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Abstract: The purpose of this paper is to introduce a concepts of the public tripled fixed point , public tripled coincidence fixed point
and public mixed B_ monotone property. This concepts are more general than that of tripled fixed point, tripled coincidence fixed point
and mixed g _monotone property. Also, we prove the existence and uniqueness of public coincidence fixed point for continuous and

public commuting mappings in the partially ordered metric spaces.
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1. Introduction

The fixed point theorems in partially ordered metric space
are studied by many researches, see [1-24]. In 2006, Bhaskr
and Lakhikntham [4]. Introduced the concept mixed
monotone property for contractive mappings they also
established coupled fixed point results for mapping has
mixed monotone property. On other hand, Sintuavrate et al.
[25], [26] proved the existence and uniqueness-of coupled
fixed point theorem for non linear contractions without the9
mixed monotone property. Also, Lakshmkatham and crict
[11] introduced the concept of mixed monotone and proved
some results for coupled coincidence fixed point and
coupled common fixedOpoint for commuting mappings, this
results extend of results Bhaskar and Lakshmikntham [4].
Additionally, Chodhry and Kudu[5], introduced the
compatiblity of mappings in partially ordered metric space
and they established a coupled coincidence point theorems.
Bernde and Bocut [27], [28] introduced the concept of
tripled7 fixed point and6 tripled9coincidencedofixed point,
they extend the results of Bhskar and Lakshmikntham [4]and
Ciric and Lakshmikanthm [11] to the Otripled fixed point
and coincidence fixed point.

Now, we recall the flowing definitions:

Definition (1.1): [29]
Aset W with a binary operation < is called partially
ordered setifforall ,f,g € W.
i s z
ii. s<zand.zXs = z=s
iii. s zand z<e=>s<e.

Definition (1.2): [27]
Let A: W3 — W be a mapping then any point (e, f,g)€ W3
is called tripled fixed point of A if:

e =Aerg [ = Agen aMdg=A4(re.

Definition (1.3): [28]
Let A:W3 — W and B:W — W be two mappings. Any

point (e, f,g) is called tripled coincidence point of
A and B: if,
Bey = Awesan o+ By =AgendndBy) =Agre

Definition (1.4): [28]

Let A:W3 - Wand B:W — W be two mapping and
(W, <) be a parlially ordered set, then we say that A has
mixed B — monotone property if A is monotone increasing
in e and g and is monotone decreasing in f, i.e,Ve,f,g €
w

e, e EW By <Bey) @ A (e11,)= Ater f0)

fi.f2 € W.B(sy <B(s) 242 (¢f;,)SA (e f9)
And, g1,9, € W, By)SB (9) 2 A (e.f,9) (e f02)-

2. Main Results
Now , we will give the new concepts.

Definition (2.1):

Let W be a nonempty set. Then we say that the mappings
Ay Ay, e, Ay W3 > WandB: W —» W are public
commuting if foreach e, f,g € W,

B A1<A2( ...... (Anefg) o ))
(o )

Definition (2.2):
Let W be a nonempty and A,A4,,..,A;: W3 - W be
a mapping. Any point (e, f,g) € W3 is called a public

Definition (2.3):

Let (W,<) Dbe apartially ordered set and
A, Ay, .. ... LA, : W3 - W be a mapping. We say that
A, Ay, .. ,A, are public mixed monotone if

A (-Az( ...... (An e g)) e o )) is monotone increasing in

e and g and is monotone decreasing in f, i.e, Ve, f,g €
Wl
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e, e, EW,e1xe; =
i (A Gt ) )

) )<
A3 (( Al (Areari) )
fuf2 €W i< f=

A, ((AZ(... (Ancesian) )))>A ((Az(... (o)) )))

and
91,92 S Vl/ugl< g2 =

A ((Az(... (A ntesan) ...)))s
A (420 (nern) )

Definition (2.4):

Let W be a nonempty set. If Ay, A, ......,A;: W3 > W and
B:W — W are mappings then any point(e, f,g) € W3 is
called public  tripled  coincidence  point  of
Ay, Ay, ..., A and B if

A ((Az(... (Anero) ...))): B (e),
A ((AZ(... (Auirep) - ))) =B (f)
A ((Az(... (Aniorer) ))) =B (g)

Definition (2.5):

Let (W,<) be a partially ordered set and
Ay, Ay, Ay W3 5> W and B:W — W are mappings,
then we say that A;, A,,.... ,A, are public mixed
B_ monotone property, If

