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Abstract: In this paper, we establish improved results about stability and data dependence for the Jungck-T-CR iterative
scheme.
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1.Introduction and Preliminaries
In [8], we define Jungck-T-CR iteration as follows:

Definition (1. 1)[8]:

Let B be a Banach space and C be a nonempty subset of B. Let T, S: C — Cbe two self mappings such that T(C) € S(C). For
Uy € C the Jungck- T-CR iterative scheme is the sequence {Su, };—; is defined by:

Sun+1 = T[(l - an)SUn + anTUn]

Sv, = T[(l - ﬁn)Tun + ﬁnTWn]

Sw, = T[(1 - y,)Su, +v,Tu,],n € N (1.2)
where {a, }7—1, {Bn}7=1 and {y,}7—; are real sequences in [0,1] such that ¥7_; @, = X7-1 B = X5i=1 Bn¥n = .

Thus in 1996 Jungck et. al. [6] introduced the concept of coincidence point and depending on it , in 1998, Jungck and Rhoades
[7] defined the notion of weakly compatible and showed that compatible mappings are weakly compatible but the converse is
not true.

Definition (1.2) [7]:

Let B be a Banach space and , T, S: B —» B. A point u* € B is called a coincidence point of a pair of self mappings T, S if there
exists a point z (called a point of coincidence) in B such that z = Su* = Tu*. Two self mappings S and T are weakly
compatible if they commute at their coincidence points, that is if Su* = Tu* for some u* € B then STu* = TSu*. And the
point u* € B is called common fixed point of S and T if u* = Su* = Tu".

C(S,T) denotes the set of coincidence points of S and T.

In 2005, Singh et. al. [5] significantly improved on the result of Jungck [2] when he proved the following result which is now
called Jungck-contraction principle.

Theorem (1.3) [5]:

Let (X,d) be a metric space. Let T,S: X — X satisfying d(Tx,Ty) < 6d(Sx,Sy),0<5 <1, forall x,y € X.T(X) € S(X)
and S(X) or T(X) is a complete subspace of X, then S and T have a coincidence. Indeed, for any x; € X, there exists a
sequence {x, }7_; in X such that

1. Sxpp1=Tx,,n=12,-
2. {Sx, };7—1 converges to Su* for some u* in X, and Su* = Tu* that is S and T have a coincidence at u*.

Further, if S,T commute (just) at u* then S and T have a unique common fixed point.

Remark (1.4):
If S = id (identity mapping), then the Jungck-contraction mapping

d(Tx,Ty) < 8d(Sx,Sy),0<6 <1 1.2)
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is the same as the well known the contraction mapping.
The following definition will be needed in the sequel.

Definition (1.5), [1]:

Let X be a Banach space, C be a nonempty closed convex subset of X. A self mapping T: C — C is said to be nonexpansive if
for all x,y in C, we have

ITx — Tyl < llx = yll (1.3)
Furthermore T is called quasi-nonexpansive if y = u* provided T has a fixed point in € and if u* € C is a fixed point of T,
then

ITx — Tu*|l < [lx —u”| (1.4)
is true for all x € C.

Lemma (1.6), [6]:

Let {a, };7—; be a nonnegative sequence for which one assumes there exists n; €N, such that for all n>n, one has satisfied the
inequality

U1 < (1= Ay)a, + Anpy
where 1,€(0,1), forall neN, Y7»_; 4, = w«and p, = 0, for all neN. Then the following inequality holds
ignoo supa, < ignoo supp,
The following lemma will be needed in the next theorem.

Lemma (1.7), [7]:

Let {z, }—1 and {p, };r—; be nonnegative real sequences satisfying the following inequality:
Th1 = (1 - An)":n + Pn,

where 2, £(0,1) for all n=ny, ¥7_; 2, = = and 220 as n—>c. Then lim, _,., 7, = 0.

