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Abstract: A simple definition of multi-group was derived it helps us to find some properties of multi-groups. Every homomorphic image
of a multi-group is a multi-group. Every pre homomorphic image of a multi-group is also a multi-group. Necessary and sufficient

conditions for a multiset to be a multi-group were obtained.
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1. Introduction

In classical set theory we know that each element in a set
appears one time in a set, that is no copies or duplicates for
any object in the set, but in multi sets (or bags) which are
set-like structure, but in which an object can appears more
than one time, that is the element may have several copies
in the multiset (m set) for example

A= {1,1,1,1, 55,5,7, 7} it is a multiset, and A can be

written as:

A= {4/1,3/5, 2/7} = {1,5,7}4‘3'2 the multiplicity

of 1 in A is 4, multiplicity of 5 in A is 3, the
multiplicity of 7 in A is 2 for this we write CA @=4,

C(5)=3,C(1)=2.

In general, we can say that the number of occurrences of
an element b in the multiset B which is finite and unique
is called the multiplicity of b in B, and is denoted by

C (b) andwhen C (D) =n wemaywrite b €" B .
B B

Now let I" be aset, U be any positive integer, the family

of all multisets over I" (whose elements taken from I")
such that the occurrence of each of which not exceeds L

is denoted by [F]U. We use [lﬂ]oO if there is no limit of
this occurrence.

Definitionl1.1: “sub multiset™:

Assume that A, B are two multisets over the same set
I' then A is said to be sub multiset of B if

C/i (}/) S% (}/) forevery y € I'and then we write

AcB.

The equality holds when the both relations
A cB,B c A are satisfied and in this case we can

writt A =B .

Definition1.2:“Union”:

Let | be an index set and consider the family of multisets
{Ai el } over a set I then we define their union

iLil A, such that &i (7/) = WSXCN (7/) for every
iel

yel
Definition1.3: “Intersection”

We can define the intersection for the family
{Ai e I} by NA, such that

iel

C (7):minC (7) forevery y e[’ NA, .
Ai

e iel iel
Definition1.4: Complement

For each A, in [F]v we can define its complement in

[F]U by A/ such that for every ¥ €' we have
C.(r)=v-C, (7).

Definition1.5:
Assume that I" andI™" are two non-empty sets and let

f :T" T be amapping. If A isany multiset in[F]U
then its image by f s defined as f (A)such that

" _ -1 '
f((:A)(j/ ) = frgz)azi’CA (7/) whatever  f (7/ ) )
and C (]/') =0 whatever f 71(7') =¢.

f(A)

Definition1.6:
let f:I"—>T" be amapping I',I" are two non-empty

sets and let B e[r']“ then the inverse image of

B,f™(B) issuch that f%B)(y):CB (f (7/))
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2. Multisets over a group

Now let us consider I to be a group with identity € , and

as before the class of all multisets over I, such that the
multiplicity does not exceeds an integer L is denoted by

[rT"

Definition2.1:

Let H,K be any two members of the class [F]U let us
define HoK to be such that
C (2)=maxyminiC (h).C (k)

HoK hk = h,kell H K
............................................................ 2.1
Definition2.2:

For every H in [F]U we define H ™
C (hfl)z C (h) forevery h eI".

H H

as follows

Theorem?2.3:
let H,K beany two multisets in [F]U then

C (U)=maximin;iC (UV‘l),(.E v)

HoK vel H

=maximiniC ¢)C (v )

vell H

Proof:
Since from the definition of HOK we have:

C (u)=maxyminyC (h).C (v)

HoK hv =u h,kel’ H K

But now I is a group which means that for every U, h in
I', we can assign one and only element V such that
hv =u, hence we can write:

C (U)=maximiniC (UV‘l),CK) v)

HoK vell H

=max{miniC (¢*).C (v"u)

vell H
Theorem?2.4:
]
Forevery H in IV we have (H 71) =H.

Proof:

Let h be any element in I", from the definition

C (h)zc (h_l), then we deduce that:
C (h):C (hfl):C (h ) and hence our

oyt :
required result follows.
Theorem2.5:

For every H,K in [F]U we  have
(HoK )" =K 7oH ™.

