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Abstract: In this paper, we introduce a proximal point schemes of szl —widering mapping which is independent of non-expansive
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1. Introduction and Preliminaries

Let X be a real Hilbert space and A be maximal monotone
mapping. The Monotone operators have proven to a key
class of objects in modern optimization and analysis see ([1]-
[5]). The zero point problem for monotone operator A on a
real Hilbert space X ,that is ,finding a point z € X such that
0 € A(z).in order to solve this problem, many types of
iterative algorithms have been studied such as [6]-[17].
Consider a single valued non-expansive mapping as:
Jr, = (I + 1, A7) (x),which is called resolvet mapping
where <7, > be a sequence of positive real numbers.
In[6,7] Xu , studied the convergence of the proximal point
scheme

X€C, Xy = apx +(1—a,)T, ,n=123,.. (1)

where T is non_ expansive mapping and < a, > be a
sequence in (0,1) .In[8] Moudafi , studied the convergence
of the proximal point schemes

x, = tf(x) +(1-t)T, ast > o (2)
Xn+1 = anf(xn) + (1_ an)Txn asn — o

where T is non_ expansive mapping , f b a contraction
mapping and < a,, > be a sequence in (0,1).In [9] Xu, who
extend Moudafi results . On other hand, Kamimura and
Takahashi[10] ,studied the convergence strongly of the
proximal point scheme

U €C, Xy = Quu +(1_“n)]rnx ,n=1(3)

in 2016[11,12], Abed and Maibed studied the strong
convergence of the many proximal point schemes. Now,
consider X be a real Hilbert space, @ + C be a convex closed
in X. We recall some definitions and lemmas which will used
in the proofs.

Definition (1.1): [1]

A mapping T: C — X is calledLipschitz if there exists a real

number L > 0 such that
IT(x) =TIl < L|lx — yllforeach x,y € C. (4)

When L € (0,1) then Tis calledcontraction mapping and if
L = 1thenT is called nonexpansive mapping

Lemma (1.2) [16]

Let <a, > and < b, > are sequences of nonnegative
number such that

an41 < a, +b, ,foreachn > 1. IfY;_, a, converge then
lim,,_,., a,exists.

Lemma (1.3): [17]

Let C be a nonempty convex closed subset of real Hilbert
space Xand T is non-expansive multivalued mapping such
that Fix(T) # @.ThenT is demi-closed, i.e.x, —
p and lim, ., d(x,,T(x,)) = 0.Thenp € T(p).

Lemma (1.4) : [7]

If (a, ) be a sequence of non-negative real number such that:
a1 <A—-y)a, +S,,n=0

Where (y,) is a sequence in (0,1) and (S,) be a sequence

in R such that:

. s
Y 0 ¥n = % and lim,, . supi <0orYyq]S,| < oo.

Thena,, - 0
asn — oo,

Lemma (1.5) : [18]
If (a, ) be a sequence nonnegative real numbers such that:
An+1 < (1 - y)an + VnSn+ﬁn n =z 0 (5)

Where (y,,), {B,) and (S, ) are satisfies the following:

1) ¥ C [01]; N1 =

2) lim,Lsup S, <0 or X711y, Sn| <

3) B, =0 for each n=0 such that };_; 8, < ©.Then
lim, ., a, = 0.

Lemma (1. 6): [19]

Let X be a Hilbert space and C be a nonempty convex closed
subset of X if (x,) be a sequence in X and ||x,44 — x| <
[lx, —x]|| for all n€ N,x € C. Then (P.(x,)) converges
strongly to a pointin C.

Now, we introduce the concept ofszl —widering mapping
Definition (1.7): [20]

Let X be a normed space and C be a nonempty subset of X,
then A mapping T: C — C is called szl —widering if for each
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s,1 € (0,1)then there exists z > 0 such that the following
equation holds:
ITx = Tyll> < (1 = )llx = yll?
+ Uy =Tyl llx —Tx — (y = Ty)||
+ z|(x —Tx,y — Ty)|, for each x,y
€ C (6)

The concept of szl —widering mapping is independent of
concepts of non-expansive mappings. As shown by the
following examples:

Example (1.8):

(@) Let T: R — R such that T be identity mapping then T is
non-expansive, but it is not sz — widering

(b)Let T:R—>R such that T(x)=2xThen T is
szl —widering but not non-expansive mapping.

Lemma (1.9) :[20]

Letd = C be a closed convex subset of Hilbert space
XandT'is szl —widering. Then it is demi-closed ,i.e., if there
exists (x,)sequence inCsuch that x, = p and |[Tx, —
xn0then pefiv(p).