2. Stability
In the next theorem, we prove that the Jungck- T-CR (1.1) is stable with respect to (S, T).

Theorem (2.1):

Let C be a nonempty closed convex subset of a Banach space B, S,T:C — C be two self-mappings satisfying Jungck-
contraction condition (1.2) provided that S is quasi-nonexpansive mapping (1.4) as well, assume T(C) < S(C), let {Su, }5i—1
be the Jungck- T-CR iterative scheme (1.1) converges to u* such that >%_; @, = Ywe1 Bn = Y1 Bn¥» = «.Then the Jungck-
T-CR iterative scheme is stable with respect to (S, T).

Proof:

Let {Su,}r_, converges to u* and {Sa, }»_; be an arbitrary sequence in C.

Define ¢, = ||Sa,,+1 — T[(1 — a,,)Sh,, + a,Th, || where

Sbn = T[(l - ﬂn)Tan + .BnTCn]
Scn = T[(l - yn)san + ynTan]

Now for some 0 < § < 1 such that

ITx — Tyl < 6[|Sx — Sy|| then
Putgq, =T[(1 — a,))Sb, + a,Tbh,] we get
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ISan 1 —wll = ISap11 — qn + g — Ul
< ||San+1 - qn” + “qn - u*”
= ”San+1 - T[(l - an)Sbn + anTbn]”
+”T[(1 - an)Sbn + anTbn] - u*”
< &n + ”T[(l - an)Sbn + anTbn] - u*”
<¢g, +6|S[1 - a,)Sh, + a,Th,] —u*||
<¢, +6|(1—a,)Sh, + a,Th, —u*||
<& +8(1—ay)lSh, — u*|| + a,6|Th,, —u*||
<e, +6(1—a,)|Sh, —u*| + a,6%||Sb, — u*||
<eg +6[1—a,(1-08)]Sb, —u*| (2.1)
On the other hand
”Sbn - u*" = ”T[(l - ﬂn)Tan + ﬁnTCn] - u*”
< 5”5[(1 - ﬂn)Tan + ﬁnTCn] - u*”
< 6”(1 - ﬁn)Tan + ﬁnTCn - u*”
<81 - BIlTa, —uwll + BpolTec, —ull
< 8°(1 = B)IISa, — u’ll + B, 8°IISc, — u|l (2.2)
Also, we get
”SCn - u*” = ”T[(l - Yn)San + YnTan] - u*”
< 6”5[(1 - Yn)San + YnTan] - ll.*”
< 5”(1 - yn)san + ynTan - u*”
< 5(1 - yn)llsan - U*” + YnallTan - u*”
<81 - y)lISa, — uwll + . 6%(1Sa, — u’||
<61 -y, (A =O)]lSa, —u’|l (2.3)
Substituting (2.1) and (2.2) in (2.3), we have:
”San+1 - u*” < &n (1 ﬁ )“S *”
3 ~— Pn a, —u
+0°0= =g s T Syisa, -l

”San+1 - u*” =&, + 63[1 - an(l - 6)]
(1= B.(1=8) = Bu¥n6(1 — O)]lISa, —u’ll

By hypothesis we have lim,,_,, &, = 0 and a,,, B,, ¥», 6 € [0,1) then using Lemma (1.7) we get lim,,_,.||[Sa,, — u*|| = 0.
Hence, we get lim,,_Sa, = u*.

Now suppose that lim,,_,..Sa,, = u* and we have to show that lim,,_,, &, = 0.

We have that

& = ”San+1 - T[(l - an)Sbn + anTbn]”
< Ilsan+1 - 'Ll*" + ”T[(l - an)Sbn + anTbn] - u*”
< Ilsan+1 - 'Ll*" + 5”5[(1 - an)Sbn + anTbn] - u*”
< ”San+1 - u*" + 5”(1 - an)Sbn + anTbn - u*”
< |ISapy —u'll +8(1 — a)ISh, —u'll + @, 6ITh, —u”ll
< lISan4 —u'll +6[1 — a, (1 = 8IS, — u’ll
< lISan4 — |l
+6[1 - an(l - 5)]”T[(1 - ﬁn)Tan + ,BnTCn] - u*”
< Sapir —ull
+6%[1 = a, (1 = OIISI(A = B)Ta, + BaTe,] —u'll
S ISapyy —wll +8%[1 = a, (1 = O = B)Ta, + B, Te, — 'l
< ISapir —u’ll
+6%[1 = a, (1 = OIA = BIIITay — u*ll + B, lITc, — u'll]
< Sapi1 —ull
+6%[1 = a, (1 = OIA = B)lISan — wll + BallSc, — ']

