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Abstract: The aim of this paper is to obtain a common fixed point for fuzzy mapping on closed subset of Hilbert spaces for rational

expression. The proof rely on the parallelogram law in Hilbert spaces.
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1. Introduction

The concept of fuzzy set was introduce by L.Zadeh [2]in
1965.After that a lot of work has been done regarding fuzzy
set and fuzzy mappings. The concept of fuzzy mapping was
first introduced by Heilpern [3], he proved fixed point
theorem for fuzzy contraction mappings which is a fuzzy
analogue of the fixed point theorem for multy valued
mapping of Nadler[4]. In 2015 [1] Jagdish C. Chaudhary,
Jatin, Patel and Chirag proved some fixed point theorems in
fuzzy mappings containing the rational expressions. In this
paper we are proving some fixed point for fuzzy mapping
on closed subset of Hilbert spaces for rational expression.

2. Preliminaries

In the following discussions mainly follow the definition and
notions due to Helipern [3]. Let H be a Hilbert space and
F(H) be a collection of all fuzzy sets in H . Let Ae F(H)and
a €[0, 1] the a — level set of A, denoted by A, is defined by
A={X:AKX) =2 a}ifa€e[0,1]
Ap={x:A(x) > a}
Where B denotes the closure of a set B.

Definition 2.1[3]: A fuzzy set A is said to be an
approximate quantity ifand onlyif A, is compact and
convex for each o € [0, 1], and supyex A(X) =1 .When A is
an approximate quantity andA(xq)=1 for somex, € H, A is
identified with an approximate of x; .

The collection of all fuzzy sets in H is denoted by F(H) and
W(H) is the sub collection of all approximate quantities.

Definition 2.2[3]: Let A, B € W(H) and « € [0, 1]. Then
i. P.(A B)=inf o, sep lIXx—Vll
ii. Dy (A, B) = dis(Ay, By), where “dis” is the
Hausdorff distance
iii. D(A, B) = sup,D. (A, B)
iv. P(A, B) = sup,P, (A, B).

It is to be noted that for any ‘o’, P, is a non decreasing as
well as continuous function.

Definition 2.3[2]. Let A, B € W(H). An approximate
quantity A is said to be more accurate than B (denoted by

Ac B) ifand only if A(x) < B(x),V x € H.

Definition 2.4[3]: A mapping T from the set H into W(H) is
said to be fuzzy mapping.

Definition 2.5[3]: The point x € H is called fixed point for
the fuzzy mapping T if and only if {x}cT(x). We shall use
the following lemmas due to Helipern.

Lemma 2.6[3]: P,(x, B) < ||lx —y|| + P,(y,B),Vx,y € H.

Lemma 2.7[3]:
<D,(A B),vB € W(H).

If {xo} € A, then P, (xo, B)

Lemma 2.8[3]: Let A € W(H) and x4 € H, if{xy} c
A then Pa(x0, A)=0, for each a€0, 1.

Lemma 2.9[3]: Let H be a Hilbert space and T fuzzy
mapping from H into W(H) and x, € H, then there exist
X; € Hsuch that{x;} © T(xq).

3. Main Results
The proof rely on the parallelogram law in Hilbert spaces.

Theorem 3.1: Let C be a closed subset of a Hilbert space H
. Let T, S be a fuzzy mapping from C into W(C) satisfying :
D*(T(x),S(¥))
< aP?(x, T(x))
+ BPZ (v, S()) +vllx
- y||2 + 6 min{P(f (X, S(y)), PO% (y, T(x)) } + m(x,y)
For all x, ye Cwherey, a, 8, 5, 0, £ = 0 with
a+ B+e+y+d+o<land
P(y,S(y))
1+ P2(x,S(x))P2(x, T(¥))
P2(x,S(x))
TETT P2(y, S(x))P2(x, T(y))
Then T and S have a fixed point z € C such that {z}cT(z2)n
S(2).

m(x,y) =0

Proof: Let x, € C, we construct the sequence {x,} € Cas
f0||0WS {Xl}CT(Xo), {XZ}CS(Xl), .......... ,

{X2n+13ST(X2n), {X2n4+23ES(X2n+1) and || xz, —
x2n+12<D12T(x2n—1), S(x2n) .