Now, we introduce a proximal point schemes of non-
expansive and szl —widering mappings and we discuss the
weak convergence for these proximal point schemes under
different conditions to asymptotic common fixed point of
szl —widering mappings.

2. Main Results

Theorem (2.1)
If (T,,) be a sequence of bounded szl —widering mappings
has .Define the proximal point scheme (x,,) as follows

Xn+1 = QuXn + by Ty Xy + Coyn

In = ]rn ((1 - an)xn +a, Ty x, — 7"nhxn) (7)
where (a,), (b, ) and {c,) are sequences in (0,1) such that:
a,+b,+c,=1landr, <2(1 —a,)a
2) Ny_y Fix(T,) N(A+h)7'(0) # 6
Then the proximal point scheme converges weakly to the
asymptotic common fixed point of T,,Vn € N.

Proof:

Let p € Nyy Fix(T,) N(A + )71 (0)

Since, ¥, = J,, (1 — a,)x, + @, Tyxy, —

So,p €/, ((1 = a,)p + a,T,p — 1, hp)

ly. = pll? = |1, (@ = @)%, + @, Ty x, — 75,
— ), (1= a)p + a,Tp —

r,hx, )

hxn)
rhp)|

=< ”(1 - an)(xn - P) + an(Tnxn - p)
_rn(hxn - hp)||2
< ||a Ty = p) + (1= @) (G =)

el |

Now, by definition of szl widering then we get, for each
Sp, L, € (0,1) then there exist z, > 0 (shortly we write them
s,z and [ respectively) such that

”yn - pHZ < an”Tnxn - pHZ

+(1
", — hp)|
@) |G =2~ ey (e — )|
< a,(1 = 9)llx, — pll?
+ l“p - Tnp” ”xn - Tnxn - (p - Tnp)”
+ Z|<xn - Tnxn'p - Tnp)l
+ (1 = ay)llx, —pll?
- 2rn<xn - Db hxn - hP)
7,2
+ ———llhx,, — hpl|?

(1 - an)
ly, —plI* < a,(1=9)llx, —plI* + (1 - a,)llx, —pll?
- ZWnIIhxn — hpl|?

B, — hl?
X, — hp
(1 a) "
< llx, —pll?
T 2
—2|a —m> tllhx, — hpl|
201 —a,) —m,
< llx, —pllI*> = (— 1 lhx, — hpl|?
n (1 _ an) n n
< llx, —pll?
”xn+1 _pHZ < an”xn - p”2 + bn”Tnxn - P”Z
+ Cn“yn _p”2
< an”xn - P”Z + bn(l - S)”xn - P”z
+ l”P - Tnp” ”xn - Tnxn - (p - Tnp)”
+ Z|<xn - Tnxn:p - Tnp)l + Cn”xn - P”Z
< an”xn - P”Z + bn”xn - P”Z

+ Cn”xn - P”z
By lemma (1.2),
We get lim,,_,, ||x,, — pllexists (8)
Hence, (x,,) is bounded sequence, and hence, (f, Yand(w,)
also bounded.

Sincellx,11 —pll < llx, —pll + [IT,x, — x, |l , therefore,
by (8)

we get

—NTux, — %1l < llxy = pll = llxp11 — Pl > 0asn—> oo
”Tnxn - xn“ —»0asn—oo (9)

Since (x,) is bounded sequence.Then there exists

subsequence (x,; ) of (x,,) such that x,,, — X.
By (9), we getX is an asymptotic common fixed point of
T, YynEN m

Theorem (2.2):
Let (T,,) be a sequence of szl —widering mappings on C and
(f,,) be a sequence of non-expansive mappings on C.
Let(Ni=y Fix(T,)) 0 (N7=y Fix(£)) N (A + R)71(0) #
@.1f the proximal point scheme generated by:

Xn4+1 = QpXp + bnTnxn + Cnﬁz(xn) + dn Yn

In =]rn (anxn + (1 - an)Tnxn - rnhxn)

where(b,, ), (c,) and (d, )are sequences in [0,1](a,) is
sequence in (0,1]such that2aa, >, and a, + b, + ¢, +
d, = 1.Then the proximal point scheme (x,) converges
weakly to the common fixed point of T;, .Also, (Pz(x,)) = X.

