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Abstract: In this paper, Zweier interval null, Zweier interval convergent and Zweier interval bounded sequence spaces of interval
numbers are introduced and proved some inclusion relations on them. Additionally, an isomorphism is constructed on these interval
sequence spaces. Besides, definition of infinite dimensional Zweier interval matrix and its left and right parts are introduced.
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1. Introduction

Interval arithmetic was introduced by Dwyer [2]. In, [1],
Chiao established sequence of interval numbers and gave the
definition of usual convergence of sequence of interval
numbers. Bounded and convergent sequence spaces of
interval numbers are studied by Sengoniil and Eryilmaz [9].
In recent years, Esi [3] introduced lacunary sequence spaces
of interval numbers. Hansen and Smith [4] make matrix
calculations by means of interval arithmetic, firstly. After,
many others such as Neumaier [6], Jaulin et al [5] and Rohn
[8], etc. have worked on interval matrices. Furthermore, Ng
and Lee [7] and Wang [11] build new spaces in terms of the
matrix domain of a limitation methods. In addition this, in
[10] Sengoniil and Zararsiz give the definition of complete
fuzzy module space of fuzzy numbers and the sequence
spaces of fuzzy numbers with fuzzy metric are introduced in
this work. Besides, the set of all null, convergent and
bounded sequences of interval valued fuzzy numbers are
defined with respect to modulus function M, by Zararsiz and
Tas [13]. Furthermore, in [15] generalized intervals are
studied some new and original sets are defined. After, a-,-
and y- duals are determined and matrix transformations are
given on these original sets. In addition these, [16] and [17]
will be investigated for further information.

In the past decades, modal analysis has become a major
technology in the quest for determining, improving and
optimizing dynamic characteristics of engineering structures.
Since modals are used in different branches of engineering,
Zararsiz and Sengoniil [14] have constructed some sequence
spaces of modals and introduced the null, convergent and
bounded sequence spaces of interval numbers.

The rest of our paper is organized, as follows: In Section 2,
some basic definitions and theorems related with the interval
numbers are given. Also, definitions of interval metric space,
sequence of interval numbers, interval Cauchy sequence are
given. In Section 3, we have introduced Zweier interval null,
Zweier interval convergent and Zweier interval bounded
sequence spaces of interval numbers as the set of all
sequences such that Z - transforms of them are in the spaces
ek, ¢t and 1%, respectively, and proved some relations on
these interval sequence spaces.

2. Preliminaries, Background and Notation

In this section, we recall some of the basic definitions and
notions in the theory of interval numbers and sequence
spaces such as notions of interval metric space, algebraic
operations on the set of interval numbers as in the following:

Let suppose that M,IR and E be the set of all positive
integers, all real numbers and the set of interval numbers,
respectively. We denote the set of all sequences with
complex terms by w which is a linear space with addition and
scalar multiplication of sequences. Each linear subspace of w
is called a sequence space and write €4, ¢ and ¢q for the
classical sequence spaces of all bounded, convergent and null
sequences, respectively. For brevity in notation, through all
the text, we shall write Y, sup, and liﬂm instead of
n
lim. Further, we define addition, scalar

Y=o sup and
ﬂEh T—CO
multiplication and multiplication calculations as below:
+HERE=E+wmri=u+r=[u" +vut+v7],
leu=.au*], a=0
laut, cu~l.e =0,

<Ex E—=E,(uv) =[minR maxR],
R={uv ,uvtutv  utvtl

vRBx E—=E +uv) :nu:{

Let A and u be two sequence spaces and £ = (@) be an
infinite matrix of real or complex numbers a,;, where 1,
k € M. Then, we can say that £ defines a matrix mapping
from A to p# and we denote it by writing & € (A: p), if for
every sequence x = (x;) is in A and the sequence
Ax = {(Ax),), the A- transform of x is in & where k runs
from 0 to oo, The domain A4 of an infinite matrix & in a
sequence space 4 is defined by

dg={x=(x, ) ew:Axed} (11)
which is a sequence space. If assume 4 as ¢, then ¢ is called
convergence field of A. We write the limit of Ax as
A— li«nm” = 1Lm2?=u @, and the A is called regular if

liﬂmx = limx for every x € €. A matrix & = (a,;) is called
triangle if a,, = 0 fork = nand a,, = 0foralln € N,

