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Abstract: The ISBN-13 uniquely identifies books published internationally since 2007. Kamaku (2012) discussed on key properties of 

this code as far as error detection is concerned. This paper extends their work and analyses the error detection and correction 

capabilities of this code and goes on discuss major weaknesses in both error detection and correction and then shows that the code does 

not guarantee both.  
  

Keywords: Code, dictionary, ISBN-13, error detection, error correction. 

 

Propositions 1 

 

The lower limit of the number of bit strings that can be in 

error in an ISBN-13 codeword to yield to a silent error is 2 .  

 

Proof. Since the number of bit strings cannot be negative, 

then we only need to show that it cannot be zero or one. 

Suppose no bit string is in error in a valid code word. Thus 

the code word remains the same and similarly no silent 

error. If one bit string is in error, the check digit evaluation 

method would detect the error thus no silent error. Hence the 

lower limit on the number of bit strings that can be in error 

to yield to a silent error is 2. 

 

This proof leads to the need of determining the upper limit 

on the maximum number of errors on a code word that can 

occur to yield to a silent error. 

 

Theorem 1 
 

In an ISBN-13 code, any multiple silent errors on even 

positions of a sent code word that yields same weighted sum 

modulo 10 cannot be detected nor corrected.  

 

Proof: Suppose there are n silent errors on n even positions 

of the code word 𝐶1  = 𝑎1𝑎2  ⋯𝑎12𝑎13to yield to a code 

word 𝐶2  = 𝑏1𝑏2  ⋯𝑏12𝑏13which differ with 𝐶1 in 𝑛 bit 

strings such that each even positions𝑎𝑖 , in is replaced 

by𝑏𝑖for 1 ≤  2𝑖 ≤  12. Upon calculation of the check digit, 

the even positions are each multiplied by 3.  

 

Suppose 3 𝑎𝑖
12
2𝑖 ≡c (mod 10), for 0 ≤i≤ 6 and  3 𝑏𝑖

12
2𝑖 ≡c 

(mod 10) for 0 ≤i≤ 6 (that is, they yield the same weighted 

sum modulo 10). 

 

Then (3 𝑎𝑖
12
2𝑖 ) - c= 10 k1, k1∈ ℤand(3 𝑏𝑖

12
2𝑖+1 ) - c= 10 k2, 

k2∈ ℤ. 

 

Subtracting yields3 𝑎𝑖
12
2𝑖  -  3 𝑏𝑖

12
2𝑖+1 = 10 (k1 - k2). Thus 

 𝑎𝑖
12
2𝑖 ≡  𝑏𝑖

12
2𝑖+1  (mod 10).  

 

Any interchange of ai with bi, for 0 ≤i≤ 6, satisfying this 

equation will be an error which would go unnoticed. 

 

Example 2.2.5.1 Suppose the code word a = 9780198538035 

is sent and suppose three errors occur on the second, fourth 

and sixth bit strings to yield a code word received as b = 

9881178538035.  As discussed earlier, 9780198538035 is a 

valid ISBN-13 code.  Considering 9881178538035 

 

s = 9×1  +  8×3   +   8×1  +   1×3  +   1×1  +  7×3  +   8×1  +   

5×3 +   3×1 +  8×3 +  0×1 +  3×3 

  =   9 +  24  +  8  +  3  +  1  + 21  +  8  +  15  +  3  +  24  +  0  

+  9  = 125 ≡ 5 mod 10. 

But 10 – 5 = 5 ≡ 5 mod 10 thus our check digit is 5. Hence 

9881178538035 is also a valid code word. This means that 

even though errors occurred during transmission, the 

syndrome will not detect the error made! 

 

Corollary 1 

In an ISBN-13 code, any number of silent errors on odd 

positions on a sent code word that yields same weighted sum 

modulo 10 cannot be detected nor corrected.  

 

Proof: Suppose there are n silent errors on n odd positions 

of the code word 𝐶1  = 𝑎1𝑎2  ⋯𝑎12𝑎13to yield to a code 

word 𝐶2  = 𝑏1𝑏2  ⋯𝑏12𝑏13which differ with C1 in n bit 

strings such that each odd positions,ai, in error is replaced 

bybi for 1 ≤ 2i+1 ≤ 11. Upon calculation of the check digit, 

the odd positions are each multiplied by 1. 

 

Suppose  𝑎𝑖
11
2𝑖+1 ≡c (mod 10) and   𝑏𝑖

11
2𝑖+1 ≡c (mod 10) 

where 0 ≤i≤ 5. 