< lISap4 —ull (=gl I
1-— Sa, —u’
4631 —a,(1—6 [ Neq 4 . ]
[ n( )] +ﬁn“T[(1 — yn)San + )/nTan] -—u ”
< |ISan 1 — il

+83[1 — a,(1 - &)] [

< 1Sap4q —u'll

A =BolSa, —u'|l ]
+B,6IIS[(1 = v)Say + v Ta,] — vl
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(1—BlISa, -l
+63[1—a, (16 [ ey 4 .
1=a@ =3, 5 511 - y)Sa, + yuTay — 'l
< |ISap4 —u’ll ( )| |
1-B)lSa, —u*
+6%[1 — a, (1 — 8 [ 2l ]
[ n( )] +,8n(1 - ]/n)é'IISan —u'|[ + .BnYn6||Tan —u’|
< |ISan 1 — il ( )| |
1-B)lSa, —u*
+6%[1 - @, (1 - )] | Sl - 1
L@@ =0, g (1 - y)8lSa, —wll + B,1u02lSa, —
< ”San+1 _u*”

+53[1 - an(l - 5)][1 - ﬁn(l - 5) - ﬁn)/n(l - é‘)]llsan - u*”
By taking n goes to infinity we get:

lim, ., &, = lim,_||Sa,4+1 — T[(1 — @,)Sb, + ,,Th,]|| = 0. Then the Jungck-T-CR iterative scheme (1.1) is stable with
respect to (S, T).

3.Data Dependence Result

In the following theorem, we establish the data dependence result of Jungck-T-CR iterative scheme (1.1).

Theorem (3.1):

Let X be a Banach space, C be a nonempty closed convex subset of X and ($,T): C — C, be an approximate mapping of the
pair (S,T): C — C satisfying Jungck-contraction condition (1.2) provided S is a nonexpansive mapping (1.3). Suppose that
T(C) € S(C)and T(C) < §(C) such that

|Tx — Tx|| < &, ||Sx — Sx|| < &, forallx e € (3.1)

Letz € C(S,T) and Z € C(S,T) be the coincidence points of S, T and S, T respectively that is Sz = Tz = u" and §2 = Tz =
@*. Let {Su,}>_; be the Jungck-T-CR iterative scheme generated by (1.1) with

1. %<ﬂnyn forall n e N.
2, n=1Pn¥n = .

Let {St,}"_, be a sequence defined by

iy

Sty =T[(1 — )59, + a, T9,]

Sv, = T[(1 — B)Tii, + B, TW,] ) ) ) )

Sw, = T[(1 = v)St, + v T, |, nEN (3.2

Assume that {Su,, }>_, and {§ﬁn}:: , converges to u* and @i* respectively. Then we have

9¢; + 4¢,

*_~* <
lw -7l < ——

Proof: It follows from Jungck-T-CR iteration (1.1) and Jungck-contraction condition (1.2), (3.1) and (3.2) that

