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Abstract: Inthis paper, a new type of (G.n) —tupled common fixed point and (G.n) — commute mapping in Fuzzy metric space are introduced
and studied, we also discuss the existence and uniqueness for ( G.n) — tupled common fixed point of mappings having (G.n) — commute. A
(G.n) —tuplet common fixed point theorems for this type of mappings are established.

Keywords: fuzzy metric spaces , commute mapping, continuous t — norm, Cauchy sequence, common fixed point, equicontinuous.

1.Introduction and Preliminaries:

Fuzzy set was defined by Zadeh [1]. Kramosil and Michalek [2]  Definition(1.3):Let R;:E™ - E, R,, ... ..,
introduced Fuzzy metric space, Georege and Veermain [3]

modified the motion of Fuzzy metric space with the help of R,:E™ - E"and K, K, ... ... ,K,:E — E are mappings. We
continuous t-norms. Many reserchers have obtained common say that these mappings are (G.n) — commute at the point
fixed point theorems for mappings. Panit [4] introduced the new (X, x5, ... ... , X)) if

concept of reciprocally continuous mapping and established
some common fixed point in Fuzzy metric space can be viewed g, (j(‘z ( (g(‘n [321 (322(.__ (Rucesnszy)-- ) D o ))
1sA 20 n

in [5]. )
Ky (76, (o (Kopiry).--
Now we will give the following concepts: / 1( 2( ( (1)) )) \\
o :gzli Ry | R |+ 3 (Koo (Hnr)--)) i
Definition (1.1): Let R;:E®™ - E, R,, ... ... , Ry:E" - E"
\ e 33 (55 (e (Kona)--)) /
and Ky, K, ... ... , K. E—-E are mappings. A point :

(1) Xy ev wne ,X,) € E™ is called (G.n) — tupled coincidence

point of this mapping if In this paper ,we consider ¥ is the set of all mappings

G:[0,0) — [0, ) such that:

R (RZ( """ (Rer ) - )) - i. g isnon- decreasing.
¥ (.‘Kz( ...... (Kngep)) oo )) |:: % is ugeler se<mo|o - gingnajosui f;?lrrlthe zght.
o Ry (Rl (R ).n)) = A ' G
1 2 Nn(x2,X3,..,X1) g (g" ) neN
3, (5 (e (K)o ) ®

2. Main results:

In this section, we establish our main results

o R IR,(..... R e ) ) =
! ( 2o (Rnta ) )) Theorem (2.1):Let A and B are two families of mappings such

%y (36 (e e (Kngay) ) that, 4 = {R,, Ry, ., Ry 5.t Ry:E" = E, Ry, oo, Ry B =
E"}, B = {K,, %5, . .. ,¥,:E - E} and let (E,T,®) be a fuzzy
gsfcilf:li:liogf}(lfc)#ftm . _)7::11 E;;e—’ }rznaﬂzms j;\n: Erc:i;; metric space s_uch that ® is at—norm of H — type. Suppose that
(x1, %3, ... 1 x,zl) is cf';ller(; (G.n)-tupled comrr)ﬁongfixed poiﬂt if G € Wsatistying: TR, (Rz("' (R"("l"‘z""'x“))"))’
. R (Rz( ...... (Rataytzrin) ) = Rl_(Rz(---(Rn(yl.yz....,yn)) ---))'Q(t)] 2
7 (3, (or o (Fonge) o)) = 31 o] 7 (et Gaw) ). o
o Ry (Ro(on o Ruryirgmy) --)) = | 3 (360 (Fag) o))t
5y (s (e (Ko -)) = %2 ; [ 26 (5 (Kna) ) 5 o
| % E 3y (oo (Konyy) .....))),t
Hy (I (e (Kng) o--)
o Ry (Rl Rurpmytnn) ) = T 2, (5 () ))J (2.1)

33 (K (oo (Knxy) --)) = .
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where t>0 and x;,y; €Eforall i=1,2,....,n. |If

3¢, (65 ( (%) .....)) is complete subspace of E
containing R; (R, (... ... (Ry) .....)) and these mappings in
A and B are (G.n) — commute mappings. Then A and B have a
unique (G.n) — tupled coincidence fixed point of compose the

mappings of Aand B.

