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Abstract: Let )||.||,( pX  be a cone Banach space and T  a self map on X . We say that T  satisfy condition B  if there exists 

1<<0   and 0>L  such that uLyxTT yx .||||||<||    where 

||}||||,||||,||||,{|| TxyTyxTyyTxxu  in this paper we have the existences and uniqueness theorems for a fixed point to 

a map T that satisfy condition B . We also prove that under a certain condition every map T  that satisfy condition B  is continuous .  

 

1. Introduction 
 

Many authors study fixed point theorems for a mapping is a 

cone metric space satisfying different contraction condition 

for example Sh.Rezapour, R.Hamlbarani[4] prove fixed point 

theorem for contractive mapping. Must these theorem 

extended to a cone Banach space after some modification , 

Edral karapiner[2] prove fixed point theorem in cone Banach 

space while R.krishnakumar and D.Dharnodharan[3] prove 

fixed point theorem in cone Banach space by using   

operator  

 

The following definition and results will be needed in the 

sequel Let E  be a real Banach space .A subset p  of E  is 

called cone if 

(1) p  is closed , nonempty and {0}p  

 
(3) {0}=)( pp   

Definition 1.1 [2] Let X  be a vector space over R , 

suppose the mapping EXp :||.|| satisfies  

(1) 0>|||| px  for all Xx  

(2) 0=|||| px  if and only if 0=x  

(3) Ppp yxyx ||||||||||||   for all Xyx ,  

(4) pp xkkx |||||=|||||  for all Rk  

then p||.||  is called a cone norm on X  and the pair 

)||.||,( pX  is called a cone normed space . )(CNS  

 

Definition 1.2 [2] Let )||.||,( pX  be a cone normed space 

Xx  and 1}{ nnx  a sequence in X , then  

(1) 1}{ nnx  converge to x  whenever for each Ec  

with c=0  there is natural number n  such that 

cxx pn =||||   for all Nn  it is denoted be 

xxorxx nnn  =lim  

(2) 1}{ nnx  is a Cauchy sequence whenever for every 

Ec  with c=0  there is a natural number n , such that 

cxx pmn =||||   for all Nmn ,  

(3) )||.||,( pX  is complete cone normd space i.e. every 

Cauchy sequence is convergent complete cone normed space 

will be called cone Banach space.  

 

Lemma 1.3 [1] Let ||).||.(X  be a cone Banach space then 

the following properties are often used 

1h ) if vu   and wv =  then wu =  

2h ) if cu =0  for each intpc  then 0=u  

 

2. Main Result 
 

Defintion 2.1 Let ||).||,(X  be a cone Banach space a map 

XXT :  is said to be satisfy condition B  if there 

exists 1<<0   and 0>L  such that for all Xyx ,  

we have  

 

 
 

Lemma 2.2 Let ||).||,(X  be a cone Banach space 

XXT :  satisfy condition B  if for some point x  of 

the sequence }{ xT n
 of picard iteration converge to point 

Xz  then z  is it’s fixed point  

 

Proof. by definition of condition B  and the triangle 

inequality we get  

|||||||||||| 11 TzxTxTzTzz nn  
 

||||||=|| 1 TzxTTxTz nn  
 

uLzxTxTz nn .|||||||| 1     

where 

||}||.||||||,||.||{|| xTTzTzxTTzzxTTTu nnnn 
 

let c=0 , clearly at least one of the following four cases 

holds for infinitely many Nn  

||||||||||||||||(1) 1 xTTxTLzxTxTzzxT nnnnn     

|||||||||||||||| 11 xTzLzxTLzxTxTz nnnn     

||||||||)(|||| 11 xTLzxTLxTz nnn     
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||||)(||||)(1|| 1 zxTLxTzL nn     

||||
)(1

)(1
|||| 1
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 nn Tz
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L
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=
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





 

||||||||||||||||(2) 1 TzzlzxTxTzzxT nnn   

c

L

c

L
xTz

L
xTz nn =

1
.

1
||||

1
|||| 1







 




=  

||||||||||||||||(3) 1 xTTzLxxTxTzzxT nnnn   

 

c
L

cL
zxTxTzL nn =

)(1

)(1
.

1

)(1
||||||=||)(1 1











  =  

||||||||||||||||(4) 1 TzTLzxTxTzzxT nnnn   

 

|||||||||||||||| 1 TzzLzxTLzxTxTz nnn   

 

||||||||)(|||| 1 TzzLzxTLxTz nn     
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we have fined that all cases cxxT n =||||   for each 

interior point c  of the cone P . By )( 2h , it wollow that 

0||=|| zxT n   i.e zxT n =  

 

Now we give the main theorem that gave the condition which 

granted existence and uniqueness of the fixed point for a map 

T  that satisfies condition B , but first we need the 

following lemma.  