Proof:

Since forevery U €I, C (U):C (u_l)

BUt, HoK HoK

C (u7)=max{miniC (n).C (k)
HoK hk=u> | hker | H K

Now since I is a group, and when h,K runs over all

elements in I, then so does h ™, K ~* and recall the fact

(H; (h‘l):HCl(h ) and(K:l(k)zc (k)

K
therefore we can write:
C (u™*)=maximin{C (h*).C (k)
HoK (hk) —u |h™ k™ el | H K

k*h?=u |kthtler | K™ H
u*)=C ()b C (u)=C (u?)
HoK H oK (Hok )™ HoK
and hence (HOK )™ =K "oH .
Theorem 2.6:

v - - -
The operation “o” on the multisets of [F] is associative

that is (HOK )OL =Ho (KOL)
Proof:
Let HOK =D , therefore (HOK )OL =DolL,

C W)=C (U)max{min{C v).C (')H

(HoK oL DoL vli=u v lel’ D L
, but
G ¥)=max)minC ()G )
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c -

(oK Jol hk=v (H K

C (U)ma}x[min{max{c(h),c(k)}

max{min{C (MC ()C (1},

K L
since I"is a group, then (hk )l = h(kl )Vh,k and
| eI,

i 0 a0

Kkl =w

- max|min(C (¢ )
-C V)

3. Multi Groups and Its Properties

Definition 3.1: A multiset H overagroup I" isa multi-
group if for every &,0 inI", we have:

C ()= min{c (a).C (b))}

By MG (F) we mean the set of all multi-groups over

I

Theorem 3.2:let H be any multi-group over I, then for
every a € we have:

(1) The multiplicity of any element in H not exceeds the

multiplicity of the identity element, that is
C(a)<C(e)Vaell !
> (a)<C (e) :

(2) The element and its inverse have the same multiplicity
that is C (a‘l) =C (a) foreveryael’.

H H
Proof:
(1) sice H e MG (F) then for every
a,b eI we have:

C ()= min{c (a).C (b))}

H
Puta=b we get:

c (aafl):% (e)> min{(ﬁ (a).C (a)} =C (a)
foreverya el

2 Cg(a*):C(eafl)Zmin{C& (e)C (a)}:%(a)
, thus

C(a*)2C(a)
e ()
also

o 1) _
from (ii), (ii) we get(a (a )—C (a)
Lemma 3.3: forevery H e MG (F) we have
(1) C(am)ZC (a )foreveryaer.
H

H
@) H'=H.

Proof (1): since a™ canbe expressed as a™ta

C (a’“ ) =C (am’la) > min{C (am’l),g (al)}

H H H

And by using theorem A part (2) we can write

C(a")= min{C (a").c (a)}
H H H
Appling the same procedure again, and so on

C(a")2 min{CH: (am*a).C (a)}

C(a")z min{C (a"?).Cc (a‘l),CH: (a)

H H H

%(am)Zmin{g (a).C (a),..C (a)}:CHZ(a)
, and hence our required result follows. _
(2) From the definition  (2.2), MWeEeEs have

_ -1
C,(8)=C (")
(iii)

and by wusing theorem (3.2) part (2) we get

% (afl) :% (a) and from (iii) our result follows.

Theorem 3.4: let H be any multiset over a group I”
then H is a multi-group over I" if and only if

®  C(ab)=min|C (a).C (b)} for evey

H H H
ab el and
2) (a (a) 2(3 (afl) forevery a el’.
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Proof: (i) “Necessity”: let H eMG (F) (ie. Hisa

multi-group over the group I") then for every a,b el
we have:

C (@)= min{C (a).C (b )}

H

C (ab )>m|n{ a),

H

(
theorem (3.1) part (2), C (b C (b) then
H

(

C (ab)=min{C (a) C ()}now

H

C (a) =C (a ) follows directly from theorem (3.2)
H H

part (2)

(i) “Sufficiency”: let H e MS (T') Gie. H is a

multiset over the group 1) and the two conditions are
satisfied that is:

(1) % (ab ) > min{CH: (a),(& (b )} for every
aberl

) (a (a) 2(3 (a‘l) forevery acl’

Now

ab 1 mln{
C(a) (E(a ) from (2) then

} and since

C (ab‘l) > min{C (a),C (b )} then the theorem

H H H
is proved
Definition 3.5: let H be multi-group over the group I,

Cle)=¢
1) HUI{aEFZC(a)ZU,U,€Z+}
H
where Z s the set of all positive integers
@ H,y=laer:c(a)=¢=ce)]
3) HO:{aeF:%(a)ZO}
Theorem 3.6: let H be multi-group over a group I,

+
then each of |-0|,H§(e) and H, ,0eZ" are sub

groups of the group I
Proof: (1) to show that H o Is a sub group of I, let

a,beH o this mean that

C|_:| (a) >0, C|_:| (b) >0 thus from the relation

C (ab‘l) > min{C (a),C (b )} >0 we deduce

H H H

that Cli(ab_l)>0:>ab_leHOhenceHo is a

sub group of .
(2) To show that Hg(e)is a sub group where

¢ =C (6) let a,b e Hg(e)’ then

C(a)=C(e)=C(b)=¢

CH:( BE mln{CF:| (a).C (b‘l)}

C (@) =min{c (a).C (b))}

(because (H:I (b _1) ZC& (b) by theorem 3.2 (2))
C(ab?)=min{¢,¢}=¢=C(e)  ts
ab_lEH andsoH ()lsasubgroupofr.

