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Abstract: A set SV is a paired triple connected dominating set if S is a triple connected dominating set of G and the induced
subgraph<S> has a perfect matching. The paired triple connected domination number y(G) is the minimum cardinality taken over all
paired triple connected dominating sets in G. The minimum number of colours required to colour all the vertices so that adjacent
vertices do not receive the same colour and is denoted by y{G}. In [5], Mahadevan G et. al., characterized the classes of the graphs
whose sum of paired triple connected domination number and chromatic number equals 2n — 1. In this paper we characterize the classes
of all graphs whose sum of paired triple connected domination number and chromatic number equalsto 2n -2, 2n -3,2n -4, for any n

>35.
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1. Introduction

Throughout this paper, by a graph we mean a finite, simple,
connected and undirected graph G(V, E). For notations and
terminology, we follow [2]. The number of vertices in G is
denoted by n. Degree of a vertex v is denoted by deg(v). We
denote a cycle on n vertices by C, a path of nvertices by P,,
complete graph on n vertices by K,. The friendship graph,
denoted by F, can be constructed by identifying n copies of
the cycle C; at a common vertex.A spider is a tree which has
atmost one vertex of degree > 3. A wounded spider S*(K .
1), is the graph formed by subdividing (exactly once) atmost
n -1 of the edges of a star Ky 4. If S is a subset of V, then
<S> denotes the vertex induced subgraph of G induced by S.
A subset S of V is called a dominating set of G if every
vertex in V-S is adjacent to at least one vertex in S. The
domination numbery(G) of G is the minimum cardinality of
all such dominating sets in G. One can get a comprehensive
survey of results on various types of domination nhumber of a
graph in [16]. The chromatic number y(G) is defined as the
minimum number of colors required to color all the vertices
such that adjacent vertices do not receive the same color.
Many authors have introduced different types of domination
parameters by imposing conditions on the dominating set
[14, 15]. Recently, the concept of triple connected graphs has
been introduced by Paulraj Joseph J. et. al.,[13]by
considering the existence of a path containing any three
vertices of G. They have studied the properties of triple
connected graphs and established many results on them. A
graph G is said to be triple connected if any three vertices lie
on a path in G. All paths, cycles, complete graphs and wheels
are some standard examples of triple connected graphs. In[4]
Mahadevan G. et. al., introduced triple connected domination
number of a graph and found many results on them. A subset
S of V of a nontrivial connected graph G is said to be triple
connecteddominating set, if S is a dominating set and the
induced sub graph <S> is triple connected. The minimum
cardinality taken over all triple connected dominating sets is
called the triple connected domination numberof G and is

denoted by y(G). In [5] Mahadevan G. et. al., introduced
paired triple connected domination number of a graph and
found many results on them. A subset S of V of a nontrivial
connected graph G is said to be paired triple connected
dominating set, if S is a triple connected dominating set and
the induced sub graph <S> has perfect matching. The
minimum cardinality taken over all paired triple connected
dominating sets is called the paired triple connected
domination numberof G and is denoted by y(G).

Several authors have studied the problem of obtaining an
upper bound for the sum of adomination parameter and a
graph  theoretic parameter and characterized the
corresponding extremal graphs. In [12], Paulraj Joseph J and
Arumugam S proved that y + x < p, where k denotes the
vertex connectivity of the graph. They also proved that v, +
x< p + 1 and characterized the corresponding extremal
graphs. They also proved similar results for y and y;. In [10],
Mahadevan G Selvam A, IravithulBasira A characterized
the extremal of graphs for which the sum of the
complementary  connected domination number and
chromaticnumber. In [5], Mahadevan G proved thatyyct+ <
2n—1, and characterized the corresponding extremal graph.
Motivated by the above results, inthis paper, we characterize
all graphs for whichthe sum of paired triple connected
domination number and chromatic number equals 2n—2, 2n

-3, 2n—4 forany n>5.
2. Previous Results

Theorem2.1 [5] For any connected graph G with n > 5, we
have 4 <yp(G) < n—1.

