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Abstract: The aim of this paper is introduced the notion offuzzy B-admissible , fuzzy B —Jaggi contractive and study some results of
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1. Introduction

The concept of fuzzy set was introduce by L.Zadeh [3]in
1965.After that a lot of work has been done regarding fuzzy
set and fuzzy mappings. The concept of fuzzy mapping was
first introduced by Heilpern [4].In 2001 , Estruch and Vidal
[5] proved a fuzzy fixed point theorem for fuzzy contractive
mappings. On the other hand, the concept of an (3 —
admissible mapping was introduced by Samet et al.[2].
Recently, Mohammadi et al. [1] introduced the concept of
B — admissible for multivalued mappings . In this paper,
introduced fuzzyp — admissible mapping , fuzzy § —
Jaggi contractive mappingand study some results of fuzzy
fixed point theorems for fuzzy mapping via fuzzy g —
admissible in Hilbert space.

2. Preliminaries

In this section, we recall some basic definitions and
preliminaries that will be needed in this paper.

Definition 2.1[3]: Let H be a Hilbert space and F(H) be a
collection of all fuzzy sets in H . Let Ae F(H) and a €]0, 1]

the o — level set of A, denoted by A, is defined by
A={xX:AX) =2 a}ifae[01]
Ap={x: A(x) > a}

Where B denotes the closure of a set B.

Definition 2.2[4]:A fuzzy set A is said to be an approximate
quantity if and only if A, is compact and convex for each
a € [0,1], and sup,ex A(X) =1 .When A is an approximate
quantity andA(x,)=1 for somex, € H , A is identified with
an approximate of x; .

The collection of all fuzzy sets in H is denoted by F(H) and
W(H) is the sub collection of all approximate quantities.

Definition 2.3[4]: Let A, B € W(H) and a € [0,1]. Then

1) Poc(AiB) = infxeAa, yEBq ”X - Y||

2) Do(AB) = dis(Ay, By) , where “dis” is the Hausdorff
distance

3) D(A, B) = sup,D,(A,B)

4) P(A, B) =sup,P,(A,B).

It is to be noted that for any ‘o’, P, is a non decreasing as

well as continuous function.

Definition 2.4[3]. Let A, B € W(H). An approximate
quantity A is said to be more accurate than B (denoted by

Ac B) ifand only if A(x) < B(x), Vx € H.

Definition 2.5[4]:A mapping T from the set H into W(H) is
said to be fuzzy mapping.

Definition 2.6[4]:The point x € H is called fixed point for
the fuzzy mapping T if {x}cTx. If x, c Tx is called fuzzy
fixed point of T . We shall use the following lemmas due to
Helipern.

Lemma 2.7[4]: P,(x,B) < [Ix — y|l + P,(y,B), Vx,y € H.

Lemma
<D,(A,B), VB € W(H).

2.8[4]:1f {xo} € A, then P,(x(,B)

Lemma 2.9[4]:Let A € W(H) and %, € H, if{x,} c
A then Pa(x0 ,A)= 0, for each a€0,1.

Lemma 2.10[4]: Let H be a Hilbert space and T fuzzy
mapping from H into W(H) and x, € H, then there exist
X; € Hsuch that{x,} c Tx,.

3. Fuzzy Fixed Point Theorem

In this section, we introduce the concept of fuzzy B —
admissiblefor fuzzy mapping and some results of fuzzy
fixed point theorems.

Definition 3.1[2]: Let H be a Hilbert space ,f:H X H —
[0,),a € [0,1] and T:H— W(H). A mapping T is said to
be fuzzy B — admissible if for each x e H and y € [Tx], ,
with B(x,y) = 1,we have (y,z) = 1forall z € [Ty], .

Definition 3.2:Let H be a Hilbert space ,$:HXH —
[0,),a € [0,1] and T:H— W(H). A mapping T is said to
be fuzzy B* — admissible if for each x,ye H with B(x,y) =
1, we haveB([Tx],, [Tyl,) = 1

Where B([Tx],, [Tyl,) = inf{B(a,b) :a € [Tx|,andb €
Tya.
Remark 3.3: If T is fuzzy

* — admissible, then Tis also fuzzy 3 —
admissible mapping .
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Definition 3.4: Let H be a Hilbert space, B: H x H — [0, o).
A fuzzy mapping T:H- W(H) is called fuzzy B —
Jaggi contractive, if there exists two function B:H x H —
[0,0) and W¥:[0,0) — [0,0), where ¥ is non-decreasing
and Ye W (t) < o, for eacht > 0and Wisn —
th iteration of ¥ such  that B(x,y)D?(Tx, Ty) <
Y(M(xy)) + LN(x,y),V X , y €H , where L>0,a€
[0,1]1,B >0,

2 2
M(xy) = LEEOTEI D 4 gl — y)|? — aP2(x, Tx)
And N(x,y) =
min{PZ(x, Tx) , PZ (v, Ty), P¢ (x, Ty) , PZ (y , TX) }.

Theorem 3.4: Let H be a Hilbert space and T be a fuzzy g-

Jaggi contractive mapping satisfies the following conditions:

1) Tis fuzzy B — admissible

2) There exists xy, € H and x; € [T xp]q
B(x0,%1) =21

3) If {x,}is a sequence in H such that B (x,,x,41) =1
and x, - uasn- oo, then § (x,,u) =1

4) WY is continuous

Then, there exists x € H such that x,, is a fuzzy fixed point

of T.

such that

Proof: Letxy € H and x; € [Txg], by condition (2)
(X0,%1) =1.