Al((Az(...(An(e,f,g)) )))IS monotone increasing in

eandg and is monotone decreasing in f; i.e, for all
e,f,gew
e e; €W, gle)<g(e;) =

A ((A2 ...... (Ancers.g)) oo )))s

> A ((A2 ...... (An (erf gy)) )))

Now , Let I'" be the set of all increasing mappings such that:

tift>0
A; : [0, 0] = [0, o]such that Ay = {0 ll]]z t<0

And lim,_, A" (t) =0vi=1,..,7 , where A" denotes
the n — th iterate of A. And let C be the set of all mappings

AlﬁAZ' ...... ,A3:W3—)W andB 1,32, ...... ,B:W ->W SUCh

i. B(W)is complete of W containing A, (Az( ...... (A, (W x
wxw.......

ii.Ag, Ay, ... ... , A, and Barecontinuous and public commute
mappings .

Theorem (2.6):

Let (W,d,<) be a partially ordered metric space.
IfAy, Ay, oo, Ay: W3 > W and B:W — W are mappings
lies in C such that A, Ay, ... ... ,A, having public mixed
B_monotone  property.  Suppose  that.  For all
e,f,g,u,v,w € Wwithe >u,f Svand g = w,

d( 4, <(A2( ...... (An(e,f,g)) ...... ))>,
1 (Ao ) ) <

maxi?{’Ald( B(e), B(u)), Azd(B(f), B(v))
,83d(B(g), B(W)),

A4d<A1((A2( ...... (Autes.g)) oo ))),B(e)),
Asd(Al((Az( ...... (Anggrer) =)

B(z,) < Al((AZ( ------ (Ancgofoen)) = )))

Then,A4, 4,, ... ... ,A,and B having  public
coincidence point.

tripled

Proof:
Considere,, f,, g, € W satisfy (2.1).We can construct
sequences as,

Define:B(e;) < A((A2 ...... (An(eofoge)) - )))
B < A1 (42 (Augreeapn) = )
B(g) < A ((A2 ...... (An(gofoee)) - oo )))

And hence, we get:
B(eo)<B(e1)
B(fo)> B(f1)

B(g0) < B(g1)
As the same way define

Be) =y (420 (Ancer ) )
B(f,)=A ((Az( ...... (Anisrens)) = - )))
B(g,) =4, ((AZ( ...... (Antorsion) o )))

But Ay, A, ... .. ,A, having public B_mixed monotone
property.Then, we get
B(ey) <B(e1)<B(ey)
B(fy) = B(f1)= B(f2)

B(go) <B(g1)<B(g2)
We continue operations where we get the sequences.

< B(e,) >,< B(f,) > and < B(g,) > in B(W)and
satisfy the following

Blen) = A1 (A2(e e (Autey s foorignn) =)
<B(en+1)=A1((A2( ...... (Ancen s gny) oo oo )))
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We will take two cases during the proof

Case 2):
If, (B(en+1), B(fa+1), B(gn+1)) = (B(en), B(fo), B(gn))
For some n € N,then4, (Az( ...... (Ance frg) = - )) =
B(e,)

A ((Az( ...... (An (1o ) oo o ))) = B(f,)and
A ((A2 ...... (Anigy foeny) o o ))) = B(g,)

Hence, (e,, fn,g,)iS a public tripled coincidence point of
Ay, Ay, ... ..., A, andB.

Case (2):
If (B(en+1)'B(fn+1)'B(gn+1)) *

(B(en), B(fp), B(gx)).then
vV n € Neither B(e,) # B(e,4+1) or B(f,) #

B(fn+1) or B(gn) * B(en+1)
Now,

d(B(en-H)'B(en))
) Ay (Ag( o ( Ao o)) )))
)

Ay (A3 (oo Aoy for.gnr)) =
< max/{Al d( B(en)' B(en—l))lAZ d(B(fn)' B(fn—l))v
2ad( B9, B s d (A (Ao (o) ) Ber)),

A d <A1 (420 (Anigpfoen)) =) B(gn)>,
Agd <A1 (420 (Anen s foorign-)) - )),B(en_1)>,
87 (41 (420 (At 1o rn ) =) BGa )

= maxfir; d <B1 (Bz( ...... (Bn(en)) ...... )) , B(en_1)>,
Az d(B(fn),B(fnq))'As d(B(gn)rB(gn—l))lA4 d(B(en-H)rB(e))

Asg d( B(gn+1)rB(gn))rA6 d( B(e,),B(en-1)),
Ay d(B(gn), B(gn—l))}
Lethy ) = maxifid, ), A6} oy =
maxfAs ), Ay handA € T
= maxifh, d(B(e,), B(e,-1)),8; B(g(£.), B(fu-1)),
hzd(B(g), B(Qn—l)),
A, d(B(e,41), B(en)).nsd(B(gnt1), B(gn))}