 

Then ( 𝑎𝑖
11
2𝑖+1 ) - c= 10 k1, k1∈ ℤand( 𝑏𝑖

11
2𝑖+1 ) – c = 10 k2, 

k2∈ ℤ. Subtracting yields 

 𝑎𝑖
11
2𝑖+1  -   𝑏𝑖

11
2𝑖+1 = 10 (k1 – k2). Thus  𝑎𝑖

11
2𝑖+1 ≡

 𝑏𝑖
11
2𝑖+1 (mod 10) 

 

Any interchange of ai with bi, for 0 ≤i≤ 5, satisfying this 

equation will be an error which would go unnoticed. 

 

Example 2.2.5.2.1Consider the sent code word 

9780198538035, received code word 9740598538035. As 

discussed earlier, 9780198538035 is a valid ISBN-13 code.  

Considering 9740598538035 

s = 9×1  +  7×3   +   4×1  +   0×3  +   5×1  +  9×3  +   8×1  +   

5×3 +   3×1 +  8×3 +     0×1 +  3×3 
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  =   9  +  21  +  4  +  0  +  5  +  27  +  8  +  15  +  3  +  24  +  

0  +  9 = 125 ≡ 5 mod 10. 

 

But 10 – 5 = 5 ≡ 5 mod 10 thus our check digit is 5. Hence 

9740598538035 is also a valid code word. This means that 

even though errors occurred during transmission, the 

syndrome will not detect the errors! 

 

Corollary 2 

The upper limit on the maximum number of errors on a code 

word that can occur to yield to a silent error is 12.  

 

Proof: The check digit is computed from the other digits and 

as shown above in Corollary 1 any multiple silent errors on a 

sent code word that yields the same weighted sum modulo 

10 cannot be detected nor corrected, hence the upper limit is 

12. 

 

Propositions 2 In an ISBN-13 codeword, If the following 

values on bit strings are replaced with the ones indicated 

with an “or”, then a silent double error occurs where 

1 ≤  𝑖 ≤  12, 1 ≤  𝑗 ≤  12, 

i. 𝑎𝑖 =  1, 𝑎𝑗 =  9 𝑜𝑟 𝑎𝑖 =  2 , 𝑎𝑗  =  8 𝑜𝑟 𝑎𝑖 =

 3 , 𝑎𝑗  =  7 𝑜𝑟 𝑎𝑖 =  4 , 𝑎𝑗  =  6 𝑜𝑟 𝑎𝑖 =  5 , 𝑎𝑗  =

 5 
ii. 𝑎𝑖 =  2, 𝑎𝑗 =  9 𝑜𝑟 𝑎𝑖 =  3, 𝑎𝑗 =  8 𝑜𝑟 𝑎𝑖 =  4, 𝑎𝑗 =

 7 𝑜𝑟 𝑎𝑖 = 5, 𝑎𝑗 =  6  

iii. 𝑎𝑖 =  3, 𝑎𝑗 =  9 𝑜𝑟 𝑎𝑖 =  4, 𝑎𝑗 =  8 𝑜𝑟 𝑎𝑖 =  5, 𝑎𝑗 =

 7 𝑜𝑟 𝑎𝑖 =  6, 𝑎𝑗 =  6 

iv. 𝑎𝑖 =  4, 𝑎𝑗 =  9 𝑜𝑟 𝑎𝑖 =  5, 𝑎𝑗 =  8 𝑜𝑟 𝑎𝑖 =  6, 𝑎𝑗 =

 7 
v. 𝑎𝑖 =  5, 𝑎𝑗 =  9 𝑜𝑟 𝑎𝑖 =  6, 𝑎𝑗 =  8 𝑜𝑟 𝑎𝑖 =  7, 𝑎𝑗 =

 7 
vi. 𝑎𝑖 =  6, 𝑎𝑗 =  9 𝑜𝑟 𝑎𝑖 =  7, 𝑎𝑗 =  8 

vii. 𝑎𝑖 =  8, 𝑎𝑗 =  8 𝑜𝑟 𝑎𝑖 =  9, 𝑎𝑗 =  7 

 

The proof is as a consequence of findings by(Kamaku et al., 

2012)since they leave the same weighted sum modulo 10. 

They proved that  

 

In an ISBN-13 code, any double or multiple silent errors on 

odd positions of a sent code word that yields same sum 

modulo 10 with the ones on the received code word cannot 

be detected nor corrected (Kamaku et al., 2012, p162) 

 

Proposition 3 

The ISBN-13 can detect any single error on any even digit 

position. 