Notation 2.2Let G be a connected graph with m vertices v;,
Vs, ....,Vm. The graph obtained from G by attaching n; times a
pendant vertex of P, on the vertex v, n, times a pendant
vertex of P, on the vertex v, and so on,is denoted by

Volume 6 Issue 9, September 2017

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20176791

1213


www.ijsr.net
http://creativecommons.org/licenses/by/4.0/

International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

G(nyPy, NPy, N3P, ...,
m.

Example 2.3Let vy, Vs, V3, V4, be the vertices of C4. The graph
C4(P,, 2P,, 3P,, Ps) is obtained from C, by attaching 1 time a
pendant vertex of P, on vy, 2 times a pendant vertex of P, on
V,, 3 times a pendant vertex of P, on vz and 1 time a pendant
vertex of P; on v, and is shown in Figure 2.1.

nyPy, ) where ni, I > 0and 7 <i <

Vi vV,

Vg

Figure 2.1 C4(P2, 2P,, 3P,, P3)
Notation2.4C3(u(Pm1, Pmo)) is a graph obtained from Cj by
attaching the pendent vertex of P,;(Path on m, vertices) and
the pendent vertex of P,(Paths on m, vertices) to any vertex
u of C,.

Example 2.5

Figure 2.2: C3(u(P4, P2))

Notation 2.6For m < n, K(m) is the graph obtained from K
by adding a new vertex and joint it with m vertices of K.

Example 2.7

Figure 2.3: K5(2)
3. Main Results

Theorem 3.1For any connected graph G with n > 5 vertices,
Ype(G) + x(G) = 2n — 2 if and only if G is isomorphic to
K4(P,), Kgor any one of the graphs shown in Figure 3.1.

X X

Vi v: oW
Vy Vi Vi LE]
GI Gz
Figure 3.1

ProofLet G be a connected graph with n > 5 vertices.
Suppose G is isomorphic to K4(P.), Kg, or the graphs given in
Figure 2.1, then clearly y,(G) + x(G) = 2n - 2.

Conversely, Let yu(G) + x(G) = 2n — 2. This is possible if
Yoe(G) =n—1andy(G) =n—1orif yu(G) =n—2andy(G)
=n.

Case(i)ypc(G) =n—1andy(G) =n—1.
Since y(G) =n -1, G contains a clique K,;on n — 1 vertices.
Let x be the vertex other than the n— 1 vertices in K,.;. Since
G is connected x is adjacent to a vertex vjin K, ;.

Now S = {X, vj, vj, v} (for i #j # k) is a paired
triple connected dominating setof G. Since y(G) =n -1,
so that p = 5. Hence K1 = K4 = <vy, Vs, V3, V4>,
Let x be adjacent to vy in Ky 1f d(x) = 1, then G Z=Ky(P,). If
x is adjacent to vy, vy in Ka.If d(x) = 2, then G = G,. If x is
adjacent to vy, Voand vsin K.If d(x) = 3, then G 2 G, In all

the other cases, no graph exists.

Case (i)y(G) =n-2andy(G) =n.
But x(G) = n, we have G is isomorphic to K,. For K,
Ypie(Kn) = 4 so that n = 6. Hence G = K.

Theorem 3.2For any connected graph G with n > 5 vertices,
Ype(G) + x(G) = 2n -3 if and only if G is isomorphic to Ws,
Fa, K7, K3(P3), K3(2P3), Ks(P2), K3(P,, P2, 0) or any one of
the graphs shown in Figure 3.2.

A AT AT
A A

@@@

Proof: Let G be a connected graph with n > 5 vertices.
Suppose G is isomorphic to Ws, F,, K7, Ks(P3), K3(2P,),
Ks(P,), Ks(P2, P2, 0) or any one of the graphs given in Figure
2.2, then clearly yy(G) + x(G) = 2n-3.

Conversely, Let yu(G) + x(G) = 2n — 3. This is possible if
Yore(G) = n—1andy(G) = n—2 or if yu(G) = n—2 andy(G)
=n-1orifyu(G) =n-3andy(G) =n.

Case (i)ype(G) =n—1andy(G) =n-2.
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Since y(G) = n -2, G contains a clique K,,on n — 2 vertices.
Let T = {x, y} be the vertices other than the n — 2 vertices in
K..o. Then the induced subgraph of T may be K, or K,

Subcase ()<T> = K.