The set
wi(E) = {([ug, uzD:f.g:N = R,
fl) =ug,g(k) = uj,uy =ui}
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is called sequence of interval number sets. If we take

U = U then w(E) is reduced to the ordinary sequence space
of real numbers.

Definition 2.1: [12] The matrix
o at],
A — { K K
[0,0].
is defined as lower triangular interval matrix. Besides, if
there is no element on the principal diagonal, then A is
called normal interval matrix.

n=kise
otherwise

Definition 2.2: Let us give the definitions of some triangle,
regular matrices, which are necessary for the text. The Cesaro
(€ = (cpy)) and Zweier (Z = (Z,;)7) matrices of order one
and p, respectively, which are lower triangular matrix defined

by the following for all n,k € N:
1

Pl ]
cni;: m D_—»n_—»i‘..
o, k=mn,
Pt =k ise
Z = (Eng) IJ. pn—1=kise
0, otherwise

Here, Z is called as Zweier matrix with the degree of p # 1.
Through the text, we make all calculations by taking p as %

Definition 2.3: [1]. An interval sequence ([uy,uf]) € w(E)
is convergent to [ug,ug] < for every € = 0 there exists a
k, € M such that for everyk = kg, d([ug,ui] [ug. uil) <e.
Additionally, ([uz,uf]) € w(E) is Cauchy sequence if for
every € =0 there exists a k, € M such that for every
k,on = ky, d(lug,uil[ug, ug]) < e

3. Material and Method

In the following, we give the sequence spaces by means of
[9] named interval convergent, null interval convergent and
interval bounded sequence spaces, respectively:

ol = {[u;“..u;‘f]:li;‘r_n[ug.uif] = [uE.uE]}
el = {[ug.uﬁ]:li&n[ug.u;ﬁﬂ = [U.U]}
I = {[u;_'..u;_".]:sgpm[u;_'..u;_’f] = -::::}

In [12], Zararsiz give the definition of Cesaro interval matrix
showed by € = (C,;). After, Zararsiz [12] divide Cesaro
interval matrix into two parts named left Cesaro interval
matrix and right Cesaro interval matrix represented by

= =(Cy ) and €t = (C,;,"), respectively. Here, we write
C=(Cy), € = (Cp7) and € = (T, "), respectively as

follows:
-1 1 ] .
C=iChp) =4ln+1'n+1 M2 R ISE

[0,0], otherwise

L o] zks
= I:.ﬂﬂ;_._:l — m. M = K IS8
[0,0], otherwise

l I. &
=(C*) = [D'r: +L]'” = e
[0,0]. otherwize,
Additionally, Zararsiz [12] calculate norm of these matrices.
It means that [|C” || = [[C*]| = lICl| = 1.

Theorem 3.1: [12] If there exists both left and right Cesaro
limits of real sequence (), i.e. that lim,,(C™r), = [LT,L7]
and lim,(C*r), = [L3,L}] are present then

lim,(C"r), +lim,(C*r), = [LT + L3, LT + L3].

