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Abstract: The Bi-quadratic equation with 5 unknowns given by x4 –y4= 37 (z2-w2)T2 is analyzed for its patterns of non-zero distinct 

integral solutions. A few interesting relations between the solutions and special polygonal numbers are exhibited. 
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1. Introduction 
 

Bi-quadratic Diophantine Equations (homogeneous and non-

homogeneous) have aroused the interest of numerous 

mathematicians since ambiguity as can be seen from [1-7]. 

In the context one may refer [8-20] for varieties of problems 

on the Diophantine equations with two, three and four 

variables. This communication concerns with the problems 

of determining non-zero integral solutions of yet another bi-

quadratic equation in 5 unknowns represented by x
4
 –y

4
= 37 

(z
2
-w

2
)T

2 . A few interesting relations between the solutions 

and special polygonal numbers are presented. 

 

Notations used 

 𝑇𝑚,𝑛   -Polygonal number of rank n with size m. 

 𝑃𝑟𝑛      - Pronic number of rank n. 

 𝑆𝑂𝑛     -Stella Octangular number of rank n. 

 𝑂𝑏𝑙𝑛   -Oblong number of rank n. 

 𝑂𝐻𝑛    - Octahedral number of rank n. 

 𝐺𝑛𝑂𝑛    -Gnomic number of rank n. 

 𝑃𝑃𝑛      - Pentagonal Pyramidal number of rank n  

 

2. Method of Analysis 
 

The Diophantine equation representing the bi-quadratic 

equation with five unknowns under consideration is 

 

The substitution of the linear transformations 

 

in (1) leads to  

Different patterns of solutions of (1) are presented below 

 

Pattern-1 

 

Equation (3) can be written as 

 

From equation (4),we get the values of  u, v and T 

abbau 1222 
 

abbav 266 22 
 

)( 22 baT 
 

Hence in view of (2) the corresponding solutions of (1) are 

abbabaxx 1455),( 22   

abbabayy 1077),( 22   

abbabazz 2644),( 22   

abbabaww 2288),( 22   

)( 22 baT 
 

 

 

Properties 

)4(mod0Pr22)12,()12,()12,()1 ,17  ana GnOTaaTaazaax
 

)61(mod0Pr3212)34,()34,()34,()2 ,62,10  aaa TTaaTaawaay  

)16(mod01622),56(8),56()4

0148),911(3),911(),911()3

,14

,13





bn

b

OblTbbTbbw

Tbbzbbybbx
 

 

Pattern-2 

Assume   
22),( babaTT   where a and b are non-

zero distinct integers. (5) 

write 37 as  )61()61(37 ii    (6) 

using (5) & (6) in(3) and employing the method of 

factorization, define 

2)()61( ibaiivu   

 

Equating the real and imaginary parts, we get 

abbabavv

abbabauu

266),(

12),(

22

22




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Hence in view of (2) the corresponding solutions of (1) are 

abbabaxx 1077),( 22   

abbabayy 1455),( 22   

abbabazz 2288),( 22   

abbabaww 2644),( 22   

22 baT 
      

 

Properties 

)3(mod036),12(),12(),12()1 ,10,14,26

222  bbbb OHtttbbTbbzbbx  

0148),56(7),56(5)8

0Pr148)1,(7)1,(5)7

)146(mod1),1(7),1(5)6

074)1112,(2)1112,()5

0222)12,(2)12,()4

074)12,(2)12,()3

)61(mod024Pr32))1(,())1(,())1(,()2

,14

,26

22

22

,62















b

b

b

a

a

a

aaa

tbbybbx

bbybbx

GnObybx

taawaaz

OHaawaaz

SOaawaaz

PPtaaaTaaayaaaw

 

),(3)

),(),()

),(),()

exp)9

aaTiii

bbwbbzii

aayaaxi

numbernastyarepresentsressionfollowingtheofEach





Pattern-3 

Instead of (5) write 37 as 

)6()6(37 ii    (7) 

Following a similar procedure as in pattern-2, the solutions 

for (3) are as follows 

abbabavv

abbabauu

12),(

266),(

22

22




} (8) 

In view of (2) and (8) the solutions of (1) are obtained as 

abbabaxx 1077),( 22 
 

abbabayy 1455),( 22 
 

abbabazz 81313),( 22 
  

abbabaww 161111),( 22 
 

22 baT 
 

 

 

Properties 

)7(mod02),(),()4

)6(mod12)1,()1,()3

)1(mod0122)12,()12,()12,()12,()2

)91(mod0Pr4712),78(),78(),78()1

,16,17

,10,18

,28,17

2222

,92,18









aa

aa

aaa

bbb

ttaawaaz

ttayax

SOttaaTaawaayaax

ttbbzbbybbx

 
 

Pattern-4 

Consider (3) as 

137 222  Tvu                                 (9) 

write 1 as 

222

2222

)(

}2){(}2){(
1

nm

imnnmimnnm




   (10) 

Substituting (5) and (10) in (9) and employing method of 

factorization, define 

22

222 )()61()2(

nm

ibaiimnnm
ivu




  

Equating the real and imaginary parts in the above equation, 

we get 

22

222222 )266(2)12()(

nm

abbamnabbanm
u






 

22

222222 )12(2)266()(

nm

abbamnabbanm
v




  

 

Replacing ‘a’ by (m
2
+n

2
)A and ‘b’ by (m

2
+n

2
)B in the above equation, we get 

)]266(2)12()([)( 22222222 ABBAmnABBAnmnmu   

)]12(2)266()([)( 22222222 ABBAmnABBAnmnmv   
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The corresponding integer solutions of (1) are given by 