Since G is connected, there exists a vertex x in T is adjacent
to a vertex viin Ko, Now S = {X, y, v, vj} (for i #j) forms a
paired triple connected dominating setof G. Since
Ype(G) =N —1, so that n = 5. Hence K, = K = uvwu.

Let x be adjacent to u in Ks. If d(x) = 2, d(y) = 1, then G =
K3(P3). Let x be adjacent to u and vin Ka. If d(x) = 3, d(y) =
1, then G = G;. Let x be adjacent to u and let y be adjacent
to uin Ks. If d(x) = 2, d(y) = 2, then G = F, Let x be
adjacent to u in Ksand y be adjacent to w inKs. If d(x) = d(y)
= 2,then G= G,. Let x be adjacent to u in K; and y be
adjacent to u and v in Ks. If d(x) = 2, d(y) =3, then G = G,
Let x be adjacent to u in Kyand y be adjacent to v and w in
Ks. If d(x) = 2, d(y) = 3, then G = G,.Let x be adjacent to u
and vin Ksand y be adjacent to u and w in Ks.If d(x) = d(y)
= 3, then G = W. In all the other cases, no new graph exists.

Subcase (i)<T> =K,

Since G is connected, xand yin T are adjacent to a vertex vjin
K2, ThenS = {x, vj, vj, vi} (for i # j # k) forms a paired triple
connected dominating setof G. Sincey(G) = n — 1, so that
n =5. Hence K., = K3 = uvwu.

Let x and y be adjacent to u in K. If d(x) = d(y) = 2,then G
2= K3(2P,). Let x be adjacent to u and v in Kz andy be
adjacent to u in K. If d(x) = 2, d(y) = 1, then G = Gs.Let x
be adjacent to u and v in K3 andy be adjacent to u and v in
Ka. Ifd(x) =2, d(y) =1, then G = Gg. In all the other cases,
no graph exists.

Since G is connected, x in T is adjacent to v; in K,,andy in
T is adjacent to vj(for i #) in Ky, Then S = {x, v;, vj, y}(for i
# j) forms a paired triple connected dominating setof G.
Since ype(G) = n — 1, so that n = 5. Hence K,, = K3 =
uvwu.

Let x be adjacent to u in K; andy be adjacent to v in Ks. If
d(x) = d(y) = 1, then G = K;(P,, P, 0). In all the other
cases, no new graph exists.

Case (ii)ypc(G) =n—2andy(G) = n—1.

Since y(G) =n -1, G contains a clique K, ;on n — 1 vertices.
Let x be the vertex other than the n — 1 vertices in K;.

Since G is connected x is adjacent to a vertex vjin K ;. Then
S = {Xx, vi, vj, vi}(for i #j # k) forms a paired triple connected
dominating setof G. Since y(G) = n — 2, so that n = 6.
Hence K1 = Kg = <vq, Vs, V3, V4, V5>,

Let x be adjacent to v, in Ks. If d(x) = 1,then G= Ks(P,). Let
x be adjacent to vy and v,in Ks. If d(x) = 2, then G = G;. Let
x be adjacent to vy, v, and vzin Ks. If d(X) = 3, then G = Gq.

Let x be adjacent to vy, vy, vaand v4in Ks. If d(x) = 4, then G
2 Gg In all the other cases, no graph exists.

Case (iii) ype(G) =n — 3 andy(G) =n.

Since x(G) = n, we have G is isomorphic to K,. But For K,
Ypie(Kn) =4 so that n = 7. Hence G = K.

Theorem 3.3For any connected graph G with n > 5
vertices Yuc(G)+ x(G) =2n-4 if and only if G = S*(K,,4), Ps,
C4(P2), Ky(P3), K4(2P3), K4(P2, P2, 0, 0), Kg(P2), Kg(2), Ks(3),
Ke(4), Kg(5), Kgor any one of the following graphs in Figure
3.3.