Since [T x;], is non-empty compact subset of H , there
exists x, € [T x;], , such that || x; — x,]|2=P2( x4, Tx;) <
D2(T xq,Tx;)
So |l x; — %2> < D*(T %, T x;)
Since (xg,%;) =1,then | x; — x| < D?(Txq,Txy)
< B (X0,%1) DA(Txo, Txy) < W(M(x0, x1)) +

Lmin{PZ(xo,Txo),PZ(x1,Tx;),P2(%0,Tx1),PE(x1,Tx0)}

< lP(M(xo, Xl))
+ Lmin{P{ (%o, x1), Pe (X1, X2), P{(Xq, X2) , P{ (X1, x1)}
| x; — x,lI* < q"(M(Xo' X1)) .
By the same argument, for x, € H we have [T x,], which is
non-empty compact subset of H and there exists x; €
[T x,], , such that

| X2 — x311%=PZ (%2, T x,) < D*(Txy, T x5)

For xo €H and x; € [Txql,With (x9,%x;) =1 , by
definition of fuzzy B — admissible , we get B (x4 ,x5) =1,
then

[ x; — %3012 < D?(Tx;,Tx3) < B (Xq,%X3) D?(Txq,TXp)

< Y(M(x4,%2))

+ Lmin{P¢ (x; , Tx1) , Pe (%2, Tx2), P (%1, T x7) , Py (%2, T x1)}
< Y(M(xy, x2))

+Lmin{PZ(x;, X) ,PE( Xy, x3), P{ (X1, X3),PE( %2, Xp)}

I x; — x3lI* < l{"(M(Xp Xz)) .

By induction, we can construct a sequence { x,}in H such
that , for each ne N, x, € [T x,], with B (X,_1,%,) =1
and

” Xp — Xn+1”2 < lp(M(Xn—lﬂ an)) . )
M(Xn_l, Xn) - aP&(xp—1 I,lTX):n_zl_).XIr’lTlgxn ;T xp) +
B” Xp-1 — anllz - apogz( Xn-1 tTXn—l) <
Al =l g B, — x, 7

S all Xnp1 = Xnll? + Bl Xno1 = X117 — &l Xp 41 = X, 2

M(Xn—l' Xn) < B” Xp-1— anlz
Wehave || x, — Xp41l> < WGl %01 — xal1%)

< WP B Xn—2 = X0-1l1?)
x12 .

Next, we will show that { x,} is a Cauchy sequence in H .
Since continuous function W, there exists e > 0 and positive
integer h=h(e)such that 3, -, ¥" (Bl xo — x111?) < €.

............. < W (Bl xp —

Let m>n > h.Using the triangular inequality, previous
relation, we have|l x, — X, |1?> < TP LB x — X ll? <
n=>h¥np x0— x12<e

This implies that {x,} is a Cauchy sequence in H. By

completeness of H, there exists x € H such that x, —

Xasn — oo,

Finally, we show that PZ(x,Tx)= 0. By condition (3), we

have B (x,,x) = 1,foralln € N

Now we have P?(x,Tx) < || Xp41 — XnlI? + P2(Xy41, TX)
< ” Xnt+1 — anlz + Dé(TXn :TX)

< | Xpg1 — Xall?
+ B (X4, %) DZ(Tx, , Tx)

aP?(x,,Tx,). P?2(x,Tx)
S||Xn+1_Xn”2‘|'lp< : n”Xn_XlTZ
n

+ B” Xp — Xllz - (XPO(Z(Xn :TXn)>
+Lmin{P?(x,,Tx,),P2(x,Tx),P2(x,,Tx),P2(x, T x,)}
< I Xn41 = Xall?

Lp(Otll X1 — Xoll® PE(x, TX)
Il % — xII?

+ Bl xy —xII?

= all xpy1 = anlz)

+Lmin{|| X, 44

— Xn”2 ,P2(x,Tx),P?(x,,Tx),P2(x,Tx,)}
Letting n — oo, it folloes that
P2(x,Tx) < ¥(0) =0- P?(x,Tx) =0.
Hence by lemma 2.8 x, € Tx .This complete the proof.

Theorem 3.5: Let H be a Hilbert space and T be a fuzzy g-

Jaggi contractive mapping satisfies the following conditions:

1) Tis fuzzy B* — admissible

2) There exists x, € H and x; € [T xp],
B(x0,x1) 21

3) If {x,}is a sequence in H such that B (x,,%x,41) =1
and x, » uasn- oo, then § (x,,u) =1

4) W is continuous

Then, there exists x € H such that x, is a fuzzy fixed point

of T.

such that

Proof: Trivial

In Theorem 3.4 and 3.5, we take W(t) = 0t,where 6 €
(0,1) , then we have the following corollary which is a fuzzy
extension of fixed point theorem .

Corollary 3.6:Let H be a Hilbert space and T be a fuzzy
mapping. Suppose that there existsp: H x H — [0, oo)such
that B(x,y)D*(Tx,Ty) < 8(M(x,y)) + LN(x,y),Vx,y € H
, Wwhere L= 0, € [0,1], >0,

P2 (x Tx). P%(y ,Ty)
M(x,y) = 2% "’;_yuzy 4 BlIx — ylI? — aP?(x, Tx)
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And N(x,y) =
min{P? (x, Tx) , P¢ (v, Ty), P¢ (x, Ty) , PZ (y , TX) }.

Satisfies the following conditions:

1) T is fuzzy B — admissible(or fuzzy* — admissible)

2) There exists xy, € H and x; € [Txg], such that
B(x0,x1) =1

3) If {x,}is a sequence in H such that B (x,,Xy41) =1
and x, - uasn- oo, then B (x,,u) =1

Then, there exists x € H such that x,, is a fuzzy fixed point

of T.

Proof: Trivial
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