 

Proof: By contradiction, suppose it cannot. This means that 

there exists two code words x and y which differ on one 

even digit position say i. Since i is even, then i= 2n, n ∈ ℤ, 1 

≤ n ≤ 6. Let ciand dibe bit strings on x and y respectively at 

which they differ. The check digit is not an even position 

thus it is not in error and hence the check digits for the code 

words are similar.   

a13 = 10 – (a1 + 3a2 +  . . .+ 3ci + ai+1 +. . . + 3a12) mod 10, 2 

≤ i ≤  12  and  

a13 = 10 – (a1 + 3a2 +  . . .+ 3di + ai+1 +.. . . + 3a12) mod 10,  2 

≤ i ≤  12 

 

suppose 3ci≡ k (mod 10) and 3di≡ w (mod 10). Then 

 a13 = 10 – (a1 + 3a2 +  . . .+ k + ai+1 +.. . . + 3a12) mod 10, 2 

≤ i ≤  12  and  

a13 = 10 – (a1 + 3a2 +  . . .+ w + ai+1 +.. . . + 3a12) mod 10,  2 

≤ i ≤  12 . 

In ℤ10 , k = w since the code word is only made of digits 

between 0 and 9 hence there cannot be two different 

numbers between 0 and 9 which yield the same remainder 

modulo 10. Hence any single error on an even digit position 

will be detected. 

 

Proposition 4 

The ISBN-13 can detect any single error on any odd digit 

position. 

 

Proof: By contradiction, suppose it cannot. This means that 

there exists two code words x and y which differ on one odd 

digit position say i. This position cannot be the check digit 

as shown earlier. Since i is odd, then i= 2n+1, n ∈ ℤ, 0 ≤ n 

≤ 6. Let aiand bibe bit strings on x and y respectively which 

differ.  

a13 = 10 – (a1 + 3a2 +  . . .+ ai+3ai+1 +.. . . + 3a12) mod 10,   1 

≤ i ≤  12  and  

a13 = 10 – (a1 + 3a2 +  . . .+ bi +3ai+1 +.. . . + 3a12) mod 10,  1 

≤ i ≤  12 

In ℤ10 , ai = bi since the code word is only made of digits 

between 0 and 9 hence there cannot be two different 

numbers between 0 and 9 which yield the same remainder 

modulo 10. Hence any single error on an odd digit position 

will be detected.  

 

Corollary 3 

The ISBN-13 can correct any single error on any digit 

position (even or odd). 

 

Proof: Suppose an error has been detected on any digit 

position, ai..To correct it, a digit is chosen such that equation 

1.1.10.1 holds. Since computation is done modulo 10 and 

the code words are only made of bit strings between 0 and 9, 

there cannot be two digits between 0 and 9 satisfying the 

above equation. Thus the error detected can be corrected.  

 

Proposition 5 

In the ISBN-13, any single or multiple transposition error on 

even bit strings will go undetected. 

 

Proof: In ISBN-13 computation of the check digit is done 

such that the equation below is satisfied 

a13 = 10 – (a1 + 3a2 + a3+ 3a4 + a5 + 3a6 + a7 + 3a8+ a9+ 3a10 + 

a11+ 3a12) mod 10 

The even bit strings are each multiplied by 3 then summed 

up modulo 10. If a single transposition error occurs such that 

an even bit string is transposed with another even bit string 

one in the same code word, the summation will not change 

and so the computation of a13 will not be affected. 

 

Corollary 4 

In the ISBN-13, any single or multiple transposition error on 

odd bit strings will go undetected. 

 

Proof: The proof is as a consequence of proposition 5 above 
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Theorem 2.2.9 

In the ISBN-13, double transposition errors may go 

undetected. 

 

Proof: Suppose a double transposition error occurs on a 

code word C1 to yield a code word C2 such that for any two 

bit strings at digit positions ax and ay, the bit string at digit 

position ax is transposed with the one at aw whereas the bit 

string at digit position ay is transposed with the one at ap, in 

the same code word, where x ≠ w and y ≠ p and that 1 ≤ x, 

y, w, p ≤ 12. If x ≠ w, then there is no transposition! If y ≠ 

p, then there is no transposition! Since the transposition 

occurs on the same code word, the received code word 

differs with the sent code word in four bit strings. Therefore 

the minimum distance d(C1, C2) = 4. Upon computation of 

the check digit for C1 and C2, the working is based on the 

parity of each of the bit string transposed so the check digit 

for C2 will differ with that of C1 if the transposed digit 

positions differ in their parity respectively. Otherwise if the 

digits transposed are of the same parity, the error will go 

undetected as shown in theorem 2.2.8 and Corollary 1 and 2 

above.  