ViV Vi oV L
U, U s U, U, U
G] GE G ]
Wy L Vs Vs
DN 1=t
U u ’v‘ R U,
N 4
Us Us 1. U, U
G, Gs Ge
; Wy Y
Wk 1 U, L
L. Uz . L U U
Gr Gz Ga
1\!"] 'lul'z
Wy 42 Vi Va
u
@ UE UE UE
b -
(VA U; = U3 Uy U3
G G G
V] 'lul'z "Ur] '|u|'E
.I“r] "\lr;
@U‘ U%‘ @
U; U3 U; 3 U; U3
G Gy Gis

Figure 3.3

Proof: Let G be a connected graph with n > 5 vertices.
Suppose G is isomorphic to Ps, S*(Ky4), Ca(P2), Ka(P3),
K4(2Py), K4(P2, P2, 0, 0), Kg(P2), Ke(2), Ks(3), Ks(4), Ke(5),
Kgor any one of the graphs given in Figure 2.3, then clearly
Yot G)+ 2(G) = 2n- 4.

Conversely, let yp(G)+ x(G) = 2n- 4. This is possible if
Ypie(G) = n-1 and %(G) =n-3 or if yp(G) =n-2 and y(G)=
n-2 orif ype (G) =n-3 and %(G) =n-1 or if y(G) = n-4
and x(G)=n.

Case: (i)ypc(G) =n-1and ¥(G) =n-3
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Since ¥(G) = n-3, G contains a clique K on n-3 vertices or
does not contain a clique K on n-3 vertices.

Let G contains a clique K on n - 3 vertices.

Let S = V(G - V(K) = {vi, Vv, V3}. Then the
inducedsubgraph<S> has the following possible cases. <S>
= K3 K3, P3, KoUKy,

Subcase i.<S> = K.

Let v4,Vy,v3be the vertices of K3 Since G is connected, there
exists a vertex u; in K3 which is adjacent to any one of {v,
V,, Va}. Let u; be adjacent to vy, then {u;, Vo vz vi} 1S @ Ypie
set of G, so that yp= 4 and n = 5, which is a contradiction.
Hence no graph exists.

Subcase ii.<S> = K.

Let vy,v,,vsbe the vertices of K3 Since G is connected,
there exits a vertex u; be adjacentto vy, v, vz and u; for (i#
j) and uy for i#j#k .In this case{ vy, Uj, Uj,Ux} 1S a Ypic SET OF
G, so that y= 4 and n = 5. Hence K=K, , which is a
contradiction. Hence no graph exists.

If u; is adjacent to vy and u; fori#j is adjacent to v, and vs,
and uy for i#Aj#k , then {v;,U;,u; Ug} is an yp Set of G, so that
Yore= 4 and p = 5. Hence K = K; = uyu,. If u; is adjacent to v;
and U, is adjacent to v, and s If
deg(vy)=1=deg(v,)=deg(Vvs), then G = S*(Ky ).

Since G is connected, there exists a vertex u;in K,z which is
adjacent to vy and ujfor i#j in K, is adjacent to v, and uy
for i #j # k in K, 3, which is adjacent to v In this case {u;,
Uj, Uy, v} for some v in Kg3 is a yy set of G, so that vy = 4
and n =5, which is a contradiction. Hence no graph exists.

Subcase iii.<P3> = v;V,Vs.
Let vy,V,,v3 be the vertices of P; .Since G is connected, there
exists a vertex u; in K,z which is adjacent to \; (or
equivalently v3) or v,. If u; is adjacent to v, and ujfor i#j
then {v1, V2, Uj, Uj} is a yp set of G, so that yy= 4 and n
=5. Hence K = K, = ujU,.

If uy is adjacent to v, .If deg(v,)=1=deg(vs) ,deg(v,)=3, then
G = S*(Kyy). If ujis adjacent to v, and u, is adjacent to v;. If
deg (v1) = 2, deg(v,) = 3, deg(vz) = 1, then G = Cy(P,).

Since G is connected, there exists a vertex u; in K3 which is
adjacent to v;, then {ui,v1v2,v3} for some i, is a yyc Set of
G, so that yyc= 4 and n =5 and hence K = K, = < uy, uy>.

Let u; be adjacent to vy, then G = Ps_Let u; be adjacent to v,
and vs. If deg(vy) = 2= deg(vy) , deg(vs) = 2, then G =
C4(P,). Let u; be adjacent to v, and u, be adjacent to v,. If
deg(vy) = 2, deg(vy) = 3, deg(vs) = 1, then G = Cy(P,).