)]1455(2)1077()[()( 22222222 ABBAmnABBAnmnmx 

)]1077(2)1455()[()( 22222222 ABBAmnABBAnmnmy 

)]161111(2)2288()[()( 22222222 ABBAmnABBAnmnmz 

)]81313(2)2644()[()( 22222222 ABBAmnABBAnmnmw 
 

 

][)( 22222 BAnmT   

 

For simplicity and clear understanding, taking m=2, n=1 in 

the above equations, the corresponding integer solutions of 

(1) are given by 

ABBABAx 43055)1,2,,( 22 

ABBABAy 10215215)1,2,,( 22 

ABBABAz 650100100)1,2,,( 22 

ABBABAw 230320320)1,2,,( 22 
22 2525),( BABAT 

   

 
 

 

Properties 

)747(mod02)1,2,1,()5

)196(mod2202)1,2,1,()1,2,1,()4

)46(mod043002)1,2,),1(()1,2,),1((5)3

018500)1,2,,12(10)1,2,,12(32)2

0Pr1859)1,2,1,()1,2,1,(43)1

,13,180

,17,472

,52,22,17

22











AA

AA

BBBB

B

A

ttAz

ttAyAx

PPtttBBBTBBBx

SOBBwBBz

AAyAAx

  

Pattern-5  
 

Substituting (5) and (10) in (9) and employing method of 

factorization, define 

22

222 )()6()2(

nm

ibaiimnnm
ivu




  

Equating the real and imaginary parts in the above equation, 

we get 

22

222222 )12(2)266()(

nm

abbamnabbanm
u






 

22

222222 )266(2)12()(

nm

abbamnabbanm
v






 

 

Replacing ‘a’ by (m
2
+n

2
)A and ‘b’ by (m

2
+n

2
)B in the above equation, we get 

)]12(2)266()([)( 22222222 ABBAmnABBAnmnmu 

)]266(2)12()([)( 22222222 ABBAmnABBAnmnmv   

 

The corresponding integer solutions of (1) are given by 

)]1455(2)1077()[()( 22222222 ABBAmnABBAnmnmx 

)]1077(2)1455()[()( 22222222 ABBAmnABBAnmnmy 

)]2644(2)81313()[()( 22222222 ABBAmnABBAnmnmz 

)]2288(2)161111()[()( 22222222 ABBAmnABBAnmnmw 
 

][)( 22222 BAnmT   

 

For simplicity and clear understanding, taking m=2, n=1 in 

the above equations, the corresponding integer solutions of 

(1) are given by 

 ABBABAx 130205205)1,2,,( 22 
 

ABBABAy 4106565)1,2,,( 22 
 

ABBABAz 400275275)1,2,,( 22 

ABBABAw 2855)1,2,,( 22 
 

22 2525),( BABAT 
   

     

Properties 
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9)1348(mod652)1,2,1,()5

01324)1,2,,78()1,2,,78()1,2,,78(28)4

)7(mod02Pr140)1,()1,2,1,(5)3

092)1,2,,1(13)1,2,,1()2

0708)1,2,12,()1,2,12,()1,2,12,()1,2,12,()1

,17,102

,18

,17,72

2222











AA

B

AAA

B

A

ttAy

tBByBBxBBw

ttAATAAw

PPBBwBBy

SOAAwAAzAAyAAx

 
Pattern-6 

Rewrite (3) as 137 222  uvT
     

 (11) 

Assume   
2237 bau           (12) 

Write 1as )637()637(1   (13) 

Using (12) and (13) in (11) and employing the method of 

factorization, we write 
2)37()637(37 bavT   

Equating the rational and irrational parts, we have 

 
abbabaTT

abbabavv

1237),(

746222),(

22

22




  

   (14)   

In view of (2) & (14), the solutions of (1) are obtained as 

 abbabaxx 745259),( 22 
  

 
abbabayy 747185),( 22 

 

abbabazz 744296),( 22 
  

abbabaww 748148),( 22 
 

abbabaTT 1237),( 22 
   

 

 

Properties 

)147(mod044))1(,(8))1(,()4

)74(mod03642),12(5),12()3

)5(mod0Pr262),12(),12(),12(),12()2

)73(mod038Pr10),1(7),1()1

,298

,78

22

,18

2222

,74









aa

bbb

bbb

bbb

tPPaaaTaaaw

tOblOHbbTbby

tSObbTbbwbbzbby

tOblbbTbbx

 
 

Pattern-7 

Introduction of the linear transformations 

UuRXTRXv 637 
  

 (15) 

 

In (3) leads to 
222 37 URX   which is satisfied by  

22

22

37

2

37

srU

rsR

srX







 

Substituting the above values of X, U and R in (15), the 

corresponding non-zero distinct integral solutions of(3) are 

given by 

 

rssrsrTT

srsruu

rssrsrvv

237),(

2226),(

7437),(

22

22

22







 

Thus the corresponding solutions of (1) are found to be 

 

rssrsrTT

rssrsrww

rssrsrzz

rssrsryy

rssrsrxx

7437),(

248111),(

7440713),(

742595),(

741857),(

22

22

22

22

22











 

 

 

3. Properties 
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)11(mod060),1(7),1()5

)443(mod60),12(7),12()4

)887(mod0Pr98),1(11),1()3

072),12(),12(),12(),12()2

0144)911,()911,()911,()911,()1

,26

,890

22

,1778

2222

,13











ss

ss

ss

s

r

tOblssTssy

tSOssTssx

tssTssw

SOssTsswssyssx

trrTrrzrryrrx

 
4. Conclusion 
 

To conclude, one may search for other patterns of solutions 

and their corresponding properties. 
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