 

The choices can be found by drawing a tree diagram 

involving the two parities to occupy the four positions. This 

yields to 2
4
 options. 

 

 ax transposed to aw ay transposed to ap 

Cases ax aw ay ap 

1 Odd Even Even Even 

2 Odd Even Even Odd 

3 Odd Even Odd Even 

4 Odd Even Odd Odd 

5 Odd Odd Even Even 

6 Odd Odd Even Odd 

7 Odd Odd Odd Even 

8 Odd Odd Odd Odd 

9 Even Even Odd Even 

10 Even Even Even Odd 

11 Even Even Odd Odd 

12 Even Even Even Even 

13 Even Odd Even Even 

14 Even Odd Even Odd 

15 Even Odd Odd Even 

16 Even Odd Odd Odd 

 

As far as parity of the transposed bit strings is concerned, 

Cases 5, 8, 11 and 12 represent multiple transpositions of bit 

strings with same parity and as proven earlier in (Kamaku et 

al., 2012)these errors cannot be detected. 

 

In Cases 1, 4, 6, 7, 9, 10, 13 and 16, only one parity position 

is transposed. This represents a single transposition of bit 

strings with different parity. The error will not be detected if 

at these positions, the two weighted sums in the two codes 

are the same modulo 10 as discussed earlier in theorem 

2.2.5. If not, then the error will be detected as follows:  

 

Considering case 1:ax (odd) transposed to aw (even) whereas 

ay (even) transposed to ap (even)  

For the sent code word: ax + 3aw + 3ay+ 3ap≡ k (mod 10), k 

∈ ℤ. 

Received code word: 3ax + aw + 3ay+ 3ap≡ 𝑛 (mod 10), n 

∈ ℤ. 

 

Since ay and aphave the same parity, they are both multiplied 

by 3 thus the overall sum is the same irrespective of the 

transposition. The difference in the two sums (sent and 

received code word) is therefore between ax + 3aw and 3ax + 

aw 

 

Suppose ax + 3aw ≡ (h mod10) and 3ax + aw≡ (y mod10). 

This is the same as (ax + 3aw ) − h =10c and (3ax + aw) -y = 

10d for some c, d ∈ ℤ. Subtracting the second from the first 

yields (2ax – 2ax) – (y - h) = 10(c – d). Hence (2ax – 2ax) ≡ 

(y - h) (mod10) 

 

Suppose y = h, y – h = 0 then 2ax – 2aw≡ 0 (mod10). Since 

computation is done in ℤ10 , this can only happen when ai= 

aw contradicting the fact that a transposition took place. Thus 

y ≠ h and so ax + 3aw≠ 3ax + awand therefore k ≠ n hence 

the errors are detected. This shows that since the parity of ax 

differs with that of aw, if C1 and C2 have the same check 

digit, then an error(s) must have occurred. Cases 4, 6, 7, 9, 

10, 13 and 16 follow a similar argument since in each, one 

of the transpositions occurs on digit positions with the same 

parity. 

 

Cases 2, 3, 14, and 15 represent a double transposition of bit 

strings with different parity of the digit position. Similarly, 

the error will not be detected if at these positions, the two 

weighted sums in the two codes are the same modulo 10 as 

discussed earlier in corollary 1. If not, then the error will be 

detected as follows: 

 

Consider case 14. ax (even) is transposed to aw(odd) 

whereas ay(even) is transposed to ap(odd) 

Sent code word: 3ax + aw + 3ay + ap≡ k (mod 10), k ∈ ℤ. 

Received code word: ax + 3aw + ay + 3ap ≡ n (mod 10) , n 

∈ ℤ. 

 

If k = n, then it means the bit strings from the sent and 

received code words at these digit positions yield the same 

weighted sum modulo 10. Thus the error cannot be detected. 

If k ≠ n, the errors are detected. 

 

Conclusion and Recommendation 
 

This paper analyses major weaknesses in both error 

detection and correction in the ISBN-13 code. It is shown 

that the code has major weaknesses both error detection and 

correction and hence cannot guarantee stability as far as this 

is concerned.  This means that an error(s) in cataloguing of 

books in libraries could therefore face non-detectable errors. 

Improvement on error detection and correction is therefore 

inevitable to arrest the situation.  
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