Proof: Consider X0, %02, x," € E, since
3, (6, (... (,)..) )containing Ry (R (... (Ry) -..)), that there
exists x; 1, x,2, x;,™ € E such that

K, (7(2 ( (S‘Cn(xll)) ))
(B ))

5 (5 (- (Kuger) )
2 (

(j( ( (jcn(xln))

nat)))

2 ( (Ruepz .o
)=

-(® o) ) )- Also,

- ( ezt ) =

Ry 1,2, xln))..)),aq (7(2 (...(xn(xzz))_,» _

n(xo™ %o,

<% (7(2( ...... (Knge)) )) >, <

).

)) > such that,

%, (:}cz (e (K ))
e (:}(2 (o (Kot paea™)) - ))

and <

o))

3, (7( (Hongmy) ) )

=R, (fRz (o (Ruepsmrea e am1) ) - ))

We want to show that the above sequences are Cauchy
sequences in (E,T,®), since ®is t —norm of H — type.This
implies, V. £ > 03 u > 0 such that :

A-WEA-W®..0(1—-pu=1-—4 VneN. on the
other hand, for all x,y €E, T(x,y,t) is continuous and
tlim (x,y,t) = 1, then there exists t- > 0 such that.
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. <7(2( ...... (Hageon)) )) -
x, <7€2( ...... (Kaern)) )) to
., X, <7(2( ...... (Hageor)) )) -
x, <7€2( ...... (Kn(e2)) )) to
[ 5 (3 ( o (Knagm) ).
7 1 (s (oo (Koniymy) =) o =low @2
By using (2.1), we get:
| o™ (732 (e (Rt eam)) - )) .
R, (322 ( (Rn(xll,xlzwxln)) )) ,Gto)
., %, (7(2( ...... (Kngeon)) )) .
E (3(2 (v (Haay) - )) o
., X, (3(2 (( xn(xOZ)) )) o
%, (3(2 (+ (K2 - )) o
33 (35 (e (Konegmy) ) Ao
""" Ky (55 (e (Kngeymy) =) o]
., 7(1(:;(2(... (Kager2)) ))
% (7(2 (v (Kager)) ---)>,Q(t0)
| o® (Rz (e (Rugroz e, ey - )) .
Ry (Rz( ( n(xlz,x13,...,x1",x01)) )) Gto)
., 761(7(2( ...... (ycn(xOZ))...» o
%, ((7(2( ...... (Sn)) ))) to
5 (36, (oo (Konae) )
T ®..®
% <7cz( ...... (Kner)) )) to
mES (7 (c (Kagegm) ). ] —_
3¢, (36, (- (Kongeym) ) o |
3 (36, (oo (Kniay m) ) ]
K (7(2( ...... (?Cn(xzn)) )) g(to)
. Rl(jez(...(azn(%n,xo 1)) ))
R4 (Rz( '(:Rn(xln,xll xq ™ 1)) )) to
1264
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®»T

®»T

[ = (722 (e Rz, o)) - )) ‘

=, (722 (- (Rugeyingz, ) - )) 6
%, (ch(...(ycn(xll)) )) ‘

% (7(2 ( (:}cn(le)) )) Gy

. K, (f}(z ( (I}Cn(xl 2)) )) ®.
ES (7(2 (- (Knr2)) )) ,Gtto)
¥ (7(2(-" (Kn(n ")) ))

5, (36 (Konegm) ). Q(to)n

%, (3(2( ...... (Hngen)) - )) ‘

X, (?CZ( ...... (Kn(xll)) )) to )

N, (7(2( ...... (Kn(XOZ)) )) ©..
I}Cl(?Cz( ...... ( n(xlz)) )) to

5, (3 (e (Konggmy) ) ). ]

5y (3 (oo (Kongeymy) ) ) o

5, (36 (v (K1) ) ‘

(j(z ( ...... (.‘Kn(x32)) ...)),gz(to)
Ry (Ra (o (Ruar st ) )

=, (fRz (. (Rn(szxZ; xanll)) ...)),gz(to)

