 0.0000040 0.0000080 

1991 0.0000042 0.0000084 

2001 0.0000033 0.0000066 

2011 0.0000025 0.0000050 

 

Lorenz Curve using Pareto Model (1981) 

 
Figure 1 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve  Series2 = Estimated Curve 

 

Lorenz Curve using Pareto Model (1991) 

 
Figure 2 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve  Series2 = Estimated Curve 
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Lorenz Curve using Pareto Model (2001) 

 
Figure 3 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve  Series2 = Estimated Curve 

 

Lorenz Curve using Pareto Model (2011) 

 
Figure 4 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve  Series2 = Estimated Curve 
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Lorenz Curve using Exponential Model (1981) 

 
Figure 5 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve  Series2 = Estimated Curve 

 

Lorenz Curve using Exponential Model (1991) 

 
Figure 6 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve  Series2 = Estimated Curve 
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Lorenz Curve using Exponential Model (2001) 

 
Figure 7: 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve  Series2 = Estimated Curve 

 

Lorenz Curve using Exponential Model (2011) 

 
Figure 8: 

X-Axis = City Size   Y-Axis = No. of Cities 

Series1 = Emperical Curve    Series2 = Estimated Curve 

 

5. Summary and Conclusion 
 

Summary 

 

Concepts such as urbanization, growth of urbanization, 

determines of urbanization were explained briefly. Models, 

urban population, models, statistical model such as Pareto 

distribution and Exponential distribution were explained. 

The object of these studies has been mentioned as to study 

the concentration of urban population in Tamil Nadu using 

statistical model. Related literatures have been reviewed and 

summarized the results as follows. 

 

Much of urbanization is accommodated in smaller and 

medium size cities. Growth of the individual city sizes is 

explained by changes in local market conditions, 

technological change and changes in national policies. The 

spatial concentration has been examined by means of 

computing spatial Gini coefficient. 

 

The concentration of rural population using probabilistic 

model have been examined using Tamil Nadu rural 

population data as per 1981 census. Dr.B.Renganathan 

studied the concentration of rural population in the villages 

of Tamil Nadu by developing a Gini‟s concentration ratio 

using probabilistic mode. 

  

Methods and techniques frequently used in this study were 

explained and presented in methodology. Spatial 

concentrations of urban population have been studied by 
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means of estimating the Gini‟s concentration ratio using 

Pareto and Exponential models. Gini‟s concentration are 

obtained and presented as follows. 

 

6. Analytical Results 
 

Statistical  

Models 
Estimate of Pareto 

Estimate of Gini‟s 

 concentration ratio 

Pareto 

 Model 
𝑎 =  

 𝑓𝑖 log 𝑥𝑖𝑖

 𝑓𝑖𝑖
− log 𝑥∗ 

−1

 

𝑥∗ = 𝑀𝑖𝑛𝑖(𝑥𝑖)𝑖≤1 

𝜌 =  
1

(2𝑎 − 1)
 

Exponential  

Model 
𝜆 =  

1

𝑥 
 𝜌 = 2 𝜆 𝑒−𝜆  

   

Using Tamil Nadu city population data based on 1981, 1991, 

2001 and 2011 census report estimates the parameter and 

Gini‟s concentration ratio were obtained and presented as 

follows. 

 

7. Empirical Result 
 

Year 
Models 

Pareto Model Exponential Model 

1981 

𝑎 =4.8852 

𝑥∗ =125000 

𝜌 =0.1140 

𝜆 =0.0000040 

𝜌 =0.0000080 

1991 

𝑎 =4.8804 

𝑥∗ =125000 

𝜌 =0.1141 

𝜆 =0.0000042 

𝜌 =0.0000084 

2001 

𝑎 =3.4722 

𝑥∗ =125000 

𝜌 =0.1682 

𝜆 =0.0000033 

𝜌 =0.0000066 

2011 

𝑎 =2.3725 

𝑥∗ =125000 

𝜌 =0.2670 

𝜆 =0.0000025 

𝜌 =0.0000050 

 

8. Conclusions 
 

Gini‟s concentration ratio is gradually increases over the 

span of 40 years, though the threshold city sizes are 125000. 

The increasing tendencies of concentration of urban 

population in Tamil Nadu state have been observed 

empirically. It has been interpreted due to the annexation of 

rural areas with urban areas. 

 

Figures 1, 2, 3 and 4 indicates that the difference between 

the Lorenz curve and the line of equal distribution has been 

observed using Pareto model. Similarly differences were 

also observed in Figure 5, 6, 7 and 8 using Exponential 

model. But the Lorenz curve based on exponential model is 

very close to line of equal distribution than the Lorenz curve 

based on Pareto model. These differences have been 

attributed as the inequality existing in the city size 

distribution in Tamil Nadu state. 

Measures such as providing urban facilities in rural areas are 

to be implemented to reduce the problems due to urban 

concentration in Tamil Nadu state. 
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