< maxifh,d(B(e,), B(e,_1)).5, d( B(f;), B(fu-1)),
had(B(gn), B (gn-1)),84 d(B(en+1), Blen)),
A d(B(fu+1), B(£)),85 d(B(gn+1), B(g:))}

Now,
d( B(fn)r B(fn+l))

. <A1 (A2 (Anyynsfor)) - - )),)
Ay (Az(e o (Ann i) =)
< maX!§h3d( B(fn—l)tB(fn))'AZ d( B(en—l)'B(en))r

h4d<A1(A2( ...... (Anthyrens o)) =) B(fn_l)),
s (41 (42(oe v (Ane ) ) BED )

Whereh3(t) = max{Al(t),A3(t)}, h4—(t) = max{A4(t),A5(t)},

hsy = max{Ae(), Az}, hery = max{hs, hae}and
A€ T = maxfhed(B(f,-1), B(f,)),
A2 d( B(en—l)' B(en))' hSd( B(fn+1)' B(ﬁz))}

< max{ia, d(B(z,-1), B(z,)), hed(B(fn_1),B(f,)),
A d(B(gn—l)' B (gn))'A
d(B(en1), B(en)), hsd(' B(fr41), B(f)).A

d(B(gn+1),B(9n))}
Also we have:

d(B(gn+1)' B(gn))

=d< A1 (As (oo (Angpfen) o o )))
)

Ay (A2 (e (A foyin-)) o
= maX/‘EAI d( B(gn):B(gn—l))rAZ
d( B(f), B(fa—1)).83 d(. B(e,), B(en—1)).04

d <A (420 (Auggp foren)) )),B(gn)),
As d( Ay (A3 (e (Ao frgn)) =) B(en)),
s d (A1 (Az( ...... (Antoyssforenpy) e oo )) )

B(gn—l)

A, d (Al (AZ( """ (An(en—l»fnflign—l)) """ )) ')}
B(en—l)
= maX"EAl d( B(gn)' B(gn—l))!AZ d(B (fn)' B(fn—l))'
A3 d(B(en)' B(en—l))'A4 d(B (gn+1)! B(gn))'
AS d(B(en+1): B(en))xA6 d(B (gn)r B(gn—l)),
Ay d(B(en)' B(en—l))}'
< maxifh;d(B(g,), B(gn-1)).4; d( B(gn )'B(gn—l)):
hgd(B(ey), g(en-1)),A4 d(B(gn+1), B(gn)).
A5 d(B(ent1), B(en))}
Where,hm) = maX{Al(t),Aﬁ(t)}
hg(y = max{Az ), A7 }
< maxifh;d(B (gn), B(gn-1)),82 d(B(£), B(fa-1)),
hSd(B (en): B( en—l)):A4 d(B (gn+1)! g(zn));
0d(B(fps1), B(f)), 25 d(BC ens1), Be,)}
Let Py = max{A(t),Al(t), :A7(t): hl(t): [T h8(t)}i then
we have
maxifid (B (eq+1), B(en)), d(B(fu11), B(2)),
d(B(gn+1): B(gn))}
< maxfipd(B( e,), B(en—1)), pd(B (f), B(fu-1)),
q’d(B(gn): B(gn—l))l Qﬂd(B (en+1)' B(en));
0d(B(fus1), B(£)), ¢d(B(gns1), B(g:)))
< max[{d( B(en): B(en—l))' B (g(f;’l)l (fn—l));
d(B (gn)ﬂ g(gn—l));
d(B(en+1): B(en))l d(B (fn+1)v B(fn))v
d(B(gn+1), B(g:))}

(2.2)

This leads
max'{fd( B(en+l): B(en)): d(B(fn+1)v B(ﬁn))' d(B(gn+1)' B(gn))}
< maxifid(B(e,), B(en—1)), d( B(f,), B(fu-1)),
d(B (gn): B(gn—l))}
And hence, the equation (2.2) become

maxfd (B (e,+1), B(e,)), d(B(fu+1), B(f)),
d(B(gn+1),B(gn))}
< maX'ﬁD[ B(g(en)l B(en—l))' d(B (fn)' B(fn—l))
,d( B(gn),B(gn-1))1}
< maxfip?[d(B(e,—1), B(en—2)),
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d( B(fn—l)r B(fn—z)), ‘d(B(gn—l): B(gn—Z))]}