Where E =n,ey Fix(f,) N (A + h)71(0).
Proof:
Letp € (NF=; Fix(T,)) N (A + h)71(0) n (NS, Fix(f))

p€@A+nT0)=p=],U-rhp.
p =J., (a,p + (1 —a,)p —1,hp)
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”]rn (anxn + (1 - an)T Xp — 7'nhxn)
]rn (anp + (1 - an)p - rnhp)”

< ||(1 — @) (Tyx, —p) + ay[(x, —p) — ;i(hxn - hp)]”

n

Iy, —pll* =

< (1 - an)”Tnxn - p||2 +a,

n
< (1= a)(1 = 9)llx, —pll?
+Ulp = Topll 11, — Tyx) — (0 = Tp) I
+ Zl(xn - Tnxn'p - Tnp>| + an”xn - P”Z
- 27;21 (xn - D hxn - hp)

T
+ 2 ||hx, — hpll?
n
Iy = pI2 < (1 = @)l
— 2a, i, = hpll? + 2, =

TL
< lx, — zoll2
(Zaa

—pll* + an”xn pll?

)l = hpll?

n
ly, —plI* < llx, — plI?
%41 = 2II> < anllx, = plI* + b, I Ty x, — plI?

+ Cn”fn(xn) - p”Z + dn“yn - P”Z

< (an + bn + Cn)”xn - P”z

+dy llx, = pll?

= llx, — plI?

By lemma (1.2),
we get lim,, ., ||x, — pl|exists (10)
Then (x, ) is bounded sequence, and hence(J,. ), {f,)and (w, )
also bounded sequence.

Since [|lxp 1 — pll < [lxn = pll + 1Ty — x5l

By (10) we have ,

=%, — xall < ll2y = pll = llXp11 —Pll 2 0asn—> o0
T, %, — x|l >0 asn— oo (11)

Since (x,,) is bounded sequence

Then there exists subsequence (x,,) of (x,) such that
Xnk — X.

By (11)we get X is an asymptotic common fixed point of
T,YyneN.nm

Theorem (2.3) :
If (T,,) be a bounded sequence of szl —widering mappings
on C and (f,,) be a sequence of non-expansive mapping on C
f proximal point scheme (x,, ) is defined as

Xn+1 = ApXp + bnfn(xn) + dn[cnxn + (1 - Cn)]rnyn]

Yn = ]rn ((1 - an)xn + anTnxn - rnhxn)

Where {a,,), (b,,) and {c, ) are sequence in (0,1] such that
1) a,+b,+c,=1and2a(l —a,) >,
2) (ﬂ _1 Fix(T,)) n (N2~ Fix(£,)) N (A + h)71(0) #

Then the proximal point scheme (x,) has converges weakly
to an asymptotic common fixed point.

Proof:
Letp € (Ni=1 Fix(T,)) N (Ni=1 Fix(f,)) N (A + )~ (0)
Since y, = J,, (1 = ax, + a,Tyx, — 1,hx,)
“3/71 - P”Z = ”]rn ((1 - an)xn + anTn(xn) - rnh(xn))
2
_]Tn ((1 - an)P + anTnp - rnhp)”

Now, by definition of szl — widering then we get, for each

sp, L, € (0,1) then there exist z, > 0 (shortly we write them
s,z and [ respectively) such that

“yn - P”Z < ”(1 - an)xn + anTn(xn) - rnhx

- (1 - an)p - anTnp + rnhpllz
< an”Tnxn - TnP”Z
+(1

e ) |
< a,(1-9)|lx, —pll?
+ l“p - Tnp” ”(xn - Tnxn) - (p - Tnp)”
+ Z|<xn - Tnxn:p - Tnp)l
+ (1 = a)lx, —pll?
- 2rn<xn - p:h Xn — hp)
7,2 5

+———||lhx, — hp||

a-a,) P

Iy, —plI? < ayllx, —pll* + (1 = a,)llx, — plI?
- 2r, aIIhx — hp||?

B, — pll? > 0
x —
RS b
< llx, —pll?
201 —a,) — 1, )
- <W> tllhx, — hpl|

But, 2a(1 —a,) >,
lly, — pllI* < lIx, — plI?

lxn 41 = PlI* < anllx, = plI* + byllf Cen) = plI? ,
+ dn”Cnxn + (1 - Cn)]rnyn - p”
< ayllx, = plI* + byllx, = plI?
+d, [eullx, = pl?
2
+ (1 - Cn)”]rnyn - p” ]
lxn41 = plI* < (@n + b)llx, —plI?
+dy[epllx, = plI* + (1 = c)lly, —plI°]
< (an + b)) llx, — plI* + dy llx, — plI?
= |lx, — pll?
By lemma (1.2),we get
lim,, L ||, — pllexists (12)
Then (x,) is bounded sequence, and
hence(/,., ), (f») and (w,,) also bounded sequence .
Since lx,11 —pll < llx, — pll + IT,x, — x, | therefore, by
(12)
_”Tnxn - xn” = ”xn - P” - ”xn+1 - p” —»0asn—oo
| T %, — x|l =0 as n— oo (13)
Since (x,) is bounded sequence. Then there exists
subsequence  (x,,) of <{(x,) such that x,, — X.By