T

|

156, (56 (oo (Kagegny) -)). ‘

Similarly, T

5 (3 (e Ky ) ). ‘
33 (3 (v o (Hongegm) ) Geeo)
S (7 (o (Koiagm) ))‘

% (22 o (Foaymy) ) ) o

n

®T

®T

:3(1 (762( ( n(xo™” 1)) )) r,continue
e

n(xln 1)

[ %, (322 (RENT——— )) ‘
2

T 50 )
2 (56 (- () ) G|
or 7(1(7(2(...(7cn(x2n_1)) ))
%, (7(2 (e (Fongegn1y) - )) g(tfi)
. 7(1(:;(2( ...... (Kagzon)) - )) ‘
- 7(1<762( ...... (:Kn(xll))...» to|
or jcl(acz( ...... (Knaor)) ) o

5, (36 (v (K ) ...)), \ i

[ Ry (Ra (- (Rugos o) ) } N
:’Rl (RZ ( (Rn(xkl_xkz_____an)) ))'gk(to)
%, (:zcz (v (Ko ) )) ‘ o

:17(1 (f](z ( ...... (?Cn(xkl)) ) ’gk_l(to)

®..®
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[ 70 (7 ( e K m) ).
156, (52 (r e (Kongeemy) ), g"—_i(to) T

] gq(:}(z(...(%n(x&)) )) I
5, (5 (o () ) ) o . ’
] gq(:}(z(...(%n(x&)) )) I
3 (30 (- (Ka) ) o o

mES (7 (e (Fnegm) - ;) ‘

%y (5 (e (Koneymy) )

Lq

%, (.’ICZ (e (Hnger ) )) ]

¥ (7(2 ( (Kn(anz)) )) 'gk(to)

= [le (fRz ( (:R'n(xk—121xk—13r---rxk—1n‘xk—11)) )) ,

Ry (fRz ( (Rn(xkz,xk3,...,xk",xk1)) )) ’gk(to)]

®»T

®»T

%, (36 (oo (Koniemy) ).
¥, (IKZ( ...... (.’Kn(xkﬂn)) --'))'gkfto) -
T 3, (36 (o o (Fonieym) ). ‘n

% (365 (oo (Konagmy) ) oo

nk—l

[ %, (7(2 (= (ageen) ))
K (7(2 ( (xn(xll)) )) o B
[ 56, (%, (e (Hoargn) ). ‘
K (7(2 ( ...... (xn(xln_l)) )) t

Now,if [ = max{n*=1,n*,n™2} then by using above
inequalities, then

] %, (7. .. (ycn(xkn)).;)), \
5, (7 (o (Kongem) ) ’Zk=nogk“°)
5 (K (e e (Ko my) ).
7 06 (3 (Hongm) ) ZZ” gm(to)‘

% (36 (- (Kngeemy) ). \
x, (362(... (Honisam) ))fgkuo)
3 (36 (e Ko m) ) \ ®
%, (gcz( ...... (Fniep,e™) "'))’gk+1(fo)
x, (7(2( ...... (Knyy™) - )) ‘

¥ (?CZ( ...... (.‘Kn(xmn)) ---))'Qm_l(to)

k-1

X (7{2( ------ (ncrem) - )) r

3 (o (Konagmy) ) )

nk—l

®»T

®T )
K <.7C2 ...... n(xln 1) )
_ 761(%2( (jcn(xo")) )
o7 7(1(7(2( (%n(xln)) ) tO]
R
g K (17(2 ( (:}Cn(xll)) )) , to )
or %, (7(2 (e (Hongegns)) )) }
_17(1 (7(2( ...... (:Kn(xln_l)) )) to
® .. o
[ 36 (7 (Konrgm) ) |
o7 e (7(2(... (Kongeym) )) , tol
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nm—Z

then there exists x;, x,, ..., x,, € K; (JCZ( ...... (Knxy) - ))and
® .. ay,0z, oo, 0y EE such that,

115130 %, <7(2( ...... (K )) )) _

®T

®»T

o lim % (7(2 (- (T ) ))
= Ill—p;’ Ry <.'Rz ( (Rn(xk—12»---»xk—11)) ))
N > 3, (K (o o (Knga) ) = 22