(3) let a,b €|'U| then we can write (H: (a) =Nz2v,
%(b):m >v

c (ab)= mln{CF:| (a).C (b‘l)}
CH:(ab‘l)Zmin{CH: (a).C (b }
g(ab‘l)Zmin{n,m}:k > and )
%(ab l)>l) and hence @b € H which implies

that H s a sub group of T".
1%

Theorem 3.7: A multiset H over group I is a multi-

group over I, if and only if HoH =H and

H=H"

Proof: (1) “Necessity” assume that H isa multi-group

over I', take @, €I by theorem B(1) we can write:

C(ab)> min{C a),C (b } for ever

- (ab) - (a).C (b) y

aberl.

And we get:

C(h)> min{C ,.C
(h) C (a)

H abel’
ab=h

that is

> o)
g(h)z;:;b;hg{ {g( )G (b)) anasiee
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C (h)= max{min{C (a),C (b )}} therefore

HoH abel H H
ab=h

C (h ) >C (h) which means that

H HoH
HoH cH —¢

Now by using theorem2.3

C(h)=C (ha"a)

c:: (h)> anin{cH: (ha).C (a)}
G () maxfmin{c (na )¢ (@)} =, (1)
c(h)=c (h)

H > HoH — ¢
From (*) and (**) we get HOH =H
Now since

C (h)ZC (h_l)‘v’h €I andsince H is a multi-

H! H
group over a group I, then by theorem 3.2 part (2)
C(h™)=C(h)vh el Thus

H

H
E_l(h):%\' (frl)zc|_:| (h) which implies that

H =H  asrequired.

(2) Sufficiency: assume that HOH =H and
H=H" where H is a multiset over T" (ie.
H € MS (I')), by theorem 2.3

c (ab’l) =C (ab’l)z max{min{cHt (h)g (h’lab’l)}}

HoH hell

put h =a andso
C (@)= (ab*)=minc (a).c (o)} =min{c (a).C (b)]

H

: gt _ _ -1
[Since H =H g(b)—C(b)—E(b )].

C (@) =min{C (a).C (b)}
~H eMG (F)

Theorem 3.8: let H be a multiset over the group I, then
His a multi-group over I if and only if

HoH *=H .

Proof: “necessity”: let H € MG (F) then by
theorem 3.7 we have HOH =H and H *=H so
we can writt HOH * =H .

“sufficiency”. let HOH " =H this means that
Hg' 71(8.) =% (a)for every & € therefore we can
write using

¢ (@)=, () =maximinfc (h).C,(n)]]

H HoH hel’

and hence

-1 . -1 -1
C(ab)zmin{C (abn),C,(n )]
[Since from: |S:ﬁl(a)z - (a_l)i.e. definition (2.2)],
then

-1 . 1
C(@)zminic (@ h)g(n )f. o
h=b we get

-1 -
C ()= min{c (a).C (b))}
And so H e MG (F)and hence the theorem is
proved.

Theorem 3.9: let H ,K be two multi-groups over the

same group I then HOK =KOH if and only if
HoK is a multi-group over I".

Proof “Necessity”:

Let HOK =KoH
Also assume that KOH =D

D*= (HOK ) (by theorem 2.5, that is

(HoK )" =K oH

D*'=K ™oH™

Since H,K e MG (F) then by lemma 3.3 (2), we
have H '=H K*'=K

D*'=K oH *=KoH =D andso

DoD ™ = DoD =(HoK )o (HoK )
DoD ' =Ho (KoH )oK =Ho (HoK )oK = (HoH )o (KoK )

DoD ™ = (HoH )o (KoK )

Butsince H , K e MG (F)

HoH =H ,KoK =K (by theorem 3.7), thus
DoD " =HoK =D

DoD*=D,

D*'=D
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thus by theorem 3.7 again we get D € MG (F) ie.
HoK e MG (F)

@)“Sufficiency”: It~ HOK € MG (T") where
H,K e MG (F) which implies that

H?'=H andaso K=K

put HOK =D e MG (F)