Now
| X2n+1 — Xonll* < DF(S(X2n-1), T(X2,) ), forall n € N.
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| %2041 = X2nll* < D2(S(x2n-1), T (x24) )
< aP?(x3,-1,S(x20-1))
+ BPZ (220, T(x20)) + ¥llxzn — 2301 I
+8 min{P2 (x2,, S(x2n-1)), P2 (Xan—1, T(x2)) }
+o Paz (xZn'S(xZn—l))
1+ Paz (xZn' T(xZn))Paz (xZn' S(xZn—l))
te P?(x20-1,S(x20-1))
1+ Paz (xZn' T(xZn))Paz (xZn' S(xZn—l))
< allxzn — Xz |I?
+ Bllxzn = xoni1ll? +¥llxz, — X204 |17
+6 min{|lx,, — x5, 1% %2041 — X2n—1 11 }
o ”xZn _xZn”Z
1+ ”in — Xon+1 ”2 "x2n — Xon ”2
220 = %2112
1+ "x2n — Xon+1 ”2 "x2n — Xon ”2
L-Plxzns1 = X2 1> < (@ + ¥ + E)llxzn—1 — X201

+

+ e

at+y+e
IX2n41 = X2 I* < ﬁ”xZn—l — X, |I?
Putting g = % <1

Then, we have
”xZn-I_-l_ - -?CZn ”2 < q”x2n—l — Xon ”2

Now, for any positive integer p

2

2
”xn - xn+p” < qllxn = x4l
2
2
+ ”xn+1 - xn+2” +. +||xn+p—1 - xn+p ”
< (qn + qn+1 + qn+2 4+ ot qn+p—1”x1 _ x0”2
n

< X1 — X%
1_q||1 oll

Which implies that||xn - xnﬂl,”2 —-0asn—- o
Hence

{

X, } is cauchy sequance in H,but H is a Hilbert space, so
{xn}is
converge to z and since C is closed and {x,, } is sequence in
C
Then ze C, such thatlim,, ., x, = z
PH2,T(2) < ||z = g, |I* + PZ (220, T(2))
< |lz = x2,I1* + DZ (S(x2n—1): T(Z))
< |z = 220 11> + D2(S (x20-1), T(2))
< ”Z - xZn”2 + apaz(xZH—l'S(xZn—l)) + Bpaz (Z,T(Z))
+¥ %201
- z||2 +6 min{Pa2 (xZn_l, T(Z)), P? (z, S(xZn_l)) }
P%(z,S(x2n-1))
o
1+ P?(x2n-1,S(an—1) ) P2 (X2n-1,T(2))
P2(x2n-1,S(x2n-1))
+ ¢
1+ P2(z,S(x2n-1))P? (%201, T(2))
< 1z = 220 17 + @llazn—1 = XanI?
+ BPaZ(Z:T(Z)) +¥llxgn—1 — zIl?
+6 min{PZ (X201, T(2)), X2, — 2I* }
- |z — 22, 117
1+ |12y, = Xpn—1112P? (X201, T(2))
+e %20 — X201 lI?
1+ ”x2n - Z”ZPaZ (xZn—l: T(Z))
P(2,T(2)) < allxzn_1 — x24I* + BPZ(2,T(2))
+ ellxzn — x2n—1l®
(1= BRIz T(2) < (a + &)llxzn — Xzn—1lI?

+

a+ +e
Fe(2T(@) < 37— IWon-1 = anll
Putting q = fj; <1

Then, we have
Paz (Z' T(Z)) < q”xZn—l — Xon ”2 < qn”x2n—1 - xZn”2
As > oo, then P2(z,T(2)) =0
Hence we get {z} cT(2).
Similarly, {z} c5(z).