®T

®T

lim 5 (%6, (- (Kngem) )
] l = lim ®, <7€2 o ))

Al W, & Ka@y)) =+ )) = Xn
jCl(JCz(...(JCn(xln))...)),to ( (e (Hnan) ))

[ 56, (KZ(---(Kn(xO")) )) l %, (RZ( (Rn(xk R L 1")) ))
|54 (KZ("'(an(xln)) ))to] ! Ry (Rz( (7271@11 ag. an)) ) G
3, (26 (o (agen) ) | HE CA G
%, (:icz(...(jcn(xll)) ...)),to | % (3 (Kn(al)) ))
7 (3, (o (Konrgmy) ). | T 36 (%2 (- (Fngorer) ).
5, (73 (o (Honeym) ...)),tol | 96 (36 ( (Hage) ) ¢

; 7(1 (:Kz( ...... (Konge_ym) - ))‘
% (35 (o e (Kinga) ) ot

5, (7 (o (Hoazgmy) ).

Now, T >

®»T

®»T

7 (3 (oo e (Foncegm) ) |

>T
el (‘7(2( """ (‘7("_("1”)) )) to - As n — oo and by continuity of M, we get
ol ) | e )|
_.7(1 (sz ( (Kn(xll)) ...)),to T|7C1 (%2( (%n(al . an)) ) |
® oo o 6o J
3, (76, (o .. Ko (gn-1) ) -
o 5| % (e () ) Ry (% (- (R st a) )
N, (f](z( ...... (Jcn(xlnﬂ)) )) to Also, T kot ke kot >
>1-WOA-W) O ® ) R (R ("R”(“l . “n>) ))60
> (1 - 4) % (:zcz (o (Fonapr®))
and hence. 7|76 (2o e (Kngeem) =) | a6 %, (36, (gcn(az)) ))
5, (3, (o e (Kongamy) )0 £) 5, (% (- (o) )
T
So, < K, (?Cz( ...... (F ™) )) > is Cauchy sequence. ¥y (7(2( (.‘}Cn(a3)) )) ¢
3, (365 (oo (Foney
As the same way, we get, < K (?Cz ( ...... (?Cn(Xk 1)) )) >, T ;Cf (;2( ...... (jcn(z:)) ))
<X, (7(2 (= (e )) )) >, < [ 7 (% (Kniap) =) |
T =1, .
Ky (7(2 ( (J‘Cn(xk n—1)) )) > are Cauchy sequences. R (RZ("' (R’"Q(ZZ)'%---'“n)) ))‘ s = e

Now,since S, (52( ...... (Sn) )) is complete subspace of E
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Continuity,

K, (j(z (...(?Cn(xk P "‘1)) )) ‘ >

Ry (Rz (o Rucanassan-n) ) Q(t)
K1 (-7(2( (:Kn(xk 1n)) )
|- % (% (- (ycn(an)) ) t

Fntoes® ) ® .0

o, (5 (K ))'

T

3 (5 (o e (Kngan) )

Asn — 0, T |:R1 (:RZ( (:Rn(an,al,...,an_ﬂ) ))
)] g(t)

= 3¢, (1 e (Kongap) )

= Ry (Ro (o Ruayazan) =) =
3 (3 (o e (Kngazy) =) = R (Ra (o (Rraagan)) ) )

=x2

3, (# (o e (Knian) ) = Ra (R (Rucapnann) )

=xn

Therefore, (aq, ay, ... ...
|

,ay,) is an n — tupled coincidence point.

Theorem (2.2):Let A and B are two families of mappings such

(R, Ry, Ry st Ry EM > E} 3
that 4= { Ry e vey Ry B — B -
i, Ky oo o, Kt E > E} and let (E,7,®) be a fuzzy metric

space. If the same conditions in theorems (2.1) are satisfied.
Then A and B have a unique (G.n) — tupled common fixed
point of compose the mappings of Aand B.