D ™ = D implies that

HoK =(HoK )™ =K "oH ™ =KoH

ie. HOK = KOH and hence the theorem is proved.
Theorem 3.10: the arbitrary intersection of any family of

multi-groups over " is again a multi-group over I".
Proof: let {Hi el } be a family over I where

H, e MG (F) forevery I €| and so we have:

C(ab)= min{ﬁ:i (a),(H:i (b )},Va,b el

G, (@) =minic (a7

S, (@) zmin{minic (a) (o)
G, (@07)=min{ming (2),ming (o)
¢, (@)=min| ¢ (@), ¢, o)
¢, (@%)zmini ¢ (a). )]
NH, eMG ()

iel

Remark 3.11: it must be noted that the previous theorem
need not be satisfied in the case of union whatever finite or
infinite families of multi-groups.

Definition 3.12 “Sub multi-group”:

Let H,K e MG (I") such that K < H then we

say that K is a sub multi-group of H .
Definition 3.13 “Abelian multiset over [ *:
Let H € MS (") we say that H is abelian multiset

over ["if C (ab ) =C (ba) forevery a,b eI and
H H
we writt H € AMS (T).

Definition 3.14 “Abelian multi-group over I
Let H € MS (') then H is said to be abelian over

[ it HeAMS () that if C.i(ab):% (ba)

forevery a,b €T,
Theorem 3.15: the following statements are equivalent:

(1) H e AMS (I)
@ C (a*%a) =C (abafl) =C (b)

() HoK =KOH holds  true  for  every
K e MS (I

Proof: the proof is carried as follows
D=02).2=0.0=0).C) =0

Nw @BO=(@2) 1t H eAMS()then
Va,b eI” we have

C (ab)=C (ba)

LHet ba =t

c (a‘lba) =C (a‘lt ) =C (ta‘l)
C (baa™)=C (b)

That is

C (aba)=C (b)

H

From (1),(2) we get

c (aba™) =C (a”ba) =C (b)

Now (2) = (1) : let

c (aba™) =C (a™ba) =C (b)

Let ba =t thenb =ta ™ andthen ab =ata™
C(ab)=C (ata™)=C (t)=C (ba)

H H

And hence H € AMS (I')
Nw (B)=(3): et HeAMS) and
K € MS (I'), then let us take any arbitrary element &
inI”

— i -1
C (a)= max{mln {(3 (ab7).Cc (b )}}

HoK bel
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¢ (a)=max|min{c (b7a).C (b)}]
{

C (a)=max min{C (b),C (b‘la)}}

HoK bel' K H
& @=g, @)

Therefore HOK = KoH
And so (1) = (3) follows.

Now ()= (@) tet H eMS (I )such that
HoK = KoH holds true for every K in MS (") .
For any arbitrary two elements a,b in I let us define
anintegers U, > 0 where

u:min{C (ab),C (ba)} and then we can

H H

. . -1 .
construct a singleton multiset Q ={U/b } which

contains the element b_1 represented U times, it is clear
that Q e MS(I'), then from our assumption,

HoK =KoH VK e MS , and hence
HoQ =QoH thatis F%Q (a):QgH (a) Vael
FE):Q(a) = rl(\qa?{min{g (h),CQ: (9 )}} using
theorem 2.3

C (a)= Tgx{min{(& (ab).C (b‘l)}}

HoQ

c (a):max{min{CH: (ab),u}}z(a(ab)

HoQ bel’

¢ (a)=C ()
.................................................................... 3)
&, (@) =max{minlc (@) (1)

C (a)= nggrx{min{% (b*).C (ba)}}

<, (a)= r?grx{min {u(& (ba)}} =C (ba)
¢, (@)=¢ ()

..................................................... 4)
From (3) and(4), since HOQ =QOH it follows

that C (ab):% (ba),ie. H € AMS () which

completes the proof the theorem.

Theorem 3.16:

Let f :T"—T" be a homomorphism from T into T
then the following statements are satisfied:

(1) every homomorphic image of a multi-group over I is

a multi-group over I .
(2) every pre homomorphic image of a multi-group over

I is a multi-group over T".
(3) every homomorphic image of an abelian multi-group

over I is an abelian multi-group over .
(4) every pre homomorphic image of an abelian multi-

group over I is an abelian multi-group over .

Proof (1): let f :I' >I"bea homomorphism from I
into I andlet H e MG (I').