(13), we get¥ is an asymptotic common fixed point of
T, YyneEN nm

Theorem (2.4):
If (T,,) be a bounded sequence of
szl — widering mappings on Cand (f,) be sequence of
non-expansive mapping on C such that (Ny—; Fix(f,)) N
(N~ Fix(T,)) n (A + h)71(0) # @. If the proximal point
scheme (x,,) is defined as:

Xn41 = OnXp + bnTnxn + Cnfn(xn) + dnTnyn

Yn zjrn (anxn + (1 - an)Tnxn - rnhxn)

Where (a,), (b, ), {c,) and {(d,) are sequences in (0,1) and
(r,) be sequence in R* such that a, +b, +c, +d, =
1&2a,a > r,.Then the proximal point scheme (x,) has
converges weakly to an asymptotic common fixed point
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Proof:
Let p € (Ny=1 Fix(f,)) N (N7=y Fix(T,)) N (A +
h—10#0
Sincep e (A+h)(0)=p =], U-rhp.
P =Jr,(ayp + (1 —a)p — 1, h).
But Vn =]rn (anxn + (1 - an)Tnxn - rnhxn)
2
“yn - P”Z = ”]rn (anxn + (1 - an)Tnxn - 7"nh-xn) - p”
= ||]rn (anxn + (1 - an)Tnxn - rnhxn)
_]rn (anp + (1 - an)p + rnhp)llz
||Yn - P”z = ”anxn +(1- an)Tnxn — T hx, —a,p

- (1 —a)p +nrhpl
< (1 - an)”Tnxn - p”z

Tn
(=) = = (hx, = h)

< (1 - an)”Tnxn - pHZ + an”xn - p”z
- 21‘51(xn — p, hx, — hp)

2
+a,

T,
+ = ||hx,, — hp||?
an

Now, by definition of szl — widering then we get, for each
Sn, L, € (0,1) then there exist z, > 0 (shortly we write them
s,z and [ respectively) such that
ly. —plI* < (1 = a){(A = 9)llx, — plI?
+ l“p - Tnp” ”xn - Tnxn - (p - Tnp)”
+ Zl(-xn - Tnxnﬁp - Tnp)l}
+ |l - plI> = 2nallh x, — hpll?

n
+——Ilhx, — hpl|?
an

ly, —plI> < (1 = a,)(A = 9)llx, — plI* + a,llx, — plI?
2a,a — 1),
—Mllhxn —hpllz
n

< El - an)”xsl - p”Z + an"xn - p”Z
2a,a —1,)r;
- ——"|lhx, — hpl|?

n

< |lx, — pll?
%041 = pII? < anllx, — plI? + byl Ty x, — plI?

+ cullfu () = plI* + d Ty, — pII°
lxn41 = plI* < anllx, = plI> + b, (1 = $)llx, — pll?

+ bnl”p - Tnp"' ”xn - Tnxn

- (p - Tnp)” + anKxn - Tnxntp - Tnp)l

+epllx, = plI? + d, (1 = 9)lly, — plI?

+ dnl”p - Tnp"' ”yn - Tnyn

— @ - Tp)ll + dnzl(yn — Toyn, 0 — Tup)
%041 = PlI* < anllx, = plI> + by (1 = s,)llx, — pII?

+ I{n”xn - p”Z + dn(l - S)”yn - pHZ

< (1 - dn)”xn - P”Z + dn"xn - P”Z

< llx, —plI?
By lemma (1.2),we get
lim, o ||x, — pllexists (14)

So, {x,) is bounded sequence, and hence(J,, ), {f,)and{w,)
also bounded.

Since |lxp41 —pll < llx, —pll + 1T, x, — x,,1| therefore, by
(14)
_”Tnxn - xn” < ”xn _P” - ”xn+1 - p” ->0asn—-»o

T, %, — x,]l 20 as n— oo (15)

Since (x,) is bounded sequence. Then there exists
subsequence (x,,) of (x,) such that x, — % By
(15)we get X is an asymptotic common fixed poin of T,,. m
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