ISuns1 = Stinia|| = |TIA = @)SV, + @ Ty, ] — T[(1 — @,)S9, + @, T, ||
Putg, =T[(1 - a,)Sv, + a,Tv,] and
n, = T[A - a,)SP, + a,T#,] then we have:
”Sun+1 - S~ﬁn+1” = ”qn —ThtTh— T[(l - an)gﬁn + anTﬁn]”
< ”qn - rn” + ”rn - T[(l - an)gﬁn + anTﬁn]”
= ||IT[(1 = a)Sv, + @, Tv,] = T[(1 — @,)$P, + @, T5,]||
+||T[1 = a)SP, + a,T9,] — T[(1 — @,)ST, + @, T, ]|
< §|ISI(1 = a,)Sv, + a,Tv,] — S[(1 — @,)5P, + a, 7%, |||
+&1
<&
+6]|(1 = a,)Sv, + a,Tv, — (1 — a,)5%, — a, 7%, |
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<&+ 61— ay)||Sv, = S, || + @, 8||Tv, — T5,|
<& +6(1—a,)l|[Sv, — 57,
+a,68||Tv, — T9, + T9, — T9,||
<&+ 81— ay)||Sv, — S, || + . SlITv, — TH, |l
+a,68||T9, — T9,||
<A+ a,8)e + 61— a,)|[Sv, — ST||
+at, 82|15, — ST, |
Therefore
1Suns1 = Stipia]| < A + @8y + (1 — @y)||Sv, — ST, |
+a,6%||sw, — $7, + 59, — ST ||
<A+ a,8)e + 81— a,)|[Sv, — ST||
+a,6%||S, — ST, || + @, 8°||ST, — ST, |
< (1+a,0)g +a,6%s,
+8[1 — a, (1 — O]||Sv, — 55|
Also
”Svn - Sﬁn” = ||T[(1 - Bn)Tun + ﬁnTWn] - T[(l - ﬁn)Tﬁn + ﬁnTWn]”
Puta, =T[(1 - B,)Tu, + B,Tw,] and
b, = T[(1 — BT, + B, Tw,] we get
|Sv, = 5%, = ||an — bn + bp — T[(1 = BT T, + BT, ]|
< ”an - bn” + ”bn - T[(l - .Bn)Tﬁn + BnTWn]”
= ”T[(l - ﬁn)Tun + ﬁnTWn] - T[(l - ﬁn)Tan + ﬁnTWn]”
+||T[(1 - Bn)Tﬁn + .BnTWn] - T[(l - .Bn)Tﬁn + ,BnTWn]”
< & + 6”5[(1 - Bn)Tun + .BnTWn] - S[(l - Bn)Tﬁn + ﬁnTWn]”
<&+ 6”(1 - ﬁn)Tun + ﬁnTWn - (1 - ﬁn)Tan - ﬁnTWn”
< e + 601 = B)||Tun — Tit, || + B 8||Tw — T |
<& +60-p)|Tu, — T, + Tit, — T, ||
+8,6|[Tw, — T, |
< &1 +6(1 = B)ITu, — Tat, |l + 8(1 = B)|| Tk, — Ty ||
+8,6||Tw, — T, |
<&+ 52(1 - ﬁn)llsun - San” + 5(1 - Bn)sl
+B,08||Tw,, — T, ||

Therefore
|Svi = § || < &1 + 821 = BINISUn — Sty Il + 5(1 = B,)ey
+B,8||Tw, — Tw, ||
<& +801-pBe + 821 - B)|Su, — S, + Sti, — St ||
+B,68||Tw, — Tw, ||
<& +68(1—Be + 821 —B)|Su, — S|
+82(1 = B)||ST, — St || + BaS||Tw, — T, |
<&+ 801 -Be + 671 - B,
+68%(1 = Bo)||Su, — ST, ||
+B,6||Tw, — TW, + TW, — T,|
<&+ 801 -Be + 671 - Be;
+8%2(1 = B)||Sun — St ||
+B,8ITw,, — TW, || + B, 8||TW, — Tw,||
S & +68(1 = By)e + Bobe +8°(1 = By)e;
+52(1 - ﬂn)“sun - gﬁn" + ,BnSZHSWn - SWn”
< (1 +8)e +62(1 = B, + 621 = B)|[Su, — Sty ||
+B,62||Sw, — SW, + S, — S, ||
< (1+8)e +62(1 = B, + 621 = B)|[Su, — Sty ||
+B,82||Sw, — S, || + B.6%||SW, — SW, ||
< (1+468)e +6%2(1 —By)e, + Br6%s,
+82(1 = B)||Sun — Sti, || + Bn6?||Sw, — S, ||
= (14 8)e + 6%, + 82(1 — B,)||Su, — S, ||
+B,8%||Sw, — Sw, ||