Theorem 3.2: Let C be a closed subset of a Hilbert space H
. Let T, S be a fuzzy mapping from C into W(C) satisfying

D*(S(x), T(»))

P}(y,T(x)) + P2 (x,5(x)) + P2 (,S(x))
a

1+ P2(y,S(0)P2(x, T())

BIPZ (v, T() +PZ(y,SC))] +vlix = ylI?
For all x, ye Cwhere v, o, B = 0 with
20+ B+y<1.Thenthereisz € Csuchthatzisa
common fixed point for T and S.

Proof: Let x, € C, we construct the sequence {x,} € Cas
follows {x;}cT(Xq), {x,}=S(X1), .vvvvn.... ,
{X2n+13ST(X2n), {X2n4+23ES(X2n41) and || xz, —
x2n+12<D12T(x2n—1), S(x2n) .

Now

| %2041 — X20|I* < DE(S(x20-1), T(x2,) ), foralln € N.

| X2n11 — %20 1> < D?(S(x2n—1), T (x20) )

< P2 (%20, T(x20)) + P2(x2n-1,S(x2n-1)) + P2 (20, S(X2n-1))

h 14 PZ(x20, SCe2n-1)) P (x2n-1, T(x20))
+
BIPZ (%20, T(x21)) + PZ(x2m, S(tan-1))]
, +¥llxzn—1 — x%n”Z ,

1220 —1 = X20 |I” + X201 — X2 I + |22, — X34l

1+ llxzn — %2, 12 M1x20—1 — X241 117
+ Blllxan—1 — 22517 2+ 1220 — %20 121 + ¥ ll2x20 -1 — sznHZ
Then |lxzn41 — X201* < Ra + B + ) llxzn—1 — x24l
Puttingg=2a+p+y <1

Then, we have
”xZn-i_—l_ - ?CZn”2 < qllxgn—1 — x2, 17
Now, for any positive integer p
2
”xn - xn+p|| < q”xn - xn+1”2
+ ”xn+1 - xn+2”2+- o +||xn+p—1
2
T Xn+pl|

<@ +q" + q"jf + o @ g — x|

Iy — x0||2

1-¢q
Which implies that”xn - xn+p”2 - 0asn—- o
Hence,
{x,} is cauchy sequance in H, but H is a Hilbert space.
so {x, } is converge to z and since C is closed and {x,, } is
sequence in C.
Then ze€ C, such thatlim,, ., x, = z
PH(z,T(@) < ||z = x24I + B (%20, T(2)

< |1z = 20 l1? + DZ(S(x20-1), T(2))

< |z = %20 |I* + D*(S(x2n-1), T(2))
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< llz = x, 112
apaz (z,T(2)) + P?(x20-1,S(x20-1)) + P2(2,S(x20-1))

1+ Paz (Z'S(xZn—l))Paz (xZn—lv T(Z))

BIPZ(2,T(2)) + Pi (2 S(xzn-1))]
+¥llxgn g —zII?
< |1z = xanI1?
P}(2,T(2) + 16301 = xaull* + 2 = 24 17
1+ 1z = 22, 12P2 (%20-1, T(2))
+BIR(2T(@) + 12 = %20 I12] + ¥llxzn_y — 2II?
Then (1-0! - ﬂ)Paz (Z' T(Z)) < (X”in_l - xZn”Z

a
P? (Z, T(Z)) < 1-a—3 %201 — %20 II?

B

a
l1-a—p
Then, we have

Paz (Z' T(Z)) < q”x2n—1 — X2n ”2 < qn”x2n—1 - xZn”2
As - oo, then P?(z,T(2)) = 0
Hence we get {z} cT(2).

Similarly, {z} cS(2).

Putting q = <1
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