Subcase iv.<S> =K, U Kj.

Let vy, v, be the vertices of K, and v; be the isolated
vertex. Since G is connected, there exists a vertex u; in Kp.3
which is adjacent to v, and u; for i #j is adjacent to vs. In
this case {Vva, V4, Ui, Uj} is a Yy set of G, so that yy= 4 and p
=5and hence K =K,=<ug,u,>.

Let u; be adjacent to v, and u, be adjacent to v,. If deg(v,) =
2, deg(v,) = 1 = deg(vs), then G = P5, Let u; be adjacent to v,
and u, be adjacent to vs and v,. If deg(vy) = 2= deg(v,),
deg(vs)=1, then G = Cy(P,).

Since G is connected, there exists a vertex u; in K3 which is
adjacent to v; and v, In this case {vy, Vi, Uj, V3} is a Yy Set
of G, so that y,= 4 and n = 5 and hence K = K; = <uy,u, >.

Let u; be adjacent to v, and v;  If deg(v,) = 2, deg(v,) =1 =
deg(vs), then G = S*(K,4). Let u; be adjacent to v; and v
and u, be adjacent v,. If deg(vy) = 2= deg(v,), deg(vs)=1,
then G = C4(P2)

Case (ii).ype=n-2 and y=n-2.

Since x = n - 2, G contains a cliqgue K on n - 2 vertices or
does not contain a clique K on n - 2 vertices.

Let G contains a clique K on n - 2 vertices.
Let S=V(G)-V(K) = {vy, Vo}. Then <S>=K,, K,.

Subcase i.<S> = K.,

Let vy, v, be the vertices of K,. Since G is connected, there
exists a vertex u; in K, is adjacent to v; and uj for i# then
{v2,v1,U;,U;} is a yp set of G, so that y = 4 and n = 6 and
hence K = K,=<ujy, Uy, Us, Us>.

Let u; be adjacent to vy. If deg(vy) = 2, deg(v,) = 1, then G =
K4(P3). Let u; be adjacent tov, and u, be adjacent to v,. If
deg(v,) = 3, deg(v,) = 1, then G = G;.

Let u; be adjacent to v, and u, be adjacent to v, and us be
adjacent to vy. If deg(vy) = 4, deg(v,) = 1 then G = G,. Let u;
be adjacent to v; and u, be adjacent to v;. If deg(v,) = 3,
deg(v,)=1, then G = G;. Let u;be adjacent to v; and u, be
adjacent to v, and u, be adjacent to vy. If deg(vy) = 4,
deg(v,) = 1, then G = G,. Let u, be adjacent to v, and u, be
adjacent to v, and uz be adjacent to v, . If  deg(vy) = 4,
deg(v,) = 1, then G = G,. Let u; be adjacent to v, and u, be
adjacent to v,. If deg(vy) = 2= deg(v,), then G = Gs. Let u;.
be adjacent to v; and u, be adjacent to v, and uz be adjacent
to v,. If deg(vy)=2, deg(v,)=3, then G = G,. Let u; be
adjacent to v, and u, be adjacent to v, and u; be adjacent to
V, and u,4 be adjacent to v,. If deg(vy)=2, deg(v,)=4, then G =
Gs. Let u; be adjacent to v; and v,. If deg(v;)=2=deg(v,) then
G = Gg. Let uy be adjacent to v; and v, and uz be adjacent to
v, if deg(vy)=2, deg(v,)=3, then G = G;. Let u; be adjacent
to vy and v, and usz be adjacent to v, and u, be adjacent to v,
If deg(v1)=2, deg(v,)=4, then G = Gg. Let u, be adjacent to
v, and u, be adjacent to v, and u; be adjacent to v, and u,be
adjacent to v, _ If deg(vy)=4, deg(v,)=4 then G = Gq.

Subcase ii. Let <S> = K.

