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Abstract: Let (X,]|. ||p) be a cone Banach space and | aself mapon X . We say that T satisfy condition B if there exists

0<o<1 and L>0 such

that T, -T,lI<o|lx-yl+Lu

where

ue{||x=Tx|,l Yy=TY LIl X=Ty ||| y = Tx ||} in this paper we have the existences and uniqueness theorems for a fixed point to

amap T thatsatisfy condition B . We also prove that under a certain condition everymap T that satisfy condition B is continuous .

1. Introduction

Many authors study fixed point theorems for a mapping is a
cone metric space satisfying different contraction condition
for example Sh.Rezapour, R.Hamlbarani[4] prove fixed point
theorem for contractive mapping. Must these theorem
extended to a cone Banach space after some modification ,
Edral karapiner[2] prove fixed point theorem in cone Banach
space while R.krishnakumar and D.Dharnodharan[3] prove
fixed point theorem in cone Banach space by using ®
operator

The following definition and results will be needed in the
sequel Let E be areal Banach space Asubset p of E is
called cone if

(1) p isclosed, nonempty and p ={0}
2yabeRabz0 andx,ve p imply ax +byv € p

3 pn(-p)={0}
Definition 1.1 [2] Let X be a vector space over R,
suppose the mapping ||.[[,: X — E satisfies

@ [Ix][,>0 forall xe X

@ |Ix]l,=0 ifandonlyif x=0

@ lx+yll,<Ixll, +11yllp forai x,ye X

@[ kx|, =kl x]|, forall k eR

then ||.||, is called a cone norm on X and the pair

(X,I[-11,) is called a cone normed space . (CNS)

Definition 1.2 [2] Let (X,][.||,) be a cone normed space
xe X and {X,},»; asequencein X ,then

(1) {X,},.; converge to X whenever for each CeE

with O=C there is natural number n
| X, > x|[,=c for all neN it

such that
is denoted be
iMoo X, =X OF X —>X

2) {X,},-1 is a Cauchy sequence whenever for every

c e E with O0=c there is a natural number N, such that
| X, =Xy |[,=C forall n,meN

@) (X,lI-1l,) is complete cone normd space i.e. every

Cauchy sequence is convergent complete cone normed space
will be called cone Banach space.

Lemma 1.3 [1] Let (X.||.||) be acone Banach space then
the following properties are often used
h))if U<V and V=W then U=W

h,)if 0<u=c foreach ceintp then Uu=0

2. Main Result

Defintion 2.1 Let (X,||.||) be a cone Banach space a map

T:X — X issaid to be satisfy condition B if there
exists 0<6 <1 and L>0 suchthatforall x,ye X
we have

| =T ||= &|| x—¥|+Lu

when

w || x=Tx|.| y =TI ||| x=T¥ .|| = Tx|}

Lemma 2.2 Let (X,||.|]]) be a cone Banach space
T:X — X satisfy condition B if for some point X of
the sequence {T"X} of picard iteration converge to point
Ze X then z isit’s fixed point

Proof. by definition of condition B and the triangle
inequality we get

| z=Tz|<| z=T""% ||+ || T"*x=Tz||
=) z=T"™x||+||TT"x=Tz||

Qz-T™x||+5||T"x—z||+Lu
where

ue{IT" =TT |1 z=Tz|L,IT"x=Tz|l.|lz-TT"x ||}

let 0=c, clearly at least one of the following four cases
holds for infinitely many ne N

@) |IT"x=z||<|z=T"*x||+S|| T"x=z||+L || T "x=TT"x||

Qz=T" ||+ T"x=z||+L || T"x =z || +L || z=T"*x]|
z=T" X+ +L) || T "x=z||+L || -T"*x||
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A+DNz=T" XN+ +L)[IT "X~z ]|

n 1+L s
ITox—z e R 2o
1-(0+L)
(1+1L) c _
Tl LT
1-(6+L)
(2) |T"x=z||z=T"*x||+5||T"x=z||+l || z=Tz]||
1 C
z-T"x||< Z-T"X |z —. =c
Il I 5_L|I Il S L1
o—-L

@) IT"x-z ][ 2-T ||+ T"x— x| +L | 2-TT"x]|

1+L) ¢

<@A+L)||z=T"*X||=8||T"x-2 =(—. =c

@+ =01l I =5 (+D)
(1-90)

@) IT"x=z||<|z=T"*x||+S||T"x=z||+L||T" =Tz||

z-T"X||+S || T"X=z||+L || T"x=z||+L | z=Tz||

Qz-T"X||+(0+L) || T"x=z||+L || z=Tz||
1

Sl 2-T" X[+ — Iz -Tz]|
1-(0+1L) 1-(0+L)
1 c L c
= . + . =C
1-(6+L) 5 1 1-(6+L) , L
1-(6+1) 1-(6+L)

we have fined that all cases || T"X—X|[=C for each
interior point C of the cone P .By (h,), it wollow that

IT"X=2]|=0 ie T"x=12
Now we give the main theorem that gave the condition which
granted existence and uniqueness of the fixed point for a map

ITrx-T i e 2k
1-L

IT" X =T"?x]||....n>2

T that satisfies condition B , but first we need the
following lemma.