Proof: By theorem (2.1), the families A and B have a unique
(G.n) — tupled coincidence point. But the mappings lies in A
and B are (G.n) — commute, this implies

e 5 (5 (o (56 [Rs (Rl Rrtarpan) )]) )

/ / ¥y jl62( (Katap) - )) l\
¥y jl62( (Katap) - ))

) k \Rn 9, (5 () - ))J) )

:}(1( (%6 [Rs (Ra( Rutanag,an) -))]) - ))

3 (36, (- (Kna) ) 1|
363 (7 (Konca) ). |
- 7 (36(- (Hngap) )]

=R, | Ry | | Ry

N

Continue,

%, <( (% [ Ry (Re( (Rucanagan-n) ~))]) ))

¥4 (7(2 (- (na) - )) ]l
V8 (7(2( (Kncay) - ) |
.36 (76( (Haanon) )]

By above inquisitions, we have

. ﬂq(ycz( ...... (Kngap) ) =
(RZ( (jzn(xlx2 xn)) ))

| R,

.~
~

e K ( ...... (an(XZ)) ))
Ry (fR n(xz X3,.. xl)) ))
o« X ( ...... (:}(n(xn)) ))

R, (yez(... (R s o)) o )) (2.3)

Now, since ® is a t — norm of H — type, we have

1-w®.... ®A-w=0-45. But 7 (x,y,.) is
continuous and tlim Ty =1, Vx,y €E then there exits

to > 0 suchthat, T (K; (36, (o (Kngep) ) Xarto) 2 1= p

T (81 (55 (oo (Kngap) ) X3 t0) 2 1 — o
T (% (36, (o o (Kone) ) o 2t0) 2 1= o

% (K (o (KK ) ),

x, (7(2 ( ...... (%n(xkz)) )).9(t0)> )

., ( Ry (R (o (Ruey ) ) )
Ry <R2 ( (Rn(xk_lz,xk_13,...,xk_11)) )) ’ g(fo)
) 3, (3(o e (K ) >

bR

On other hand, , T(

o T( 3y (K (o e (Kny) ) )
V.4 (7(2 ( ...... (Kn(xﬁ)) )) 2 Gito)
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Ry (Ral- Rutry ) )

(,ﬂh (Rz ( (Rn(xk P 12)) ...)),g(to)
.'T< ¥ (:KZ( (Kn(xz)) )) )
“1(7‘( (Hnea) - ))
( %, ch( ...... (Kncxp) ) >
5, (36 (- (Hgein) =) o
< ¥ (KZ( (:Kn(xl)) )) )

(7 (
( x

1(762( (Kn(m
¥ (7( n(xkl)
[ = (Rz( (Rn(xn,xl,,,,,xn_l)) ) )
|, R, (322 (= (Rursts? s )) |
\ 'Geo) /

3¢, (% (’Kn(xn)) )
3¢, (7 (-

f<

g

T (3 (3 (o Knep) ) %2 Gy ) =

T (36 (3 (K Hn)) ) ) 20, t0) @
7(

5, (36( (Hagep) =) %20t0) @ . ®
5 (3 (e (Hntan-) ) s o)

T >

®

n(xk 11) tO

(fKnocl)) ) > o
¥ (7(2 (( n(xk_lz)) )), to
(Knen_n) - ))
(Kngrsm) =) to

T (2 (26 ( (Kongap) ) %5, Gp)) 2

7 (%, (Ko (o (Kueyy) ) Xato) @

7 (%, (36 (- (Kncay)) ...)),x4, t)® ..®
7 (3¢, (7( (Kne) )Xo o)

T (2 (2 (Konga)) )20 Gy ) 2

T (3 (36 (- (Kga) ) X1 to) @

7 (%, (36 (o (Kngap) - .)),xz, t) ® .. ®
7 (%1 (6 (o (Kngrn_p) ) s o ).