Now, we give definition of Zweier interval matrix, left and
right Zweier interval matrices showed by Z, 2, 27,
respectively, as in the following:

[—p.pl. n=k
z2=(2,;,)P=4p-11—-pln-1=k
[0,0], otherwise
[—p. 0L n=k
2= =4[p-10l n—-1=%k
[0.0], otherwise
[0, p]. n=k
zr=sl01-pl. n-1=k
[0.0], otherwise
where p = 1,
3.1 Zweier Interval Matrices and Zweier Interval

Sequence Spaces

Definition 3.1:
Ny={0,12,..,n}, Np={0,1.2, ...,m} and f: NpxNp~E
E)—=flj)=a;eElsisnl=sjsm)

We show the set of all interval matrices that have n xm
dimension by E™*™,

Let A,B € Enem xER and D g EmAT
(1=i=n1=j=r) Addition, scalar multiplication and
multiplication calculations are defined, respectively, as

below:
A+ EB= [[Ru |_.]] [[ i 'J]]
ad = [[HEG'HEE ]nxrr.' @=0
[[“E"““G’]Lm < 0,
A'D:[[ﬂu |_.]] [[ ije '.l]] [[ Cije ']]r!xr
where
m
C'E :Zm {ﬂlhdh__l ag ﬂ’,_ ﬂlhﬂ’h—.l ﬂ'-:d::'}

H=1
m

+ E - + -

Cif = mnx{ﬂﬁcdu Iﬂlr\.lﬂru I:llr. kj* nlhth}
k=1
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Definition 3.2:
Let ([ug,ui]) = (ur,uilluzuil . [ug,ugl-.) be a
sequence of interval numbers. If series in the form

Trlaneal ] lug, ui] are convergent for all n €N then
Au® = v¥* is called as A-transformation of u*.

Definition 3.3: 4 be an infinite dimensional interval matrix
then norm of 4 is defined as follow:

LAl = SL}pZ M I[ [na ﬂa]}

where

ﬂf{[ﬂa- ﬂ:]} = mﬂx{lﬂﬁ | |ﬂ|:_‘i-' |}

3.2 The Zweier Interval Sequence Spaces 25, zf and Zf

Now, we give the Zweier interval null, Zweier interval
convergent and Zweier interval bounded sequence spaces of
interval numbers, as the set of all sequences such that Z -
transforms of these interval sequence spaces are in the
sequence spaces ¢}, ¢t and IL,, respectively, i.e.

zE = {u® = [ug. ui]l e w(E): Zu® € ci}
2F = (% = [ug.ufl € w(E): 2u% e ¢}
2E = (u¥ = [ug.ut] e wiE): ¥ € 18]

It is clear that Zweier interval matrix is lower triangular and
regular interval matrix of type oo X oo,

Define the interval sequence ¥ which will be necessary as
the Z transform of a interval sequence u*, i.e.

vl = plug.ul + (1 — pl lug_ oui ]
Where
[uZ,uf,]=[00lp=1
Theorem 3.2.1: There is an linear isomorphism between the
spaces Z£ and I%,. It means that 25 = L.

Proof: For making proof of theorem, we should show the
existence of a linear bijection between the spaces
ZF and I%. Let T be a transformation as T:Zf — I,
€ o vk =Tk = 2 (g uf ] g 1)) The

linearity of T is clear. It means that T(u* + v*) = T + Tv*
and T(a’u‘f} = aT(u¥). Let us take v¥ € I, and define the

u

sequence u* ([uk, +1) as below:
ukJuk]—ZZ{— DTy vk eN
Then we have
L [u:.u:'.'] [u: TRy ]
supd{_Zu"'.E‘}:supd( S S S S Y
keN keN 2 2

:EL;EH(JZFLI“ fu [1, zt—ll" fu [1, . ] )

= supd([vg.v}1.8) < oo

kel

Therefore, u* € Z‘ Additionally,
|| ||n|_supn’ Z{— k- " L'J']-I—Z{ 1) k=j " b L"']
= supd([vg.

vil.6)
keN

=¥l <
which means that T is norm preserving. Consequently, T is
linear bijection. It means that 25 = [,

Theorem 3.2.3: ZE is complete metric space with the metric
given as in the following'

supm(z o3 | S 3 s )
keN =i = = <

Proof: The interval sequence space I%, is isomorphic to the
space ZE Besides, Zweier interval matrix is normal [sen] and
IL, is complete sequence space, then it is easy to see that the
interval sequence spaces [., and zE are complete metric
spaces with the metric defined above.
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