Let v4, v, be the vertices of K, Since G is connected, v; and
v, are adjacent to a common vertex say u; of K., (or) vy is
adjacent to u; for some i and v, is adjacent to u; for some i #
J in K. In both cases {v,u;, Ujux} is a vy Set of G, so that
Yoc =4andn=~6and hence K =K,=<uy, Uy, Uz Us>.
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Let u, be adjacent to v, and u, be adjacent to v,. If deg(v,) =
1 = deg(v,), then G = K4(P,,P,,0,0). Let u; be adjacent to v,
and u, be adjacent to v, and u, be adjacent tov,. If deg (vq) =
2, deg(v,) =1, then G = Gy Let u; be adjacent to v; and u,
be adjacent to v, and u; be adjacent to v; and u, be adjacent
to vy. If deg(vy) =3, deg(v,) = 1, then G = Gy;. Let u; be
adjacent to v; and u, be adjacent to v, and v,. If deg(vy) = 2
, deg(v,) =1, then G = Gy,. Let u; be adjacent to v; and u2
be adjacent to v, and u, be adjacent to vy. If deg(v,) = 3,
deg(v,)=1, then G = G,3. Let u; be adjacent to v, and v, and
U, be adjacent to v,. If deg(v,) = 1, deg(v,) = 2, then G =
Gy,. Let u; be adjacent to vy and u, be adjacent to v, and uz be
adjacent to v,. If deg(vy) = 1, deg(v,) = 3, then G = G5 Let
u; be adjacent to v; and v, and u, be adjacent to v; and v,. If
deg(vy) = 2 =deg(v,) , then G = Gy4. Let u; be adjacent to v;
and u, be adjacent to v, and u; be adjacent to v, and u, be
adjacent to vy. If deg(vy) = 3, deg(v,) = 3, then G = Gys. Let
u, be adjacent to v, and v,. If deg(v;,) = 1 =deg(v,) , then G
= K4(2P,). Let u; be adjacent to v, and v, and u, be adjacent
to vy. If deg(vy) = 2 ,deg(vy)=1, then G = Gy, Let u; be
adjacent to v; and v, and us be adjacent to v; and u, be
adjacent to v;. If  deg(vy) = 3 ,deg(v,)=1, then G = Gy3
Let u; be adjacent to v; and v, and uz be adjacent to v,. If
deg(vy) = 1 ,deg(v,)=2, then G = G,,, Let u; be adjacent to v,
and v, and us; be adjacent to v, and u, be adjacent to v,. If
deg(vy) = 1, deg(v,)=3, then G = G,3 Let u; be adjacent to v,
and v, and u, be adjacent to v,. Ifdeg(v,) = 1, deg(v,)=2,
then G =Gy, Let u; be adjacent to v; and v, and u, be
adjacent to v, and us be adjacent to v,. If deg(vy) = 1,
deg(v2)=3,then G = Gy,

Case iii.ype=N—3 and y=n-1.
Since y =n - 1, G contains a clique K on n -1 vertices.

Let v, be the vertex not on K,_;. Since G is connected, there
exists a vertex v, is adjacent toone vertexu; of K, and u; for
i# and uy for i#j#k. In this case {vi, u;, Uj, Uy} is a yp Set of
G, so that yuc = 4 and n = 7 and hence K = Kg =
<Ug,U>,U3,U4,Us,Us>.

Let u, be adjacent to v;. If deg(v,) = 1, then G = K4(P,). Let
u; be adjacent to v; and u, be adjacent to v;. If deg(v;) = 2,
then G = Kqg(2). Let u; be adjacent to v, and u, be adjacent
to v; and ugbe adjacent to vy. If deg(vy) = 3, then G = K,(3).
Let u; be adjacent to v, and u, be adjacent to v, and us be
adjacent to v, and u, be adjacent to v,. If deg (v,) = 4, then
G= Kqg(4). Let uy be adjacent to v, and u, be adjacent to v,
and uz be adjacent to v; and u, be adjacent to v; and us be
adjacent to v;. If deg(vy) =5, then G = K4(5).

Case iv.ype=n-4and y=n.
Since y =n, we have G is ismorphic to K,, But for K, vp(
K,) =4 ,sothatn =8. Hence G = Ky

4. Conclusion and Future Scope
The authors obtained a large classes of graphs whose sum of

paired triple connected number and chromatic number equals
to 2n -5 for n > 5, which will be reported later.
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