Volume 6 Issue 8, August 2017

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20176352 DOI: 10.21275/ART20176352

2009

(3.3)

(3.4)


www.ijsr.net
http://creativecommons.org/licenses/by/4.0/

International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

But
”SWn - gwn” = "T[(l - yn)Sun + YnTun] - T[(l - Vn)gﬁn + Vn’ran]”
Puta, = T[(1 —y,)Su, + v,Tu,] and
b, = T[(1 —y,)Su, + v, T, | we get
|Sw, = SW, || = ||@n — bn + by — T[(1 = ¥,)Sth, + v, TiL ||
< ”an - bn” + "bn - T[(l - Yn)gﬁn + YnTﬁn]”
= ”T[(l - Vn)Sun + ]/nTun] - T[(l - yn)gﬁn + VnTﬁn]”
+||T[(1 - yn)gﬁn + yn’rﬁn] - T[(l - yn)gﬁn + Yn’rﬂ'n]”
< &1 + 6”5[(1 - Yn)Sun + ]/nTun] - S[(l - Yn)gﬁn + ]/nTﬁn]”
< &+ 6"(1 - yn)Sun + ynTun - (1 - Yn)gﬁn - Yn’rﬁn”
< e + 81 —y)||Sun = Sty || + 8¥, || Twn — Tt ||
<& + 801 —y)|Su, — S|
+68¥,||Tu, — T, + T, — Tt ||
< e + 81 —y)|Sun = Sti|| + 8v,lITw, — Tl
+8¥, || T, — T, ||
<&+, 08 + (1 —1)||Su, — Sti, ||
+62yn”5un - Sﬁn”
= (1 +7¥,.8)& + 6(1 —y,)|[Su, — S, ||
+68%y,||Su, — Sti, + Sii, — Sti, ||
< (A +71,.8)e + 801 —y)|[Su, — S, ||
+8%y,||Sun = Sti || + 6%, ||Sthn — St ||
< (1 +y,0)e + 6%y,¢,
+68[1 =y, (1 = &]||Su,, — S, || (3.5)
Substituting (3.3) and (3.4) in (3.5), we get:
ISuns1 = Stpia]| < A + @, 8)e; + @, 8%, + 6[1 — , (1 — 8)]
(14 8)e; + 6%, + 82(1 — B)||Swuy, — S, ||
+ﬂn62(1 + yn5)€1 + 52Vn€2
+8[1 =y, (1 = O]||Su, — S, ||
<gll4+a,6+1+68+B,6%(1 +y,6)]
+&,[8%a, + 8% + ,7,6%]
+[62(1 - Bn) + 63,811[1 - yn(l - 6)]]”Sun - gﬁn“
=g[2+ (a, + 1)6 + £,6%(1 + y,,6)]
+€2[((xn + 1)62 + :Bnynaﬂ

+62[1 = By (1 = 8) = Buyn6(1 — O)]||Su, — Sty | (3.6)
Since a,, B,, v, €[0,1] and % < B.¥. forall n € N and using of the fact § € (0,1)in (3.6)
Yields:
”Sun+1 - 5an+1” < [1 - ﬁnyn(l - 5)]"Sun - S:ﬁn”
+B (1 — 6) [ 3.7)
Put

a, = ||Su, = S, ||

An = ﬂnyn(l - 6) € (0;1)
_9¢1 +4e

pTl - 1 _ 6
Hence, the inequality (3.7) perform all assumptions in lemma (1.6) and thus an application of lemma (1.6) to (3.7) yields

0 < lim, ., sup||Su, — S, ||
9e1+4ep

< lim,_, sup s

Since lim,,_,..S u, = u* and lim,,_,, $ii,, = ii*, then

9¢; + 4¢,

* sk <
Il - @l < ——
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