< maxifip" [d(B (el),é(eo)),d(B(ﬁ),Boz))
d(B(gl) B(go))]}

d(B(gl) B(g,)] = 0
Then, Ve > 0; @) <€,3n. €N such that:

¢™{d(B(ey), B(e-)),d(B(f1), B(f,)),d(B(g1), B(9,))}

<E—QPEr VYVnzn

maxifd( B(ey41),B(e,)), d(B(frs1), B(f,))

) d(B(gn+1)'B(gn))} < €e-— q)(e) (23)
Now, To prove that,V m > n = n.
a {d( B(e,), B(en)), d(B(f,), B(fm))} ce (4
,d(B(g,), B(gn)) '

We will discuss the Cauchy sequence,

i. Form =n+ 1 and by using (2.3) we get (2.4).
ii. Supposeitisifm =k, i.e.
maxifid (B (e,), B(er)), d(B(f,), B(fi)),

d(B(9.),B(gi))} < €
iii. Now, to prove itistrue whenm =k +1

d(B(en)'B(ek-H))
< d(B(en), B(en+1))
+ d(B (en+1)' B(ek+1))
< E€E— P

» Ay (A2 (e (Antep frg) =)
AL (A o (Ante frgo) )
< €— @) + maxifi

Ay d(B(ey), B(ey)),0, d(B(f,), B(fi))
A3 d(A (gn).a (gk)),

d( Ay (A3 (e (Ancep forgn)) = -

As d( Aq (Az( ------ (An(gn-fn'en)) """ B(gn )
a( a(a B(en))

d(Al(Az( ...... (Ao fren) o )),B(gn))}
< € — @ + maxifipd(B(e,), B(ey)), 9d(B(£,), B(fi)),
@d( B(g.),B(gi)), pd(B(e,11), B(ey)),
@d(B(gy+1), B(gy)),
@d( B(ey11),B(er)), 9d(B(gi+1),B(g1))}
S€—P©
+omaxifid(B (e, ), B(ey)), d(B(f,), B(fi)),
d(B(gx), B(gx)),
d( B(ens1), B(en)),
(B(gn+1), B(gn)), d(B(es1), Bley)),
d(B(gr+1), B(g1))}
< € = @y + pmaxifid (B (e,), B(ey) ), d(B(f), B(fi)),
d(B(gn), B(gi)), d(B(en+1), B(en)),
d(B(fs1), B(£),
d(B(gn+1), B(gn)), d(B(exs1), Bley)),
d(B(fi+1), B(fi)), d(B(gr+1), B(91))}
<e—@eto max{e, €— (p(e)}by (i) and (ii)
<€_(p(e)+(p(s) =€
This leads,d(B(e,), B(ex41)) < €

B(en))

As the same way, we get
d(B(f), B(fir1)) <€

and d(B(g,),B(gk+1)) <€
Hence,

maxifid (B (e,), B(ex+1)), d(B(f), B(fir1)),
d(B(gn), B(gk+1))} <e.
For all m = n, (iii) holds, therefor
< B(e,) >,< B(f,) > and < B(g,) >are
Cauchy sequences in g(W)which is complete. Therefore,
there existsLy, L,, L3 € g(W)such that: B(e,) —
Ly, B(fy) = L, andB(g,) — L3
When,L; = B(e),L, = B(f)and
Ly = B(g)forsomee,f,g €W
Now to prove that (Lq,L,,L3) is public tripled coincidence
point
Since Ay, 4y, ... ... ,A, and B lies in C, we have

B( B(ens1)) = BC Ay (Az( e o (Ancer fr.g)) =) )
Which is converge to 4, (Az( ...... (( Ap(Ly, Ly, L3)) e . ))
Now since B(e,) — L; = B(B(e,)) = B(Ly)
But the limit point is unique:
B(L) = 4 (Az( ...... (A (Ly, Ly L)) o . ))
As the same way, we get:

B(ly) = Ay Ay (Al Ly, L)) )

B(Ls) = Ay (Az( ... (An (L3, Ly, L)) ).
Therefore, the point(Ly, Ly, L3) is
public tripled coincidence point of A, 4, ... ... ,A, andB.