Let us take any two arbitrary elements ¢, ﬂ consider the

following three cases:
@ «,f (both of them) in Rang (f), (e

a,pef (IN).
() o, BnotinRang (f ), (e ¢, &t (I')).
(c) one of them in the Rang (f ) . Now consider first case
@), (ie. a, B ef (I')), then we can find @,b €I”
suchthat f (&) =, f (D) = /2 and so we have:

] =)
G (a87)=mex{G (7).f ()=
Nowsince f :I" —T" is a homomorphism

f (b1 =f @)F O =f (a).flb) ™ =ap™

andsince f () =™

then we can write

C (ap?)- max{g (ab-l),f(ab—l):aﬁ—l}
,since H e MG (')

C (aB™)> max {min{(& (a).C (b )}}

f(H) f (a)=a
f(b)=p

= min {fn(l?i{% (a)’f%z)izx {(H: (b )}}}

C (a), C ( ,B)} s
|

:min{

f(H) f(H)
Zmin{f%)(a),f%)(ﬁ)

Which means that f (H ) € MG (I™')

For the last two cases (b ) ) (C) are trivial.
Proof (2): let K € MG (I'")and we will show that

f "(K)eMG(), t do this let
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a,b ef *(K) (e a,b eRange f '(K)), then C (aﬂa—l): max 1{C (T)}
there exist ¢, 5 € K . Such that: F(A) f(r)=apa™ LA
f _1(0() — g and _1(,3) — b and hence girfge A s abelian multi-group over I" and by theorem
a=f (@) ad f=F (b) C (a'ra)=C (7)
A A

f%K)(a) :CK: (f (a)) :(% (0() also And since T isahomomorphism

= — f (r)=f (a7za)=f (a*)f (¢)f (a
. (b)=C(f (a))=C (B) (7)=1 (ara)=t (a7)f () (2)

C (ab—l):C (f (ab—l)) f (Z‘)=O{ (O{ﬂa )Of

f 1K) K f (T):ﬂ

Since f isa homomorphism, then: Thus we can write:

f (pa)=f (p)f @).f (p7)=F (p)” 4 4

Vp,q el f((:A)(aﬁa ): fre(lr;nla))(ﬁ{cA: (a Ta)}

¢ (ad*)=C(f @f 01)=C(f @(f ©))") S
f 1K) -1\ _

c (7)=c(ap”) ot )—%g{ﬁ )

=C(«

f 1K) K -1\ _

since K e MG (') fC(:A)(aﬂa )_f((:A)(ﬂ)
. ] That is:

(*2 (a,B )2 mm{CK (a),Cé (ﬂ)} f((:A)(aﬂa_l) :f((:A)(ﬂ)

= min{CK: (f (a)),CK: (f (b ))} and by using (theorem 3.15), we get f (A) is abelian

_ multi-group over I (ie. f (A)e AMG (I'))
= mln{f S:(K)(a),f _1(K)(b )} Proofg (4)p: to prove thi(s Ztatement, assume  that

K eAMG(') whee f :I'>I" be a

C (ab _1) =C|£ (Otﬂ_l homomorphism from I into the I

f(K)

~
\%
3
-}
_
O
—~~
QD
~
=0
—~
O
~
———

To show that T (K ) is again abelian multi-group over

Thus f _1(K ) e MG (F) I, let us take any two arbitrary elements @,0 in I thus

Also when a,b ¢Range f *(K), and when f*lC(K)(ab):CK: (f (ab ))

acRange f '(K) but b e Range f (K) Since f is a homomorphism

are trivial cases. f (ab ) =f (a)f (b )

Proof (3): let A be abelian multi-group over I (i.e. Th C (ab)=cC (f (a)f (b

AcAMG(I)) and let T :T"—T" be a group enf’l(K)( ) K( ( ) ( ))

homomorphism from the group I" onto the group | Since K '5 abellan multi- QVOUP over F

Now by part (1) f (A)e MG (IT") and so it ( ) ( )),Then

remains to show that f (A)EAMG (T'") assume (f )

that a,ﬂer' and from our assumption that fois l(K) K

onto, we can find at least & € I for which f (a) =, 1(K) (,3 (f ( )

since for every { eI we have: C ( ): C ( )

C B C f 1K) f 1K)

f(A)(t ) —fl’T(\TE:)IZf{ A (T)} Which means that f ~"(K) is an abelian multi-group
rell

—1 , over I which completes the proof of the theorem.
putt =afa el
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4. Conclusion

In this note we drive the definition of a multi-group, and
its properties the necessary and sufficient conditions for a
multiset to be a multi-group. The concept of abelian
multisets over a given group, and abelian multi-groups
over a given group, were discussed, and homomorphic
image of multisets and multi-group, also between abelian
multisets and abelian multi-groups were discussed. The
same thing for pre-homomorphic image was also
discussed.
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