By (1), (ii) and (iii )we have

7 (51 (82 () =) 20 G

T (7(1 (sz( (:Kn(xz)) )) 'x3’g(f0))

o

@ T (81 (820 (Sum) ) %1.Gee))

> 7 %, (36 (o (Fonge) - )),xl,g(to)]:
® T % (3¢, (o (Kngep) ) %2, Gep)] @ - ®

(o)) ] -

By induction,T (7(1 (762(--- (Kn(xl)) ))'XZ'gk(to)) ®

T (%, (36 (o (Kngep) =) %2, 6% ) @

BUtYZ, 0",y <t

7 [a, (16

®T (761 (%2( (Kn(xn)) ))‘xl’gk(to)) n
=T [7(1 (7(2(--- (Kn(xn)) ))'xl'gk_l(to)]

®T [.7(1 (7(2( (jcn(xl)) ))’xz'gk_l(to)]n OF

@ T [‘7(1 (‘7(2( (:Kn(xn_l)) )) ’ xn'gk_l(fo)]n o

Vv n € N, we get

e (Foaap) ) %2 t]"k ®
(Ha) ) xst] ©..@

e (Konge) ) xt| 2

- (Hnap) )) 'XZJZI(:J—nng(tO)) ®

- (Honxy) )) X3, Xi=ng G (1)) @

e (Konae) =) 20 By ¥ ) =

e (Hage) ) %2,6™ ) ©

(Hae) +-)) 2, G™0 ) o @
----(Kn(xn)) )) xy,G™ (to ))

(Honay) ) 1 to]"n ®

(Hnen) )5t © @

(e (Kepr) ...)),xn, to]nno >1-we®Aa-

w® . @ (1 —w) = (1 — £). Therefore,

7 (3 (36 (- (Knap) ) ) X20t)

will show that x; = x, =... ...

O T (K1 (7 (o o (Knr) ) %3 t)
® ...

OT (3(1 (7(2( ...... (Kniayy) - )) X1, t)
> (1-4)

(:Kn(Xz)) )) =

(Konc) )) =x; (2.4). Now, we
= x,. As that same way, since

T(x,y,.) is continuous and tlim Ty =1, Vx,y€EE=

Ito>0suchthat Ty, ey 21—l Tipaaty) =1 — 1

e Toepnte) = 1 — He But,Z;‘leg"(to) < oo, then we have,
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=7 761<ch( ...... (Hageprr)) )) ©
. <:Kl (72 (e o (Knam) ) >
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As n — oo, we get,

T(xl,xz,g(to)) > T(xq,%5,t0) ® T (xz,%x3,t) ® ... ...
® T (%, x4, to)

T(xZ,x3,g(t0)) 2 T(xz,x3, to) @T(X3,x4, to) @ ...... @

T (x4, x5, to) Continue,

T(xn,xl,g(to)) > T (xp, X1, t0) ® T (x4, %2, t0) ® ... ..
® T (xn-1, Xp, to)
= T (%1, %2, Giegy) ® T (X2, %3, G (1)) @ wov o
® T(xn: xl:g(to))
= [T (xq, %2, t)]" ® [T (x, %3, )" ® ...
® [T (e, xq, t)]™

By induction,
T (xl,xz,gk(to)) ®T (xz,x3,gk(to)) ® ... ...
®T(x"'x1'gk(to))
2 [7 (50,2267,

“|7 (% xl'gk_l(to))]n

> [T (g, 2, t)]™ @ [T (g, 23, £) ™

@ v ® [T Cny 20, )™
Now, T (x1, x5, t) ® T (x5, x3,£) ® ... ... ® T(xp,xq,t) =
T (51052, £y 6% ) @ T (213, £y 6% ,)) ©

...... ® T(xn, x1.21i°=n09k(t0)) =

T (prz'gn"(to)) OT (x2jx3,g"o(t0)) ® oo ®
T(twx1,6™,) 2 [T )™ ©

[T (xy, %3, t)]™ ® .. ... ® [T (e, x1, t)]™™°
A-wWeld-wWe.... ®A-p=1-4

v

Therefore, x; = x, = x3 = ..

= x,,.And hence, by (2.3) and (2.4)
3 (7 (o (Kne)-)) = Re (R (Ruiryg)--)) = 2
%, (7(2 () )) = Ry (Ro (o Rugupgen)--) ) = Xz -

And, %, (5, (- (Kuga)--)) =
R4 (Rz ( . (Rn(xn,xl,...,xn_l))- . )) =x, n
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