Corollary(2.7)

Let (W,d,<) be a partially ordered metric space.If
Ay Ay e, Ay W3 > W oand B:W — W are mappings
lies in C such that Ay,A4,, ... .. ,A, having public mixed
g_monotone property .Suppose that, for all x,y,z,u,v,w €
Xwithx <u,y<vandz>w,

d(A; (420 (Anryi) =),

Ay (Az ...... (An(u,y,w)) ...... )) <

maxifk; d(B (x), Bw)), k,d(B(y), B(v)),
k3d(B(z), B(w)),

kad (A1 (A2( (A nry)) o)), BOO),
ksd (A1 (42( o (Aniyi) =), B(@)
ksd (A1 (A2( o (Angup) - ) ) B@)),
kyd (4, (AZ( ...... (Anw) =), B(w))}
whereky, ks, ... ..., k; €[0,1) and ¥/_ k; <1
If there exist x, ys, zo € X ,such that
B@) < Ay (Ay (o o (Angunyoss) =)
B 2 Ay (A (oo (Augyeosy) o))
B(z) < Ay (A2(e o (Angyony) o))
a

ThenAq, 4, ... ... ,A, andB having
coincidence point.

public  tripled

Corollary(2.8)

Let (W,d,<) be a partially ordered metric space. If
A Ay, e, Ay W3 > W oand g:W — W are mappings
lies in C such that A4, 4,, ... ... ,A, having public mixed B_

Volume 7 Issue 1, January 2018

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20179777

DOI: 10.21275/ART20179777

1956


www.ijsr.net
http://creativecommons.org/licenses/by/4.0/

International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2016): 79.57 | Impact Factor (2015): 6.391

monotone.Suppose that, for all x,y,z,u,v,w € Wwith
xFuysvandz = w,

d(A; (42( o (Auryi) =),

(A2 (o (Angey) ) ) BG)),
d (41 (A3 (e (Angoy) o)) B@))
(A5 (o o (Anguwm) =) B@W),
(

Ay (oo (Auwa) ) ) BOW) )},
Where, A e I'.If there exist x., y., z € W such that

B@) < Ap (A2 (oo (Angeoyess) =)
BO) = Ay (A (o o (Augyeoys)) - - ) Jand

B(z) < Ay (A2( o (Angyosy) o))
ThenAy, Ay, ... ... ,A, and B having a
coincidence point

public tripled

Corollary(2.9):

Let (W,d,<) be a partially ordered metric space. If
Ay Ay, e, Ay W3 > W oand g:W — W are mappings
lies in C such that A, A4,, ... ... ,A,having public B_mixed
monotone . Suppose that, for all x,y,z,u,v,w € Wwith
xXFuysvandz = w,

d(A; (42( e w (Auryi) =),
Ay (AZ( ----- (An(u,v,w)) ...... )) <

k max@d(B(x), Bw)),d(B(y), B()),
d(B(z), B(w)),

@ (41 (Ao (Autey) ) BEO),
d (41 (A3 (e (Angoy) o)) B@))
@ (41 (Ao (Angum) ), B@),

d (A1 (A3 (- (Angwouy) =), BW) )}
where k € [0,1). If there exist x., ¥, z € W such that

B() < Ay (A (oo (Angeoyessy) =)
B(yo) > Al (AZ ...... (An(ye,Xo,yo)) ...... ))and

B(z) < A, (Az( ...... (AnGnyor)) )
Then,A4, 4,, ... ... ,A, andB having a
coincidence point.

public  tripled

Corollary(2.10)

Let (W,d,<) be a partially ordered metric space.If
A Ay Ay X3 > X and By, By, ......,B:X - X are
mappings lies in C such that A, A,, ... ... , A, having public
B_mixed monotone. Suppose that for all x,y,z,u,v,w €
Wwithx > u,y<vandz > w,

d(A; (42( o (Auryi) =),
4 (AZ( """" (An(u,v,w)) ...... )) <

ki d(B(x), B(w)) + k2d(B(y), B(v)) + k3d(B(z), B(w))
+

kyd (A1 (Az( ...... (Angey)) o o )),B(x)) +
ksd(Al(Az( ...... (Anayy) o - )),B(z))

k6d (A1 (Az( ------ (An(u,v,w)) """ )) ’ B(u)) +

krd (A1 (A2 (o (Anio) ) ) BOW))
where  kq,ky, ..., k;€[0,1) and ¥7_  k; < 1.If there
exist x., y., z. € W such that

B(x) < Ay (Ax (o o (Angunyoss) =)
B 2 Ay (A3 (oo (Augyeoysy) - - ) Jand

B(z) < Ay (A2( o (Angyony) o))

Then, A1, A,, ... ... ,A, andB having a public
coincidence point.

tripled

Also, you can get others results:

If B(x)=x and A A4,,.... ,A,having public mixed
monotone in above theorems, then we get the public tripled
fixed point theorems.
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