Lemma 2.3 Let (X.||.||) be acone Banach space and

T:X — X satisfying condition B, if X X and let

X #TX then || T2X—Tx||<||Tx—x]|

Proof. Let X€ X andlet X #TX then

| T2X=Tx||=||TTXx =Tx||< & || Tx = x || +L.u

when

U el T =T 2|, | x=Tx [, [ T =Tx [, x=Tx [}

uef{||Tx=T2%x||,|| z—=T?x]|,0}

we will get the following possibilities

(1) ||IT*x=Tx|l< || Tx=x]||+L.0
=0<||Tx=x]|| because x=Tx

(2) |IT*x=Tx|K || Tx=x]||+L || Tx=T?x]|
=0 <|| Tx—x|| becausex = Tx

(3) ||IT?x=Tx|K S| Tx=x|[+L| x=T2x||

< || Tx=x||+L || x=Tx|[+L || Tx3x||

o+L

IT*x=Tx|I< [ X =TxI<[|Tx = x|

L

Jg+1L
becauize 7

<le=Le=(0, é}mm’ J=(0, ;} and x =k
] a

Theorem 2.4 Suppose that (X,||.||) is a cone Banach
space with a cone P such that intP=¢ and

T:X — X that satisfy condition B then T has a
unique fixed point

Proof. Let X € X we shall show that {Tx} is a Cauchy
sequence, but first we prove that

indeed || T"Xx-T"'X||<S)| T x=T"?x||+Lu
where

ued||T" =TT ||, T" X =TT "X ||,| T"*x =TT " x||,|| T""x =TT "*x [}

(1) | T"X=TT" X< S| T"X=T"2x||+L || T"*x=TT"*x||

<SS TX=T"2X || +L || T =T x|
SST =T 2 |[+L || T X =T x| +L || T"*x=T"x||

<(0+ L)||Tn_1X—T”_2X ||+L ||T"_2X—Tn |
SE+L)T " X=T" 2| +L || T" X =T " x| +L || T"*x=T"x||

<(E+2L) T X =T x| +L | T x=T"|]

ST i T e T2 gy gy
(1-L1)
<w|[ T XT™2 |, w= 5+2LL (0,1)

(2) IT"X=T" ||| T X =T"2x||+L || T"*x=TT"x||

SST " X=T"2x||+L|| T"*x=T"x||
<(0+L) ||T"_1X—T"_2X |
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o+L oO0+2L
<

then (6+L)<
1-L 1-L

@) IT"X=T"X|<S|| T X=T"?x||+L|| T"*x=TT"*x||

<S||T =T ™2 || +L | T™2x=T"x||

SO TX=T" 2| +L )| T2 =T x| +L || T" X =T "x||
<(0+L) ||T”_1X—T”_2 ||+L ||T”_1X—T"X |

1T % =T x || —(f+|'_‘) 1T % —T"2x||

<W[|T™%=T"? || we i*LL c(0.1)

4) ||IT"X=T"X|I<S|| T X=T"2x||+L || T"*x=T"*x||

<S| T 'x=T"?x||+L.0
then (2.1) is hold

Hence, in all the possible cases it follows that (2.1) holds,
and so let

o+2L
A =max{s + L,
{ 1 I_}

(T X=T"X|IK AT x=T" 2]

_Ss+2L
C1-L
Byinductionandusing(2.1) and (2.2)

[T"X-T" XK (S + L) | T"X-T"? [<... < (5 +L)"* || Tx=x]| ..(2.3)
Usingthetriangleinequalityand(2.3)wegetthatforn > m

[T %=T"2.....(2.2)

Banach space to show that T is continues we must prove
that TX, =Tz =2 we have

|Tx,—Tz||<o|| %, —z]||+Lu
where

ue{llz, =Tx, (LIl z=Tz LIl %, = Tz[l.ll z=Tx, [I}
={0% =T Ll =z 1Ll 2 =T, I3

similarly as the previous proofs of this kind, must be
considered the following cases

Q) |ITx,-Tz||<o]|x,—z]|[+LO
=>Tx,=Tz=Tx, >Tz=12

@) 7%, =Tz[[<5 | X, =zll+L 1%, = ]|

c
=0+
( )(5+L)
) %, =Tz|l<o(I %, =zl +L ]I %, =Tx, ||
<O %, —z[|+L [ x, —z]|+L[|Tx, —z||
S@+L) 1%, =z [[+L [ x=Tx, |
o+L
<7 Izl
§5+L.C
1-L

1-L

IT X =T"X KT "X =T "%+ | T X =T"2x || +..+ || TEx I TR Tz [[€ S || X, =z || +L [ Tx, -z

<[E+L)" +(S+L)"*+..+(0+ L) ]| Tx=x]|

_ n-m-1 m
:(5"‘L)mﬂ”TX—X”S&”TX—X”—)O
1-L 1-L

as Mm—ooo

S+2L)"
since %HTX—XH—)O as mn-—o s
follow that
S+2L)"
(o+2L)" 1 ) | Tx—Xx]||= where||T"X—T "™X||= C for each
ceintP

we have proved that the sequence {T nX} is Cauchy
sequence for the fixed Xe& X since the (X,||.]|) is

complete, there exists a point p € X which is the limit of
this sequence be lemma(2.2) we conclude that P is fixed
point

Theorem 2.5 Let T : X — X satisfy condition B ona
cone Banach space. If intp ¢ then T is continues at its
fixed point

Proof. Let z the unique fixed point and let Xn —Z

where {Xn} is a sequence of point form the given cone

=J|| X, —z||+L|| Tx, =Tz||

=||Tx,-Tz||=0

=Tx,>Tz=12

denote as usual by F(T) the set of fixed point of the

mapping T : X — X it is said that the map T has
property P if F(T)=F(T") foreach ne N
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