 

Lemma 2.3 Let ||).||.(X  be a cone Banach space and 

XXT :  satisfying condition B , if Xx  and let 

Txx   then ||||<|||| 2 xTxTxxT   

Proof. Let Xx  and let Txx   then 

uLxTxTxTTxTxxT .||||||||=|||| 2    

when 

||}||||,||||,||||,{|| 2 TxxTxTxTxxxTTxu   

 ||,0}||||,{|| 22 xTzxTTxu   

we will get the following possibilities  

.0||||||||(1) 2 LxTxTxxT    

 TxxbecausexTx  ||<||0=  

||||||||||||(2) 22 xTTxLxTxTxxT    

 TxbecausexxTx  ||<||0=  

||||||||||||(3) 22 xTxLxTxTxxT    

|||||||||||| 2xTxLTxxLxTx T  

||||<||||
1

|||| 2 xTxTxx
L

TxxT
L







 

 
 

Theorem 2.4 Suppose that ||).||,(X  is a cone Banach 

space with a cone P  such that intP  and 

XXT :  that satisfy condition B  then T  has a 

unique fixed point 

 

Proof. Let Xx  we shall show that }{Tx  is a Cauchy 

sequence, but first we prove that  

.1)........(22.....||||
1

2
|||| 211 




  nxTxT

L

L
xTxT nnnn 

 

uLxTxTxTxTindeed nnnn .|||||||| 211     

where 

||}||||,||||,||||,{|| 21122211 xTTxTxTTxTxTTxTxTTxTu nnnnnnnn    

 

 

||||||||||||(1) 11211 xTTxTLxTxTxTTxT nnnnnn   

 

|||||||| 121 xTxTLxTxT nnnn    

|||||||||||| 22121 xTxTLxTxTLxTxT nnnnnn  

 

||||||||)( 221 nnnn TxTLxTxTL    

||||||||||||)( 11221 xTxTLxTxTLxTxTL nnnnnn  

 

||||||||)2( 121 nnnn TxTLxTxTL    

||||
)(1

)2(
|||| 211 xTxT

L

L
xTxT nnnn  







 

(0,1)
1

2
=||,|| 21 




 

L

L
wxTTw nn 

 

 

||||||||||||(2) 22211 xTTxTLxTxTxTxT nnnnnn  

 

|||||||| 1221 xTxTLxTxT nnnn    

||||)( 21 xTxTL nn     
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||||||||||||(3) 12211 xTTxTLxTxTxTxT nnnnnn   

 

|||||||| 221 xTxTLxTT nnnn    

|||||||||||| 11221 xTxTLxTxTLxTxT nnnnnn    

||||||||)( 121 xTxTLTxTL nnnn    
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L

L
xTxT nnnn  







 

(0,1)
1

||,|| 21 



 

L

L
wTxTw nn 

 

||||||||||||(4) 11211 xTxTLxTxTxTxT nnnnnn   
 

.0|||| 21 LxTxT nn    

holdisthen (2.1)  

 

 Hence, in all the possible cases it follows that (2.1) holds, 

and so let 

}
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(2.2) and 2.1)nandusing(Byinductio  

...(2.3)||||)(...||||)(|||| 1211 xTxLTxTLxTxT nnnnn     

m>hatforn2.3)wegettualityand(iangleineqUsingthetr
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1
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L

L m
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


 where cxTxT mn =||||  for each 

intPc  

we have proved that the sequence }{ xT n
 is Cauchy 

sequence for the fixed Xx  since the ||).||,(X  is 

complete, there exists a point Xp  which is the limit of 

this sequence be lemma(2.2) we conclude that p  is fixed 

point  

 

Theorem 2.5 Let XXT :  satisfy condition B  on a 

cone Banach space. If intp  then T  is continues at its 

fixed point  

Proof. Let z  the unique fixed point and let zX n   

where }{ nx  is a sequence of point form the given cone 

Banach space to show that T  is continues we must prove 

that zTzTxn =  we have  

uLzxTzTx nn .||||||||    

where  

||}||||,||||,||||,{|| nnnn TxzTzxTzzTxzu   

||}||||,||||,||{0,= nnnn TxzzxTx   

similarly as the previous proofs of this kind, must be 

considered the following cases  

.0||||||||(1) LzxTzTx nn    

zTzTxTzTx nn == 
 

 

||||||||||||(2) zxLzxTzTx nnn    
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||||||||||||(3) nnnn TxxLzxTzTx    

|||||||||||| zTxLzxLzx nnn   

||||||||)( nn TxxLzxL    
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1
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c
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
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||||||||||||(4) zTxLzxTzTx nnn    

||||||||= TzTxLzx nn   

0||=|| TzTxn   

zTzTxn =  

denote as usual by )(TF  the set of fixed point of the 

mapping XXT :  it is said that the map T  has 

property P  if )(=)( nTFTF  for each Nn  
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